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CHUGONG

3

HE HAI PHUGNG TRINH BAC NHAT HAI AN

Bl o PHUONG TRINH BAC NHAT HAI AN SO

@ TOM TAT LY THUYET
1. Dinh nghia

Phuong trinh bac nhat hai an la phuong trinh dang ax + by = c. Trong doé:
— a, b, ¢ 1a hang s6 va a, b khong dong thoi bang khong.
— o, y 1 hai an s6.

T do ta c6 dinh nghia sau:

Dinh nghia 1. Nghiém clia phuong trinh bac nhat hai an la cac cap gid tri (z1;91), (2;92), ... cla
hai an s6 « va y thda man tinh chat “khi thay vao phuong trinh thi gia tri tuong ting clia hai biéu thic
d hai vé ctia phuong trinh bang nhau ”.

2. Cach giai

Mbi phuong trinh bac nhat hai an déu c6 vo s6 nghiém. Tap hop cac nghiém clia phuong trinh duge
biéu dién trén mit phang toa do 1a mot dudsng thang, goi 1a duong théng ax + by = ¢ (mdi diém clia
dudng thang ax + by = ¢ bicu dién mot cap nghiém (x;%y) clia phuong trinh).
— Néu a0, b0 thi dudng thing d6 1 dd thi ctia ham s6 bac nhat y = —% + g
— Néu a =0, b # 0 thi duong thang dé 1a do thi ctia ham s6 y = g D6 1a dudng thang song song
v6i Ox néu ¢ # 0, trung véi Ox néu ¢ = 0.

— Néu a # 0, b = 0 thi duong thang d6 c6 dang = —. D6 1a duong thiang song song véi Oy néu

IS

¢ # 0, trung v6i Oy néu ¢ = 0.
/\ Chi g
1. Duong thing x = < khong phdi la do thi ctia ham so.
2. Véi yéu cau gidi pc;mdng trinh ax + by = ¢, ta thuong thuc hién ba cong viéc:
— Bién doi dé chi ra mot vai nghiém cu thé cia phuong trinh.
— Viét duge cong thic nghiem tong qudt cia phuong trinh.

— Biéu dién nghiém cia phuong trinh trén mat phing toa do.
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( PHUONG PHAP GIAI TOAN

VI DU 1. Trong céc cip s6 (—2;1),(0;2),(—1;0),(1;5) va (4;—3) cip s6 ndo la nghiem ciia
phuong trinh

a) br + 4y = 8. b) 3z + by = —3.

# LOI GIAL
Dé giai dang toan nay, ta thay céc cip s6 da cho vao vé trai ctia biéu thitc. S6 tht nhat thay vao bién
x, sO thit hai thay vao bién y va tinh toan.
— Néu két qua c6 duge bang vé phai thi cip so6 da cho 1a nghiém ctia phuong trinh.
— Néu két qua c6 duge khong bang vé phai thi cip s6 da cho khong 1a nghiém ciia phuong trinh.
a. Xét phuong trinh 5z + 4y = 8.
— V6i cip 6 (—2;1). Taco 5(—2) +4-1=—6 #8.
Do d6 ciip s6 (—2;1) khong la nghiém ctia phuong trinh.
— Véi cap (0;2). Tac65-0+4-2=38.
Do d6, cap s6 (0;2) 1a nghiem ctia phuong trinh.
— V6i cip s6 (—1;0). Tac6 5+ (—1)+4-0= —5 #£8.
Do d6, cap s6 (—1;0) khong la nghiém ctia phuong trinh.
— Véi cap s6 (1,5;3). Tac6 5-1,5+4-3 =195 # 8.
Do d6, cap s6 (1,5;3) khong phai 14 nghiém ctia phuong trinh.
— V6i cip 6 (4;—-3). Tac65-4+4-(—=3) =8.
Do d6, cap s6 (4; —3) 1a nghiém ctia phuong trinh.
b. Xét phuong trinh 3z + by = —3.
— Céc cdp (—1;0) va (4; —3) la nghiém ctia phuong trinh.
— Cac cip (—2;1), (0;2) va (1,5; 3) khong la nghiém ctia phuong trinh.

VI DU 2. Giai phuong trinh = — 2y = 6.

« LOT GIAL

Thuyc hién viéc bién déi phuong trinh vé dang x = 2y + 6.

Téi day, cho y cac gia tri tily ¥ ching ta sé tinh duge gia tri tuong tng ctia z, cu the:
— Voiy=—-4=2=2-(—4)+6=—-2= cip (—2; —4) la mot nghiem.
— Voiy=0=2=2-0+6=06= cip (6;0) la mot nghiem.

Vi y c6 thé lay gia tri tuy ¥, nén phuong trinh c¢6 vo sé nghiém, dang tong quat clia nghiem la

(r =2y + 6;y € R) hodic viét (2y + 6;y). O
Nhan xét.
1. Vi wai tro ciia x,y trong phuong trinh nhuw nhau nén cé thé gidi phuong trinh theo cdch:
Z ? N - 6
Thaic hién viéc bien doi phuong trinh ve dang y = L 5

Téi day, cho x cdc gid tri tuy § ching ta sé tinh dude gid tri tuong Wng cia y, cu thé:
— Véixz=0=y=—3= cip so (0;—3) la mot nghiém cia phuong trinh.
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— Voix=2=y=—2= cip s6 (2;,—2) la mot nghiém cia phuong trinh.

Vi x o thé lay gid tri tuy § nén phuong trinh da cho cé vo s6 nghiém, dang tong qudt cia nghiém

i < .a:—6>
a | x; 5 )

]_ 2
2. Tap nghiém ciua phuong trinh x —2y =6 <y = 5%~ 3 la mot duong thang.

VI DU 3. Giai phuong trinh 0z 4 2y = 12.

« LOT GIAL

Thuc hién viéc bién doi phuong trinh vé dang 2z = 12 & y = 6.

Téi day, cho z cac gia tri tiy ¥ ta luon nhan duge y = 6. Do d6 céc cap s6 (—81;6), (33;6),... déu la
nghiém ctia phuong trinh.

Vay, phuong trinh c¢6 vo s6 nghiém, dang tong quat ctia nghieém 1a (z € R;y = 6) hodc viét (z;6). O

Nhan xét.

1. Vi hé s6 ciia x trong phuong trinh bang 0 nén khong thé gidi phuong trinh theo x dugc.

2. Tap cdc nghiém cia phuong trinh: 0z + 2y = 12 < y = 6 la mot duong thang song song vdi Oz va
cdt Oy tai diém c6 tung do bing 6.

Téng quéat: Phuong trinh y = m ¢6 vo s6 nghiem dang (z;m), biéu dién trén mat phing toa do la

dudng thang song song véi Oz va cit Oy tai diém c6 tung do bang m néu m # 0, trung véi Oz néu

m = 0.

VI DU 4. Giai phuong trinh 62 — 0y = 18.

# LOT GIAL

Thuc hién viéc bién déi phuong trinh vé dang 6z = 18 < = = 3.

Téi day, cho y cic gia tri tiy ¥ ta luon nhan duge x = 3. Do do, cac cap s6 (3;2005), (3;1989),... déu
la nghiém cta phuong trinh.

Vay phuong trinh c6 vo s6 nghiém, dang tong quat ctia nghiem 1 (3;y € R) hosic viét (3;y). O

Nhan xét.
1. Vi hé s6 ciia y trong phuong trinh bing 0 nén khong thé gidi phuong trinh theo y dugc.
2. Tap nghiém ciia phuong trinh 6z — Oy = 18 < x = 3 la mot duong thang song song vdi Oy va cit

Ox tai diém c6 hoanh do bing 3.

Téng quat: Phuong trinh = n ¢6 vo s6 nghiem dang (n;y), biéu dién trén mit phing toa do la duong

thang song song véi Oy va cit Oz tai diém c6 hoanh do bang n néu n # 0, trimg véi Oy néu n = 0.

VI DU 5. Cho hai phuong trinh z + 2y = 4 vd © —y = 1. Vé hai dudng thing biéu dién tap
nghiém ctia hai phuong trinh d6 trén cung mot hé toa do. Xac dinh toa do giao diém cta hai

dudng thing va cho biét toa do ciia né la nghiem clia cac phuong trinh nao?

# LOI GIAL

Ta co
— Duong thang biéu dién tap nghiém ctia phuong trinh o +2y = 4 di qua hai diém A(0; 2) va B(4;0).
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— Duong théng biéu dién tap nghiém ctia phuong trinh # —y = 1 di qua hai diem C(0; —1) va
D(1;0).

M I
W
53

o

Tit do thi ham s6, dé dang nhan thay hai duong thang AB va C'D giao nhau tai diém M (2;1).
ViM e AB va M € CD nén toa do M la nghiém ctia ca hai phuong trinh z +2y =4vaxr—y=1. 0O

VI DU 6. Tim nghiém nguyén clia céc phuong trinh:

a) x — 3y = 4. b) 3z +y = 6. c) 4z — by = 8.

# LOI GIAL
@ Bién d6i phuong trinh vé dang x = 3y + 4.
Nhan xét rang, véi moi y € Z, ta luon c6 v = 3y + 4 € Z.
Vay phuong trinh c¢6 vo sd nghiém nguyen théa man (3y + 4;y) véi y € Z.
@® Bién doi phuong trinh vé dang y = —3z + 6.
Nhan xét rang, véi moi x € Z, ta luon c6 y = —3z + 6 € Z.
Vay phuong trinh c¢6 vo s6 nghiém nguyen théa man (z; —3x + 6) véi x € Z.
@ Bién doi phuong trinh vé dang 4o =5y +8 @ r =y + 2 + % (1).
Datk:%,keZ@yzélk,keZ.
Thay y = 4k vao (1) ta dugc x =4k +2+k=5k+2 € Z,k € Z.
Vay phuong trinh ¢6 vo sd nghiém nguyéen thoa man (5k + 2;4k) véi k € Z.
O
Nhan xét. Nhu vday, qua vi du trén ching ta da biét duge mot phuong phdp tim nghiém nguyén cia
mot phuong trinh bac nhat hai an.

VI DU 7. Cho dudng thing (d): ma — (m + 4)y = m.
1. Tim m dé duong thang (d):
a. C#t hai truc toa do tai hai diém phan biét.
b. Song song véi Ox.
c. Song song véi Oy.
d. Song song v6i dusng thang (A): z +y = 6.
2. Chting minh riang khi m thay déi, dudng thang (d) luon di qua mot diém cb dinh.

# LOT GIAL
1. V6i dudng thang (d), ta c6 a = m,b= —(m +4) va c = m.
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a. Dé (d) cit ca hai truc toa do, diéu kien 1a

a#0 m # 0

m # 0
b#0 < —(m—{—4)7é0<:>{ »
c#0 m # 0 m# 4

Vay v6i m # 0 v m # 4, théa man yeéu cau de bai.
b. Dé (d) song song v6i Oz, diéu kién 1a
a=0 m =0
b#£0 &< —(m+4)#0 (vonghiém).
c#0 m # 0

Vay khong ton tai m dé (d) song song véi Ox.
c. Dé (d) song song v6i Oy, dicu kien 1a

a#0 m # 0
b=04 —(m+4)=0m=—4
c#0 m # 0

Vay v6i m = —4, théa man yeéu cau de bai.

d. Viét lai hai phuong trinh dudng thang (d) va (A) dudi dang
(d):y= mnj—élx_ mnj—él’ véim # —4 va (A): y = —x + 6.
Khi d6, deé (d) song song véi (A), diéu kien 1a

m
——=—l&em=—-m—-—-4& m=-2.
m+4

Vay v6i m = —2, théa man yéu cau deé bai.

2. Gid st M(z0;9o) 1 diem c6 dinh ma dudng thang (d) luon di qua. Khi do ta cé

a:o—yo—1:0 I():l
mxzo — (m~+4)yo = m,Vm < (xg — yo — 1)m — dyg = 0,YVm < &

Vay duong thang (d) luon di qua diém cb dinh 1a M(1;0).

vi DU 8.
@ Lap cong thitc tinh khodng cach tit gbc toa do dén dudng thang ax + by + ¢ = 0.
@ Ap dung, tinh khoang cach tir gbe toa dén dudng thing 3z — 4y = 10.

# LOI GIAL
@ Ta xét cac truong hop:

Truong hgp 1: Néu a =0 va b # 0.
Khi d6, duong thang c¢6 dang by +c =0 < y = —g. Do d6, khoang cach tit goc O dén duong

thing bing ‘—g‘ = )g‘
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Truong hop 2: Néu a # 0 va b = 0.

Khi dé, duong thing c6 dang arx +c =0 < = = ~% Do d6, khoang cach tit gbc O dén duong
a

thing bang ‘—E‘ = ‘E‘
a a
Truong hgp 3: Néu a # 0 va b # 0.
Goi A, B theo thit ty la giao diém ctia (d) v6i cac truc Oz, Oy, ta duge:
— Vi diémA:x:o;»y:—g, dodéA(o;—g).
— V6ididm By =0= 12 = —2, do déB(—g;()).

Goi H 1a hinh chiéu vuoéng géc ctia O len dudng thang (d).
1 1

Trong AOAB vuong tai O, ta C(Z OHQC: O Az + 052
com_ 0408 lil'mal
VOA? + OB? \/<E>2+ <_E>2 Va2 + b2
b a
p Z 2 - 10
@ Coi h 1a khoang cach tit O dén dudng thang, ta c6 ngay h = # =2
32 + (_4)2
[
Nhan xét. Cong thic (%) van ding trong truong hgp 1 va truong hop 2.
VI DU 9. Cho hai dudng thing
(dl)i a1 xr + bly +c = 0 (CLl, bl 7£ 0)
(dg)! a9 + bgy + Cy = 0 (a,g, bg 7é 0)
Chitng minh rang
. b
@ (d)) va (do) cit nhau khi 2 £ L.
a9 bg
b
® (d,) va (dy) song song v6i nhau khi M_na
Qo bQ Cy
b
® (d,) va (dy) trung nhau khi f_n_a
(05} b2 Co
# LOI GIAL
Nhu ta da hoc ¢ phan trude, véi hai dudng thang (dy): y = mix +nq va (da): y = max + no.
Ta c6 cac két qua::
— (dl) || (dg) S mp = Mme Va Ny 7é N9.
— (dl) = (dg) S My = My VA Ny = No.
— (dl) N (dg) = {A} = My % ma.
2 . N 2 Lt ay C1 ) Co
Viét lai cac dudng thang dudi dang: (dy): y = ——x+ — va (do): y = ——x + —.
bl b1 b2 b2
. b
O (d)) va (dy) cat nhau khi R N
bl b2 (05} bQ
ar  ap ar b
. N )b by @ by ar b ,c
® (d)) va (dy) song song v6i nhau khi o 720_2 ? & 2_12 0_12 & a—; = b_; é
b b2 by © e
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_ aq o _a2 aq o bl
® (d,) va (dy) tring nhau khi b b & a by P -
1 2 g ﬂ _ @ bl B ) as -
by by by g
(® BAI TAP LUYEN TAP
BAI 1. Giéi cac phuong trinh sau:
a)dr —y=1 b) x+2y =0
c) 0x+2y =6 d) 3z — 0y =12

# LOT GIAL

a) Bién doi phuong trinh vé dang y = 4z — 1.
Suy ra cac cap s6 (1;3), (0;—1),... 1a nghiém clia phuong trinh.

Vay phuong trinh c¢6 vo s6 nghiém, v6i dang tong quat (x;4x — 1).

b) Bién ddi phuong trinh vé dang » = —2y.
Suy ra cac cap s6 (0;0), (—4;2),... 1a nghiém clia phuong trinh.
Vay phuong trinh c¢6 vo s6 nghiém, véi dang tong quat (—2y;y).

c¢) Bién ddi phuong trinh vé dang 2y = 6 < y = —3.
Suy ra cac cap s6 (0;3), (81;3) ... 1a nghiém ctia phuong trinh.
Vay phuong trinh c6 vo s6 nghiém, v6i dang tong quat (x;3).

d) Bién ddi phuong trinh vé dang 3z = 12 & x = 4.
Suy ra cac cap so (4;33), (4;89) ... 1a nghiém ctia phuong trinh.
Vay phuong trinh cé vo s6 nghiém, v6i dang tong quat (4;y).

BAI 2. Vé cac dudng thing c6 phuong trinh sau:
a) 3xr — 4y = 12 b) 3z —2y=0
c) 0x —y =2 d) 2z — 0y = —4

# LGOI GIAL

a) Véix =0=y = —3.

V6iy=0=z=4.

D6 thi ctia ham s6 32 — 4y = 12 1a mot dudng thang di qua 2 diém
(0; —3) va (4;0).

bl_Cl
62_02‘
U
U
)
O 4 T
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b) Véiz =0=y=0. Yy
Véixz=2=y=23. 3f------ :
D6 thi ctia ham s6 3z — 2y = 0 1a mot duong thang di qua gbc toa do va qua i
diém (2;3). |
i
9 T
c¢) Do thi ham s6 y = —2 la mot duong thang di qua (0; —2) va song y
song véi truc Ox. 0 =z
—2
d) Do thi ham s6 2 = —2 a4 mot dudng thang di qua (—2;0) va song y
song véi truc Oy.
9 0 T
]

BAI 3. Kiém tra xem céc cap s6 (3;—1), (\/5, 1— \/§) ,(81; —80),(2;1). Cap s6 nao la nghiem cia
phuong trinh = +y = 1.
# LOI GIAL
Ta lan lugt xét:
— Thay (3; —1) vao phuong trinh, ta dugc 3+ (—1) =12 =1 (vo ly).
Vay cip (3; —1) khong 1a nghiém cia phuong trinh.
— Thay (\/5, 1— \/§> vao phuong trinh, ta duge v2+1—+v2=1 (dung).
Vay cap <\/§, 1- \/5) la nghiém cua phuong trinh.
— Thay (81; —80) vao phuong trinh, ta dugec 81 — 80 = 1 (dung).
Vay cap (81; —80) la nghiém ctia phuong trinh.
— Thay (2;1) vao phuong trinh, ta dugc 2+1=1< 3 =1 (vo ly).
Vay cap (2;1) khong 1a nghiém ctia phuong trinh.

BAI 4. Dudng thing 2z — y = —4 di qua diém ndo trong cac diém sau:

A(2:4),B (%;4 + \/§> ,C(1;—2),D <ﬁ —NE) .

“ LOT GIAL
Ta lan lugt xét:
— Thay A(2;4) vao phuong trinh, ta dugc 2-2 -4 = -4 < 0= —4 (vo ly).
Vay duong thang khong di qua diém A.
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1
— Thay B <E7 4 + \/§> vao phuong trinh, ta dugc

2-%—(4+\/§):—4@—4:—4 (dting).

Vay duong thang di qua diém B.
— Thay C(1; —2) vao phuong trinh, ta dugc 2-1 — (—=2) = -4 < 4 = —4 (vo 1y).
Vay duong thang khong di qua diém C.

1
— Tha D(
y \/5_2
1

2-\/§_2—(—2\/§):—4@2-

Vay duong thing di qua diém D.

; —2\/3) vao phuong trinh, ta dugc

V3+2

—1

+2V3 = —4 < —4 = —4 (ding)

BAI 5. Cho dudng théng (d): ma + 2y = 4.
1. Vé duong thang khi m = 2.
2. Tim m dé dudng thang (d)
a. C#t hai truc toa do tai hai diém phan biét.
b. Song song vé6i Ox.
c. Song song vdi Oy.
d. Song song véi duong thing A: =z + y = 6.
e. C6 huéng di léen.
f. C6 hudéng di xudng.
3. Chitng minh riang khi m thay déi, duong thang (d) luon di qua mot diém cé dinh.
# LOI GIAL
1. Vlim=2taco2x+2y=4y=—z+4.
Viz=0=y=4véiy=0=z=4.
Do thi ham s6 y = —z + 4 1a mot duong thang di qua (0;4) va (4;0).
)

N

0 N7

2. Xét phuong trinh y = —%w + 2. Ta co

a. (d) cat hai truc toa do tai 2 diem phan biet < —% £0< m#0.
b. (d) song song v6i Ox < —% =0 m=0.

m # 0
c. (d) song song véi Oy < 9 (vo nghiém).
—_ 20

m
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Vay khong ton tai m dé (d) song song véi Oy.
d. (d) song song v6i dudng thing A < —% =—-lem=2.
e. (d) ¢6 huéng di len < —% >0 m<0.
f. (d) c6 huéng di xudng < —% <0< m>0.
3. Gia st M (z;yo) 12 diém cd dinh ma duong thang luon di qua. Khi d6 ta co
o = 0 o = 0
mxg + 2y = 4Vm & = .
2yp—4=0 Yo =2
Vay M(0;2) la diém ¢ dinh ma dudng thang luon di qua khi m thay doi.

O
BAI 6. Chting minh réing khi m thay ddi, cac dudng thing sau luon di qua mot diém cb dinh.
a)3r +m(y—1)=2 b) mx 4+ (m —2)y =m
c) m(x —5)—2y =6 d) mx —2y =6
# LOI GIAL
O Gia st M(z0;y0) 1a diém cb dinh ma dudng thang luon di qua. Khi do6 ta co
2
31’0 —2=0 To = =
3xo+m(yo—1) —2=0YVm & & 3.
2 o 2z 2 2
Vay M <§, 2) la diem co dinh ma duong thang luon di qua khi m thay doi.
@ Gia st M (z;y0) 12 diem cd dinh ma dudng thang luon di qua. Khi do ta c6
To+yY—1=0 xo =1
mx0+(m—2)y0—m‘v’m<:>(m0+y0—1)m—2y0—0<:>{0 Yo <:>{O
- 2y0 =0 Yo = 0.
Vay M (1;0) la diém c6 dinh ma duong thang luon di qua khi m thay doi.
© Gia st M(z0;ug) 1a diem cb dinh ma dudng thang luon di qua. Khi dé ta c6
o — 5=0 o = 5
m(zg —5) — 2yp =6Vm < & .
—2yo—6=0 Yo = —3
Vay M(5; —3) 1a diém c6 dinh ma duong thang luon di qua khi m thay doi.
O Gia st M(z0;y0) 12 diém ¢ dinh ma dudng thang luon di qua. Khi do6 ta co
o =10 To=20
mzg — 2y =6 & =
Vay M(0; —3) 14 diém c6 dinh ma duong thang luon di qua khi m thay doi.
O
BAI 7. Tim nghiém nguyén ciia cac phuong trinh sau:
a) 2z +y=4 b)xz—Ty=9 c)x—2y=3
d)3z—2y=4 e) 3z +y =28
# LGOI GIAL
@ Bién ddi phuong trinh vé dang y = —2z + 4.
Nhan xét rang, véi moi ¢ € Z, ta luon c6 y = —2z + 4 € Z.
Vay phuong trinh c¢6 vo s6 nghiém nguyéen théa man (z; —2x + 4) véi x € Z.
™= Suu tam & bién soan Trang 12/280 K1 GeoGebraPro
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@ Bién doi phuong trinh vé dang x = 7y + 9.

Nhan xét rang véi moi y € Z ta luon c6 v = 7y + 9 € Z.

Vay phuong trinh c¢6 vo sd nghiém nguyéen thoa man (7y + 9;y) véi y € Z.
@ Bién ddi phuong trinh vé dang & = 2y + 3.

Nhan xét rang, véi moi y € Z, ta luon c6 ¢ = 2y + 3 € Z.

Vay phuong trinh c¢6 vo sd nghiém nguyen thoa man (2y + 3;y) véi y € Z.
@ Bién d6i phuong trinh vé dang 2y =3z —4 Sy =2+ + %:U (1).

Datk—%:c,kEZ@:c—Qk,kEZ.
Thay x = 2k vao (1) tadugc y = -2+ 2k +k=—-2+3k € Z,k € Z.
Vay phuong trinh ¢6 vo s6 nghiém nguyén thoa man (2k; —2 + 3k), véi k € Z.
@ Bién do6i phuong trinh vé dang y = —3z + 8.
Nhan xét rang, v6i moi x € Z, ta luon c6 y = —3x + 8 € Z.
Vay phuong trinh da cho ¢6 vo s6 nghiem nguyén thoéa man (z; —3x + 8), véi x € Z.

]
BAI 8. Tim khoang cach tit gbc toa do dén cac duong thing sau:
a) dxr +3y+20=0 b)2x—y=4
c) 3x =2 d) —2y=1
# LOT GIAL
Ap dung cong thic tinh khoang cach tit gbe toa do dén duong thing ax + by + ¢ =0 & vi du 8.
. N 5 . N P3 N 2 P | B 2O| 20
Goi h 1a khoang cach tut O dén duong thang, ta c6 h = ——
O Gc g g thang g5
e : . \4| 4
Goi h 1a khoang cach tit O dén duong thang, ta c6 h = —— = —.
O G g g thang Ny
. 5 2 2
@ Coi h 1a khoang cach tit O dén duong thing, ta c6 h = '5' 5
) . 1
O Goi h 1a khoang cach tit O dén duong thang, ta c6 h = '—2‘ =3
]
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BAl @ HE HAI PHUONG TRINH BAC NHAT HAI AN

@ TOM TAT Li THUYET
1. Dinh nghia

. - , . . arr + by = ¢
Dinh nghia 1. Hé hai phuong trinh bac nhat hai an ¢6 dang :
asx + by = co

Dinh nghia 2. Giai hé phuong trinh 1a tim tat ca cac cap s6 (z;y) 1a nghiem chung ctia hai phuong
trinh.

2. Nghiém va s6 cac nghiém ctia hé - Minh hoa bang do thi

» : . e wmzr+biy =
V6i hé hai phuong trinh bac nhat hai an c6 dang .
as® + boy = o

. . b
— Heé so nghiém duy nhat < o <L

a2 52‘
PO o ai by C1
— Hé vo nghiéem & — = — # —.
a2 by C2

o .z . ai by C1
— Hé ¢6 v0 s0 nghiéem & — = — = —.
45) by Ca

3. Hé phuong trinh tuong duong

Dinh nghia 3. Hai hé phuong trinh dudc goi 1a tuong duong néu moi nghiém ctia hé nay deu la
nghiém cta hé kia va ngugc lai.

Dinh nghia 4. Phép bién doi tuong duong la phép bién déi tit mot hé phuong trinh dén mot hée
phuong trinh khac tuong duong véi no.

(® CAC DANG TOAN
, . R 4o + 3y = 12
VI DU 1. Giai hé phuong trinh sau bang do thi .
8r 4+ 6y =24
# LOI GIAL )
da+3y=12y=—a+4. Yy
Yy Yy 3 4\

4
8x+6y:24<:)y:—§x+4.

Ta c6 do thi bén. Dya vio do thi, hai duong thing tring nhau nén c6 vo sé diém

chung.
Vay hé c6 vo s6 nghiém, mdi nghiém 1a toa do (z;y) clia mot diem tren duong O N
thang 4z + 3y = 12.

L]
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VI DU 2. Khong can vé hinh, hay cho biét sé nghiem ctia mdi he phuong trinh sau day va giai

thich vi sao?

1
y=3-—2x 3/:_555‘*‘3 2y = —3x 3r —y =
2 DR 0 DRI
y=3r— 1. y:—§x+1. 3y = 2x. r——-y=1

# LOI GIAL

@ Xét cac phuong trinh trong he, ta cé
Duong thang y = 3 — 2z ¢6 hé s6 goc a; = —2.
Dudng thang y = 3z — 1 ¢6 hé s6 goc ay = 3.

Vi a1 # as nén hai dudng thang nay cit nhau. Vay hé cé mot nghiem duy nhat.
@ Xét cac phuong trinh trong hé, ta cé

NA 2z 1
Duong thang y = —5% + 3 c6 hé so géc a; = —3 va by = 3.

A 1 Z 1
Duong thang y = —5% + 1 ¢6 hé so goc ay = —3 va by = 1.
Vi a; = as va by # by nén hai dudng théng nay song song. Vay hé vo nghiém.
@ Xét cac phuong trinh trong hé, ta cé

) . 3
Duong thang y = —5% ¢6 hé so géc a; = —5

A 2 Z 2
Duong thang y = gzv ¢6 hé so géc as = 3
Vi ajas = —1 nén hai duong thing nay vuong géc véi nhau. Vay hé c6 mot nghiem duy nhét.

O Xét cac phuong trinh trong hé, ta cé
Dudng thang 3z —y =3 <y = 3z — 3.
Dubngthéngm—gyzl@y:?)x—?).

Ta thay hai dudng thang nay triing nhau. Vay hé c6 vo s6 nghiem.

VI DU 3. Hay xdc dinh s6 nghiém ctia cdc hé phuong trinh sau (minh hoa bing do thi)

20—y =—1 r—y=38 3r+ 6y =6
Y ——1 R EA I P
r—y=-—1 5 5 =4 x4+ 2y =3.
# LOT GIAL
o
Nhan xét rang
aq 2 9 vi bl —1 1 aj bl
—=—-=2va —=—=1,suyra — # —.
as 1 by —1 Y az ~ by
Vay hé c6 nghiém duy nhat.
(2
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Nhan xét rang y
1 b -1 b
ﬂ——:ZVéL—l:—:2,suyraﬂ——1:2:ﬁ y=r-8
as 1 by _1 Qs ba C2 O ] T
2 2

Vay hé c6 vo sd nghiem.

/—8

Nhan xét rang
ai 3 by 6 a by C1
a9 1 va b2 2 ) SUy 18 Qo b2 # (&)

Vay hé vo nghiém.

]
VI DU 4. Hay xéc dinh sé nghiém cia cac he phuong trinh sau (minh hoa béng do thi)
dx + 0y =12 r+3y==~6
) ’ by
rT—y =2 Oz —y = —2.
# LOI GIAL
0
Nhan xét rang
aj 4 bl 0 ai bl
_— = - = 4 ) — — —— — 0 _ —_
o 1 va b 1 , sSuy ra 2 #+ b
Vay hé c6 nghiém duy nhat.
(2
Nhan xét rang Y14
as 0 N bQ _1 a9 b2 Y= 2
—=-=0vh — = —,suyra — # —.
a1 1 by 3 aq by 6 x
Vay hé c6 nghiém d hat.
ay hé c6 nghiém duy nha 0 R
]
., . ar —y =2
VI DU 5. Ching t6 rang hé phuong trinh )
T+2y=3
. . L ~ . 1
a) C6 nghiém duy nhat véi a = 3. b) Vo nghiém v6i a = —3
Hay minh hoa béang do thi.
# LOI GIAL
0
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3r —y =2
V6i a = 3, hé phuong trinh ¢6 dang ) Yy 3w —y =2
T+2y=3 L
Nhan xét rang ) ) | 3
aq 3 1 —1 aq 1 , z+2y=3
ag 1 v bg 2 ) Suy ta ag # bQ
Vay hé c6 nghiem duy nhat. L
(2
1
1 ——r—y=2
Véi a = —g3 hé phuong trinh ¢6 dang 2 y
r+2y=3 3
Nhan xét rang &
(11_ 1\b1_ 1 al_bl_ 1 2_01 \333
CLQ_ 2vab2_ 27suyraa2_b2_ 2#3—02. —4 O z+2y=3
Vay hé vo6 nghiém.
—9 ™S 42y = —4

amr+y==
asx +y = b
@ Chiing minh ring hé luon c6 nghiem véi moi aq, as, b bat ki.

@ Heé c6 thé c6 vo s6 nghiem duge khong?

VI DU 6. Cho hé phuong trinh {

# LOT GIAL
@ Bién doi he ve dang {

y=—amzr+0b (d)

y=—ax+b (dy)
Nhan xét réang, hai duong thiang (d;) va (ds) ting v6i hai phuong trinh trong hé luon cit truc Oy
(vi he s6 tu do biang nhau) tai diém I(0;b).
Vay hé phuong trinh luon c6 nghiém (0;b) v6i moi ay, as, b bat ki.

@ He c6 vo s6 nghiem khi (d;) tring (dy) < a1 = as.

rT—y=2

VI DU 7. Sit dung ba dinh li da biét tim ba hé phuong trinh tuong duong véi he sau { .
r—3y=2~8

# LOI GIAL

x
T—y =2 Y
St dung dinh 1i 1, ta dugc =42 2

r—3y=38 x—SyzS.

‘ rT—y=2 rT—y=2 T—y=2
St dung dinh Ii 2, ta dugce s s )
(x—3y)=2-8

r—3y =28 (x —y) — 2y =—6
‘ T—y=2 r=9y+2 r=y+2
St dung dinh Ii 3, ta dugce s = )
r—3y=38 (y+2)—3y=38 —2y=6

Nhan xét. Trong loi gidi trén, khi st dung dinh li 2 va dinh i 3, néu ching ta chi can si dung thém
mot lan nia dinh i 3, sé thu dugec nghiém cia hé.

t
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VI DU 8. Giai thich tai sao hai he phuong trinh sau tuong duong

2r —y =1 2r—y=1
va 3 -
3r—4y =2 T—y=—
)
# LOI GIAL
Ta c6 thé trinh bay theo hai cach sau
Cdch 1. Thuc hién phép bién ddi tuong duong
2r—y=1 2r —y =1 2r—y=1
= <~ 3 -
3r—4y =2 or — oYy =3 x—y:g

Cach 2. St dung dinh nghia

. . (2 1
— Giai hé thi nhat, ta duge nghiém duy nhat (5, —g>

. (2 1
— Giai hé thu hai, ta duge nghiém duy nhat <5’ _5>

Vay hai hé phuong trinh la tuong duong.
Nhan xét. Hai hé phuong trinh tuong duong trong truong hop cé nghiém duy nhat luon ton tai hai
cach chiing minh (st dung cdc phép bién doi tuong duong va st dung dinh nghia,).

VI DU 9. Giai thich tai sao hai hé phuong trinh sau tuong duong

r+2y=2 _ [3x+6y=6
va .
2v +4y =4 4o + 8y =8

# LOI GIAL
Ta c6 thé trinh bay theo hai cach sau
Cadch 1. Thuec hién phép bién déi tuong duong

T+2y =2 3z + 6y =6
= .
20 +4y =4 dr + 8y =8

Cach 2. Sit dung dinh nghia
— Giai he thi nhat, ta thiy hé c6 vo s6 nghiem théa man (2 — 2y;y).
— Giai he thit hai, ta thay he c6 vo s6 nghiém thoa man (2 — 2y;y).
Vay hai hé phuong trinh la tuong duong.
Nhan xét. Hai hé phuong trinh tuong duong trong truong hop c¢é vo s6 nghiém luon ton tai hai cdch
chatng minh (st dung cac phép bién doi tuong duong va st dung dinh nghia).

VI DU 10. Giai thich tai sao cac cip hé phuong trinh sau tuong duong
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r—2y=3 r—2y=3 v —2y=1 r+y=23
a) va : b) va :
x—2y=4 3r — 6y =12 6r —4y =3 3r+3y =1
# LOI GIAL
@ Ta c6 thé trinh bay theo hai cach sau

Cach 1. Thuc hién phép bién doi tuong duong &

x—2y=4 3z — 6y =12
Cach 2. St dung dinh nghia
— Gidi he thi nhat, ta thiy hé vo nghiem.
— Giai he tht hai, ta thay he vo nghiem.
Vay hai hé phuong trinh la tuong duong.
@® Ta thuc hien
— Giai he tht nhat, ta thiy he vo nghiem.
— Giai he tht hai, ta thay hé vo nghiem.
Vay hai hé phuong trinh la tuwong duong.
Nhan xét. Hai hé phuong trinh tuong duong trong truong hop vo nghiém, cdach tot nhat la st dung
dinh nghia dé ching minh.

O
1. Bai tap tu luyén
BAI 1. Hay xac dinh s6 nghiém ctia cac hé phuong trinh sau (minh hoa bing do thi)
x—3y =2 dr — 3y =0
) / b) Y
20 +y = 2. dr+4y = 0.
# LGOI GIAL
0
Nhan xét réang y
ay 1 bl -3 a1 bl
_—= - 3 — = — = —3 — P 2
a9 2 va bg 1 ) SUY 13 a9 % bg
Vay hé c6 nghiem duy nhat. v 3y =
o < 2=
20 +y =2
(2
Nhan xét rang y
a4 by -3 al%bl dr — 3y =0
— =—-va —=—,suyra — # —.
a3 by 4G T,
Vay hé c6 nghiém duy nhat. 0 >
3z+4y =0
]
BAI 2. Hay xac dinh s6 nghiém ciia cac hé phuong trinh sau (minh hoa bing do thi)
xT—3y==6 r—y=20
R DR
3z — 9y = 3. 3r — 3y = 18.
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# 1LOI GIAL
(1)

Nhan xét rang

Y
ai 1 . by 1 ai by 7& 9 C1 @ 1 3 —9y =
— =—-va—=_,suyra — = — = —.
a9 3 bz 3 Y as bZ Co !
Vay hé vo nghiém. L r—3y=
(2]
Nhan xét rang y, 3v—3y=18
aq . bl . C1 . 1 rov=
(05} N bQ N Co 3 0 6 *
Vay hé c6 vo s6 nghiem. —6
O
BAI 3. Hay xac dinh s6 nghiém ciia cdc hé phuong trinh sau (minh hoa bing do thi)
x—0y=2 Oz + 6y =24
) Y b) Y
Oz + 4y = 8. r—2y=1.
# LOT GIAL
[ 1
Nhan xét rang y
=2
al'bzibl‘ag. 2 Y
Vay hé c6 nghiem duy nhat. 2| =z
O =2
(2]
Nhan xét rang % T — 2y =
Qa2 0 b 6 a2 bs y=4
—=-=0va - =—=—-3,suy ra — # —.
a; 1 by -2 by 0] x
Vay hé c6 nghiém duy nhat. T
O
X . . . 3r—y=1
BAI 4. Bang do thi, ching t6 rang hé phuong trinh .
20 —ay = —3
. . Y A e 2
a) C6 nghiem duy nhat véi a = 2. b) Vo nghiém v6i a = 3
# LOI GIAL
(1
3r—y=1
V6i a = 2, hé phuong trinh c6 dang . y g
20 — 2y = —3 sroy=1,
a 3 b1 1 aq b1 e
NhA ,t a —1 = — a — = — [R— e
an xét rang 5 2 VA b 2 suy ra ” #+ b
Vay hé c6 nghiém duy nhat.
O X
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9 v —y=1
V6i a = =, hé phuong trinh ¢6 dang 9 ) 5 Yy
3 20 — -y =—3 20—~y =-3
a b c 5 ’ sy =1
Nhan xét ring — = — # L /
(05} bg Cy
Vay hé vo nghiém. / 0 x
0
N . . R r+2y=a
BAI 5. Bang do thi, ching t6 rang hé phuong trinh :
20+ 4y =6
a) C6 vo s6 nghiém véi a = 3. b) Vo nghiém véi a # 3.
# LOI GIAL
0
) x+2y=3
V6i a = 3, hé phuong trinh ¢6 dang : y
20+ 4y =6
L ov a by g 1
Nhan xét rang — = — = — = —. v
as ba C2 2 O‘ 225—%—4]426
Vay hé c6 vo s6 nghiem. Ty =
) rT+2y=a
@® Vi a # 3, hé phuong trinh c6 dang :
20 +4y =6
. b
Nhan xét rang f_n # a,
Qg ba Co
Vay hé vo6 nghiém.
[
BAI 6. Bing d thi, ching t6 ring cac he phuong trinh sau luon ¢6 nghiem duy nhét
r+2y=9 3r—2y =28
a) b)
r=n. Yy =m.
# LOI GIAL
0
Vi z+ 2y = 9 la duong xién, z = n 1a dudng thing song song véi Y r=n
Oy nén do thi clia  + 2y = 9 ludn cat do thi clia x = n tai mot 4
diém duy nhat.
. 1 x
Vay hé ludén c6 nghiém duy nhat x =n vay = =(9 — n).
2 of | vh 2y =9
y =
(2
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Vi 3z — 2y = 8 la duong xién, y = m la duong thing song song y 3x—2y =8
v6i Oz nén do thi clia 3z — 2y = 8 luon cat do thi clia y = m tai o 3 -
mot diém duy nhat. 3

. 1
Vay hé luon c6 nghiem duy nhat y = m va z = §(8 +2m).

. alr—y=">
BAI 7. Cho hé phuong trinh .
20 —y =b
@ Ching minh ring hé luon c¢6 nghiém véi moi a, b bat ki.
@® Heé c6 nghiem duy nhat khi nao?
@ Heé c6 vo s6 nghiem khi nao?

# LOI GIAL

2 =a*r—b (d
@ Bién ddi he vé dang {y (dy)

y=2axr —b (dg).
Nhan xét réing, hai dudng thing (d;) va (dy) ting v6i hai phuong trinh trong hé luon cit truc tung
Oy (vi ¢6 hé s6 tut do bing nhau) tai diém 7(0;b).
Vay hé luon c¢6 nghiem (0;b) véi moi a, b bat ki.

@® Heé c6 nghiem duy nhat khi

a#0

(dy) cat (d2)<:>a27é2a<:>(12—2a7é0<:>a(a—2)7é0<:>{
a # 2.

@ Heé c6 vo sb6 nghiem khi

a=0
(dy) trimg (dy) & a®* =2a < a* —2a=0<a(a—2) =0 < [
a=2.
O]
20 —y =1
BAI 8. X4c dinh a dé he phuong trinh sau c6 nghiém ¢ = +y = 2
ar —y = —3
# LOI GIAL
2r—y=1 (1)
Ta ki hieu ¢ v +y =2 (2).
ar —y=-3 (3)
20—y =1 r=1
Xét hé phuong trinh tao béi (1) va (2) la & (™
rTH+y=2 y=1
Dé hé c6 nghiém, dicu kién (*) phai théa man phuong trinh (3), nghia I3
a-1-1=-3&a=-2
Vay a = —2 théa yéu cau. 0
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BAI 9. Stt dung ba dinh li da biét tim ba hé phuong trinh tuong duong véi méi he sau

x+ 3y =2 rT+y="7
a) b)
3z + 8y = 5. 3r + 4y = 25.
# LGOI GIAL ;
x+3y = T+ sy =
@ St dung dinh 1 1, ta dugc Y 2" oY
3z + 8y = 3z + 8y =
. T+ 3y = T+ 3y = x+3y =2
St dung dinh 1i 2, ta dugc & i
3r+8y=5 (Bx +8y) — (x +3y) =5—2 20+ 5y =3

= r=2-3y r=2-3y
<~ =4 .
3r+8y=>5 3(2—3y)+8y=5 —9y+8y=—1
r Yy
y w7 T

@ St dung dinh li 1, ta dugc )
3v+4y =25 3z + 4y =25

Stt dung dinh 1i 2, ta dugc

T+ 3y
St dung dinh 1i 3, ta dugc

r+y="7 r+y="7 r+y="7
= = .
3z + 4y =25 Br+4y) —(x+y)=25-T7 20+ 3y =18

r+y=7 r="T—y r=T—y
Stt dung dinh 1i 3, ta dugc & & )

3r + 4y = 25 3(7T—y)+4y =25 y=4
O
BAI 10. Giéi thich tai sao céc cap hé phuong trinh sau tuong duong
20 +3y="7 20+ 4y = 8 3r+y=2 6 + 2y =4
a) va : b) va :
r+2y=4 y=1 20+ 3y =6 Yy =2
# LOI GIAL
@ Thuc hien phép bién doéi tuong duong.
20+ 3y="7 20+ 3y="7 20+ 4y =8
<~ ~
r+2y=4 20+ 4y = 8 y =1
@ Thuc hien phép bién doéi tuong duong.
3r+y =2 6 +2y =4 6 +2y =14 6 +2y =14
54 54 <~
20 +3y =6 6z + 9y = 18 Ty =14 Yy =2
0
BAI 11. Giai thich tai sao cac cap hé phuong trinh sau tuong duong
r Yy
2 —3y=1 _ [dr—06y=2 2r+3y=6  |3t5=1
a va 3 1- b va 4
6 —9y =3 T-SY=73 10z + 15y = 2 43;4_63/:5
r—y=1 8r+ 9y =11
c) va :
2x — 2y =3 16x + 18y = 3
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# LOI GIAL
@ St dung dinh nghia.

. . . . . 2x — 1
— Giai hé tha nhat, ta thay hé c6 vo so nghiém théa méan (:c; %)

. . . , 20 —1
— Giai hé tha hai, ta thay hé c6 vo so nghiém théa man (x; 3:3 )

Vay hai hé phuong trinh la tuong duong.
@® St dung dinh nghia.
— Gidi he th nhat, ta thiy hé vo nghiem.
— Giai he thi hai, ta thay hé vo nghiem.
Vay hai hé phuong trinh la tuong duong.
@ St dung dinh nghia.
— Gidi he th nhat, ta thay he vo nghiem.
— Giai he thi hai, ta thay hé vo nghiem.
Vay hai hé phuong trinh la tuong duong.

[
BAI 12. Tim gia tri ctia m dé cac cip hé phuong trinh sau tuong duong
20+ 3y =7 r+y=3
(1) Y va i :
r+2y=4 20—y =m
(9] Y va Y .
20+ 5y =3 3max + (m? + 8)y = 4m + 2
# LOI GIAL
@ Giai he thit nhat, ta duge nghiem duy nhat z =2 vay = 1.
Hai hé tuong duong khi (2;1) cling 1a nghiém ctia hé con lai, nghia la
2+1=3 3=3
& S m o= 3.
2:2—1=m m =3
r+y=3 .
Th lai, v6i m = 2, hé ¢6 dang . Giai hé nay, ta c6 nghiém duy nhat 1a (2;1).
20 —y =3
Vay m = 3 thda yéu cau.
@ Giai he thit nhat, ta duge nghiém duy nhat z = —1 vay = 1.
Hai hé tuong duong khi (—1; 1) 1a nghiém ctia hé con lai, nghia la
—1+3-1=2 9=29 -
= S (m—-1)(m—-6)=0<
3m(=1)+ (m*+8)-1=4m+2 m* —Tm+6=0 m = 6.
Thit lai
x4+ 3y =2 , .
— V6i m =1 hé c¢6 dang . Hé ¢6 vo s0 nghiém nén m = 1 khong thoa.
3r+9y =06
x4+ 3y =2 .
— V6i m = 6 hé c6 dang . Hé ¢6 nghiém duy nhat (—1;1).
18z + 44y = 26
Vay m = 6 thoa yéu cau.
]
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BA @ GIAI HE PHUONG TRINH BANG PHUONG PHAP THE

@ 1OM TAT Li THUYET

Dé xay dung dugc thuat toan giai hé phuong trinh bac nhat hai an bing phuong phap thé, ching ta

bat dau vé6i viec gidi hé phuong trinh sau:

20 +y =7 (1)

o {a: +3y=11 (2) — Bu6c 1: Chon phuong trinh (1) va biéu dién
— Xét phuong trinh (1) clia hé, ta bién ddi y = an y theo z.

7T—2x (3) — Bude 2: Thay biéu thitc ciia y vao phuong
— Thay (3) vao phuong trinh (2), ta dugce trinh (2), roi tim gia tri ctia .

r+3(7T—2)=11<bxr=10z=2. — Budc 3: Thay gia tri ctia 2 vio biéu thitc trong
— Thay z =2 vao (3), tadugcy =7-2-2 & bude 1 dé tim y.

y = 3. — Budc 4: Két luan nghiem.

Vay hé c¢6 nghiem duy nhat (2;3).
Tt d6, dé giai he phuong trinh bac nhat hai an bing phuong phap thé, ta thuc hién theo céc bude sau:
— Buéce 1: Chon phuong trinh (1) va bic¢u dién an y theo z.
— Buéc 2: Thay biéu thic cia  vao phuong trinh kia rdi tim gia tri cia y.
— Buéc 3: Thay gia tri clia y vita tim dude vao biéu thic ciia o dé tim gia tri clia z.
— Budc 4: Két luan nghiém.

( PHUONG PHAP GIAI TOAN

(O DANG 1. Giai hé phuong trinh

Phuong phap giai:

Sr+3y=1 (1)

VI DU 1. Giai hé phuong trinh
2e+y=-1 (2)

# LOI GIAL

Ta Iya chon mot trong hai cach rut:

Cach 1: Thyc hién phép rat y.

Xét phuong trinh (2) clia he, ta bién doi y = —2x —1 (3).

Thay (3) vao phuong trinh (1), ta dugce:

y=-2-(-4)—-1="1.

Vay hé phuong trinh c¢6 nghiem duy nhat (—4;7). O

VI DU 2. (Bai 14/tr 15 -SGK)
Giai cac he phuong trinh bang phuong phap thé
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c{x—i-\/gy:O (1) ® (2—\/§)x—3y:2+5\/§ (1)
Vhr+3y=1-V5 (2) dr+y=4-2V3 (2)
# LOT GIAL

z+vVoy=0 (1)
Vo +3y=1-v5 (2

Xét phuong trinh (1) suy ra 2 = —v/5y. Thay vao phuong trinh (2) ta c6

@ Giai he phuong trinh {

\/g.(—\/gy>+3y=1—\/5(:)—2y:1—\/5<:)y:\/52_1

-1

VE—1 V5 -5
5 =T = 5 .

ﬁ—aﬁ—l)
2 )

2

Khi y = suy ra r = (—\/3> .

Vay hé phuong trinh c6 nghiém duy nhat 1a

(2-V3)z—3y=2+5V3 (1)

dr+y=4-2vV3 (2)
Tit phuong trinh (2) ta suy ra y = 4 — 24/3 — 42. Thay vao phuong trinh (1) ta c6

(2—\/§)x—3(4—2\/§—4x):2+5\/§<:>(14—\/§)x:14—\/§<:>x:1

@ Giai he phuong trinh

Khi z =1 suy ra y = —2v/3.
Vay hé phuong trinh c6 nghiém duy nhat (1; —2\/§>.

VI DU 3. (Bai 15/tr 15 -SGK)
r+3y=1
Giai hé phuong trinh
(a2+1)x+6y:2a
trong cac truon hop sau

O.=--1 ®.=0 ® =1

# 1L,OI GIAL

r+3y=1 r+3y=1
@ Khi ¢ = —1, ta dugc hé phuong trinh{ Y (:){ Y

24+ 6y=-2 |z+3y=-1
Dé thay hé phuong trinh vo nghieém.
' r+3y=1 r+3y=1 T =2
@® Khi ¢ = 0, ta duge hé phuong trinh &

< 1
x4+ 6y =0 Jy=—1 y=—=

3
, 1
Vay hé phuong trinh c6 nghiém duy nhat la (2; —g)

Sao+3y=1

r+3y=1 r+3y=1
® Khi a = 1, ta dugc hé phuong trinh{ Y <:>{ Y

22 + 6y = 2 r+3y=1
Vay hé phuong trinh c¢6 vo s6 nghiém (x;y) théoa man x = 1 — 3y, y € R.
O
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VI DU 4. (Bai 17/tr 16 -SGK)
Giai cac hé phuong trinh bang phuong phap thé

{\/§x—\/§y:1 @{x—Q\/?y:\/g (ﬁ—l)x—y:\@
x+V3y =2 V2r+y=1-+10 © x+(\/§—|—1)y:1

# LOI GIAL

\/§x . \/§ =1 (1
@ Cidi he phuong trinh { y=1 ()

r+V3y=+v2 (2) '

Tit phuong trinh (2) suy ra 2 = v/2 — v/3y. Thay vao phuong trinh (1) ta c6

V3(VE-By) ~Vay =1y (Vi+VE) =1 y= YOV

3
Khi y = M thay vao (2) ta c6
v V3. (fg *f) CVBeaivi-l=Viea-1
. — V2
Vay hé phuong trinh c6 nghiém duy nhat 1a (1; g)

r—2V2y =5 (1)
V2r+y=1-v10 (2)

Tit phuong trinh (1) suy ra z = /5 — 2¢/2y. Thay vao phuong trinh (2) ta c6

1 — 2/10
\/5(\/5+2\/§y)+y:1—\/ﬁ<:>5y:1—2\/ﬁ<:>y:—\/_

@ Giai he phuong trinh {

)
1—2v10
Khiy:Tthay vao (1) ta co
1—2v10 2v2 —3v5
Z‘:\/g+2\/§'<—5 )@x:—\/_g) V5
. 2v2—=3v5 1-2v10
Vay hé phuong trinh c6 nghiém duy nhat lé( V2 5 \/_; 5 )

(ﬂ—l)x—y:\/ﬁ (1)
4+ (V2+1)y=1 (2)

T phuong trinh (1) ta suy ra y = (\/§ — 1) x — /2. Thay vao phuong trinh (2) ta c6

v+ (V2+1) - [(V2-1)2— V2| :1@23:—2—\/5:1@95:32\/5.

3 2
Khi z = +2\/— thay vao (2) ta c¢6
3 + V2 1442 1
l)y=1 1 S
+(V2+1)y=1e (V2+1)y= 5 eU= 3
, 3 2 1
Vay hé phuong trinh c6 nghiém duy nhat < +2\/_ —§>
U
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Vi DU 5. (Bai 18/tr 16 -SGK)
r+by=—4

Cho hé phuong trinh
br —ay = —5

@ Xac dinh cic hé s6 a va b, biét he phuong trinh trén c6 nghiem 1a (1; —2).

@® Xic dinh cac he s6 a va b, biét he phuong trinh trén c¢6 nghiem la (\/§ —1; \/5)

# LOI GIAL
© Do (1;-2) Ia nghiém ciia he phuong trinh nén

2—-2b=—4 b=3 b=3
~ ~
b+ 2a = -5 b+ 2a = -5 a=—4
Vay v6i a = —4 va b = 3 thoa man bai toan.
® Do (\/§ —1; \/§> la nghiém ctia hé phuong trinh nén

2(V2—1)+v2b=—4 Vb= -2 92 b=—2-2
54 54
(V2-1)b—v2a= -5 (V2-1)b-+v2a=—5 a:5¢§2—2
2—-2
Vayvéia:%vab:—Q—\/i
0
p mx + 3y = —2
VI DU 6. Cho hé phuong trinh
mix — 6y =4

@ Ciai he phuong trinh v6i m = 2.
@ Tim gia tri ctia m dé he phuong trinh c6 nghiem.

# LGOI GIAL
@ Khi m = 2 he phuong trinh tré thanh

{2x—|—3y:—2 {2x+3y:—2 {2x—|—3y:—2 y=—=
<~ <~

dr — 6y =4 20 — 3y =2 dr =0 =0

. 2
Vay hé phuong trinh c6 nghiém duy nhat 1a <O; —g)

mz+3y = -2 (1)

2

@ Xét he phuong trinh .
mr —6y =4 (2)

1
Tt phuong trinh (1) suyra 3y = -2 —ma &y = ~3 (2 + mz). Thay vao phuong trinh (2) ta c6

1
m2x+6-§(2+mx):4@(m2+2m)a::0 (3)

Dé he phuong trinh vo s6 nghiém khi (3) vo s6 nghiém.
Khi do

m*+2m=0m(m+2)=0%&
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Vay véi m = 0 va m = 2 hé c6 vo s6 nghiem.
O
Nhan xét. 1. Nhu vdy, trong l0i gidi trén dé tan dung phép thé trong mot bai todn cé hai cau hdi
ching ta da thuc hién theo 3 budc:
— Budc 1: Bang phép thé, chuyén doi tinh chat cia hé thanh tinh chét cia phuong trinh.
— Budc 2: Thuc hién ciu a)
— Budc 8: Thuc hién ciu b).
D6 chinh la cach thé hién rat pho bién khi hoc lén cao.
2. Chiing ta déu da dugc biét ring, c¢é thé thuc hién yeu cau 7 Tim m dé hé phuong trinh cé vo s6
nghiem” bing cach dua trén vi tri tuong déi gita hai duong thang, cu thé:
— Truong hop 1: Voi m = 0, hé phuong trinh co dang
{0x+3y:—2 T tuyy

= 2

Ox — 6y =14 y:_§

— Truong hop 2: Vi m # 0 thi diéu kién dé phuong trinh ¢é vo s6 nghiem la
m 3 2 1 1
T 6 AT, g emE?
Vay véi m =0 va m = 2 hé c¢6 vo s6 nghiém.
Luu y: Néu tanhéng zét truong hop m = 0 ma chi kiém tra diéu kién dé phuong trinh ¢é vo sé nghiém

m. _3 .
m2 6 4 o o
thi khong dugc rit gon mau so. Khi do, ta phdi bién doi nhu sau
3 2 1 m=20
ﬁ:——:——(:)ﬁ:——(:)Qm:—mQ(:)m(Q—m):O(:)
m?2 6 4 m? 2 m=2
, r+y=1 (1)
VI DU 7. Cho hé phuong trinh (2)
mx + 2y =m

@ Tim m dé hé phuong trinh c¢6 vo sé nghiem.
@ Tim m dé hé phuong trinh c¢6 nghiem duy nhat. Tim nghiem duy nhat do.

« LOI GIAL
@ T phuong trinh (1) suy ra y = —2 + 1. Thay vao phuong trinh (2) ta c6
mr+2(1—z)=ms (m—-2)z=m-—2 (3)
Dé he phuong trinh vo s6 nghiém khi phuong trinh (3) vo s6 nghiém suy ra
m—2=0&m=2

@ D¢ hé phuong trinh c6 nghiém duy nhat khi phuong trinh (3) c6 nghiém duy nhat.
Dodém—2+#0< m # 2.
Vay m # 2 hé phuong trinh c¢6 nghiém duy nhat.

Khi m # 2 ta ¢6 (3) & = = 1. Thay vao (1) suy ra y = 0.
Vay hé phuong trinh c¢6 nghieém duy nhat 1a (1;0).
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O
. z+my=1 (1)
VI DU 8. Cho hé phuong trinh
mr—y=-m (2)
@ Chimg t6 rang véi moi m hé phuong trinh luon c6 nghiem duy nhat.
im gia tri ctia m dé hé phuong trinh ¢6 nghiém x; a mot diém thuoc géc phan tu thi
@ Tim gia tri cq de hé phuong h gh (r;y) 1 d huoc goéc ph h
nhat.
# LOI GIAL
@ Ti: phuong trinh (2) suy ra y = max +m  (3). Thay vao phuong trinh (1) ta cé
9 9 1 —m?
z+mmr+m)=1a (m*+1)az=1-m’sz=
1+ m?
Khi z = T2 thay vao phuong trinh (3) ta dugc
1 —m? e 2m
Y 1+ m? YT i me
. o, ~ N . . . (1—m? 2m
Vay v6i moi gia tri cia m hé phuong trinh c6 nghiém duy nhat ; .
1+m2 1+ m?
@ Dé théa man bai toan khi
1 —m? - , ,
2 1—-m">0 m* <1
14+m & & s0<m<1
2m__ o l2m>o0 m >0
14+ m?
Vay v6i 0 < m < 1 hé c¢6 nghiém thdéa man bai toan.
O

Nhan xét. 1. Trong chi dé 9, ching ta da thuc hién cau a) bang phuong phdp cong va ¢ dé ching ta
can xét hai truong hop m = 0 va m # 0. Con doi vdi phuong phdp thé thi khong can phdi nhu vay,
dé chinh la mot trong nhitng wu diém cta phuong phdp thé so vdi phuong phdp cong.

2. Vi cau b), chiing ta da st dung mot trong cdc két qud sau:

M(z,y)e P(I) ez >0wvay>0.

— M (z,y) e P(II) & x<0wvay>0.

M(z,y)e P(I1]) & 2 <0wvay<0.
— M(z,y) e P(IV)=x>0vay<0.

Tiép theo, chiing ta sé quan tam tdi cic hé phuong trinh dugc gidi nho kién thic cia hé phuong trinh

bac nhat hai an (thuong duge goi la cdc hé phuong trinh quy vé hé phuong trinh bic nhat hai an).

Trude tién, la cdc hé phuong trinh duge chuyén vé hé phuong trinh bac nhat hai an bing phép bién doi

tuong duong.

r 2 ( 1)
VI DU 9. Giai he phuong trinh { ¥ 3

dr —3y=—-2 (2)
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# LOI GIAL

2
Xét phuong trinh (1), ta c6 (1) &z = ?y Thay vao phuong trinh (2) ta c6
2y
4-3—3y:—2@8y—9y:6©y:6.
Khi y =6 suy ra x = 4.
Vay hé phuong trinh ¢6 nghiem duy nhat (4;6). O

. L o Jy—lel=1
VI DU 10. Giai hé phuong trinh
2v—y =1

# LOI GIAL
- Néu z > 0 hé phuong trinh tré thanh

y—rv=1 y—x=1 y=3
54 <~
20 —y =1 T =2 T =2
So sanh vdéi diéu kien thoa man. Vay hé phuong trinh ¢6 nghiem 1a (2;3).
- Néu z < 0 he phuong trinh tré thanh

5)
y+zr=1 y—x=1 Y= 3
= = 9
2v —y =1 3r =2 z
3
So sanh véi diéu kién khong thoa man.
Vay hé phuong trinh c¢6 nghiém (2; 3). O

2e+y=4 (1)

VI DU 11. Giai he phuong trinh {
lz—2y|=3 (2)

# LOI GIAL
Xét phuong trinh (1) ta c6 (1) &y =4 — 2z (3). Thay vao phuong trinh (2) ta c¢6

11
5r —8 =3 r=—
|z —2(4—22)|=3& bz -8 =3 & & 5
br—8=-3 |,_1

- Khi z = 1 thay vao (3) suy ra y = 2.

2
- Khi z = 5 thay vao (3) suy ra y = ~F

1 2
Vay hé phuong trinh c¢6 céc nghiem la (1;2) va (E’ —5> O
Nhan xét. 1. Nhu vay, vdi viéc st dung phuong phdp thé ching ta da chuyén duoc hé phuong trinh ve
mot phuong trinh chia dav tri tuyét doi.
2. Tat nhién, ching ta cing cé thé st dung phuong phdp cong dé gidi bing viéc chuyén doi hé ban dau
2v+y=4 2 +y =4
va

thanh hai hé
r—2y=3

T —2y=—3.
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VI DU 12. (Bai 19/tr 16 - Sgk)
Biét rang da thiic P () chia hét cho da thiic # — a khi va chi khi P (a) = 0. Hay tim cac gia tri

clia m va n sao cho da thiic sau dong thoi chia hét cho x + 1 va o — 3.

P(z) =ma® + (m —2)2* — (3n — 5)x — 4n.

# LOI GIAL
Do gia thiét da thitc P (x) chia hét cho 2 + 1 suy ra da thric

P(-1)=0&-m+(m—-2)+Bn—-5)—4n=0&-n—-T=0&n=-7 (1)
Lap luan tuong tu ta co

PB)=0&2Tm+9(m—-2)—3@Bn—5) —4n=0<36m—13n—3=0 (2)

22
Thay (1) vao (2) ta c6 36m+91 —3=0<m = ~3
22
Vay v6i m = -9 va n = —7 thoa man bai toan. O
, 2% + 3y = 17
VI DU 13. Giai hé phuong trinh
322 -2y =6

# LOI GIAL

Dat v = 22, diéu kien u > 0.

2u+3y =17 (1)

3u—2y=6 (2)

17 — 3y
2

Khi d6 hé phuong trinh tré thanh {

Tt phuong trinh (1) suy ra 2u = 17 — 3y < u = (3). Thay vao phuong trinh (2) ta duge

17-3

Khi y = 3 thay vao (3) suy ra u = 4.

T =2

Khiu=4suyraz? =4«
T =—2

Vay hé phuong trinh ¢6 nghiém la (2;3) va (—2;3). O

] Vo +3y=+v3r—-1
VI DU 14. Giai hé phuong trinh

or —y =9
# LOI GIAL
, r+3y>0 x> =3y
bé hé phuong trinh xac dinh khi & 1 (%)
3r—12>0 T > =
3
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V6i diéu kién (x) ta c6

{\/x+3y—\/3x—1 {:U+3y—3x—1 {2:5—37;—1 (1)
~ =4

(2)

or—y =9 or—y =9 or—y =9

Tt phuong trinh (2) suy ra y = 5x — 9 (3). Thay vao phuong trinh (1) ta duge
2r —3(br—9) =113z =26 x =2.

Khi 2 = 2 thay vao (3) suy ra y = 1. So sanh véi diéu kien (*) thay thoa man.
Vay hé phuong trinh ¢6 nghiem duy nhat (2;1). O
Nhan xét. — Trong loi gidi trén, viéc bién doi phuong trinh thit nhat ta da st dung phép bién doi

JF@ = Jo@ {j’f() =Y

) = g(z)

tuong duong da biét la

— Tiép theo, ching ta sé quan tam dén cic hé phuong trinh duge chuyén vé hé phuong trinh bac

nhat biang cach dat an phu.

6 >

- __T _7
r—1 y—2

3 2
+——F=-1
r—1 y—2

Vi DU 15. Giai he phuong trinh

# LOI GIAL

, r—1#0 x#1
bé hé phuong trinh xac dinh khi & (%)
y—2#0 y#2

1

u =
Z

V6i didu kieu (%) ta dat ' khi d6 he phuong trinh trg thanh

6u—>5v=7 bu —bv =7 6u—bv=7 U =2
= = =
3u+2v=-1 bu +4v = -2 v = -9 v=—1

v=-—1
1
x—1:2 - x—lz% - :E:;
y% =1 |y-2=-1 |y=1
So sénh véi diéu kién () thiy théa man. Vay hé phuong trinh c6 nghiem duy nhét <;, 1). O

[z =1+ ]y —1[ =2

VI DU 16. Giai he phuong trinh
dle =1 +3ly—1|=7
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# 1LOI GIAL

w=lz—1]
bat , dieu kién u,v > 0.
v=ly—1

Khi d6 hé phuong trinh tré thanh
u+v=2 4quy +4v =8 u+v=2 u=1
= = =
qu+3v="7 qu+3v="7 v=1 v=1
So sanh véi diéu kién thoa méan.

r—1=1 r =2
Khiu=1suyralr—1 =1« &
r—1=-1

y—1=1 y=2
Khiv=1suyraly—1/=1<« &
y—1=-1 :

Vay hé phuong trinh c¢6 4 nghieém la (2;2), (2;0), (0;2) va (0;0). O

3Vr — 142y =13

VI DU 17. Giai hé phuong trinh
Ve —1—-\y=4

# LOI GIAL

Deé hé phuong trinh xac dinh khi & (%)
y=>0 y=0

u=vxr—1
v =y .

Khi d6 hé phuong trinh tré thanh {

V6i diéu kien () ta dit {

3u+2v=13 (1)

2u—v=4 (2 .

Xét phuong trinh (2) ta suy ra v = 2u — 4 (3). Thay vao phuong trinh (1) ta cé
Su+2(2u—4)=13 o Tu=21 & u=3.

Khi u = 3 thay vao (3) suy ra v = 2.

u=3
Khi ta suy ra
v=2

{\/1’—1:3 {x—1:9 {leo
= =

V=2 y =

So sanh véi diéu kien (*) thoa man.

Vay hé phuong trinh ¢6 nghiem duy nhat 1a (10;4). O

(0O DANG 2. Stt dung hé phuong trinh giai toan

Phuong phdp gidi:

, 20 —y =06 20 —y =06
VI DU 18. Cho hai hé phuong trinh (I) va (I11).
3r+y=9 y=m
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Xac dinh m sao cho hai hé phuong trinh trén tuong duong.

# LOI GIAL
Xét hé phuong trinh (7) ta c6

20 —y =6 20 —y =6 20 —y =26 y=20
= = =
3r+y=9 5x = 15 r =3 r=3
Suy ra hé phuong trinh (I) ¢6 nghiem duy nhat 1a (3;0).

: 2.3-0=6
Dé théa man bai toan khi (3;0) 1a nghiém cta hé (1) do do { & m=0.

0=m

20 —y =6 r =3
Khi m = 0 hé phuong trinh (/1) tré thanh & .
y=0 y=0

Vay v6i m = 0 hai hé phuong trinh tuong duong. U

VI DU 19. V6i gi4 tri ndo ctia m thi hai phuong trinh sau ¢6 nghiem chung 222 + mz — 1 = 0 va

mz?2—z+2=0.

# LOT GIAL

Dé théa man bai toan khi va chi khi hé phuong trinh
222 +max—1=0

) (%)

mx- —x+2=0

c¢6 nghiém.

Dat y = 2, dieu kien y > 0.

mr+2y—1=0 (1)

—z+my+2=0 (2)
Xét phuong trinh (2) suy ra x = my + 2 (3). Thay vao phuong trinh (1) ta c¢6

Khi d6 hé phuong trinh (%) tré thanh {

1—-2m

N+2y—1=0< (M>+2y=1-2mey= .

m(my + 2) + 2y (m*+2)y meYy =y

1-2
Thay y = — J:Z vao (3) ta ¢6

(1—2m> m (1 —2m) + 2 (m? +2) m+ 4
r=m- +2& 0= & x = .

m2 + 2 m2 + 2 m2 + 2

(NN

So sanh véi diéu kien suy ra 1 —2m > 0 & m <

Do y = 2% nén

(m—|—4>2_1—2m<:>(m+4)2:(1_2m)(m2+2)

m2+2/) m2+2
m*+6m+7=0< (m+1)(m*—m+1)=0 (3)

1\? 3
DomQ—m+1:<m—§> +A—l>0 Vm.Nén 3) ©m+1=0&m=—1.

So sanh véi diéu kién thoa man.

Vay m = —1 hai phuong trinh ¢6 nghiém chung. O
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Nhan xét. Loi gidi trong vi du trén, chinh la phuong phap hiéu qud dé thuc hién yéu cau "Tim dieu
kien cia tham sé dé hai phuong trinh bac hai c¢6 nghiém chung”, dang todn nay ching ta sé gap lai
trong chuong sau.

1. Bai tap tu luyén

BAI 1. Sit dung phuong phéap thé gidi cac he phuong trinh sau v minh hoa nghiem bing do thi

) 3r+5y =1 b) 2¢ — 3y = —6
a
2v+y=—-4 —4x — 6y = 12
) rT+y==6 Q) r+2y =11
c

20 — 3y = 12 or — 3y =3

# 1L,OI GIAL

3r+o5y=1 (1
@ Ciai he phuong trinh { Y )

2 4y=—4 (2)

Xét phuong trinh (2) ta suy ra y = —22 —4 (3). Thay vao phuong trinh (1) ta dugc
3r4+5(-2r—4)=1e Tor=21z=—3

Thay vao (3) ta c6 y = 2.

Vay phuong trinh c¢6 nghiém duy nhat (—3;2).

Vé do thi hai hAm s6 y = —2x —4 vay = = (1 — 3x) trén cung hé truc toa do.

Ta c6

20 — 3y =—6 (1
@ Ciai he phuong trinh { Y ( )(

—4xr — 6y = 12
20+ 6

2)
(3). Thay vao phuong trinh (2) ta dugc

Xét phuong trinh (1) ta suy ra y =

2
—4:1:—6-( x;6>:—12(:)—8x—12:12(:)x:—3.

Thay vao (3) ta c6 y = 0.
Vay phuong trinh c¢6 nghiem duy nhat (—3;0).
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N . 1 1
Vé do thi hai ham s6 y = 3 (2 4+6) vay = 3 (—2x — 6) trén cung hé truc toa do.
Ta co
Yy
7
1
X
r+y=6 (1)

@ Ciai he phuong trinh .
20 -3y =12 (2)

Xét phuong trinh (1) tasuy ray =6 —ax (3). Thay vao phuong trinh (2) ta duge
2 —3(6—2) =12 5z — 18 =12 z = 6.

Thay vao (3) ta c6 y = 0.
Vay phuong trinh ¢6 nghiem duy nhat (6;0).

Vé do thi hai hamsb y =6 —z vay = % (2x — 12) trén cung hé truc toa do.
Ta co
Y
e
5
4
3
2

-2 -1

~

r+2y=11 (1)
b —3y=3 (2)
Xét phuong trinh (1) ta suy ra x = 11 — 2z (3). Thay vao phuong trinh (2) ta dugc

@ Ciai he phuong trinh {

5(11 -2y) —3y=3< —13y+5b =3 y=4.
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Thay vao (3) ta ¢c6 z = 3.
Vay phuong trinh c¢6 nghiém duy nhat (3;4).

. ) 1 1
Vé do thi hai ham s6 y = 3 (Il —xz)vay = 3 (5x — 3) trén cung hé truc toa do.
Ta c6
Yy
N
-2 -10 1 2 3 4 x
—1
-2
a) (—3,2). b) (—3,0).
c) (6,0). d) (3,4).
O
BAI 2. Giai cac he phuong trinh sau
T ¥ _y
3v+4y = -4 rT—y=2> 16
) b) R
120+ 16y —5=0 (x—=2)(y+3)=3+uxy §+§:8
# LOI GIAL
3z + 4y = —4 3r+4y = —4
@ Taco Y & 5 -
122 + 16y —5=0 39¢’+4y:Z
Dé thay hé phuong trinh vo nghiem.
@ Taco
rT—Yy=2>5 T—Yy=295
<~
(r—=2)(y+3)=3+uzy xy+3r—2y—6=3+zy
T—Y=25 20 — 2y =10
- =
3r — 2y = 3r—2y=9
T—y= y=—6
<~ 54
r=—1 r=—1
Do d6 hé phuong trinh c6 nghiém duy nhat 1a (—1; —6).
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® Taco
=
r Yy r oy
ToV g |24 Y=g
s s
O AT KU
2 8 8
r Yy
——==1 =18
s {46 g
r =16 r =16
Vay hé phuong trinh c¢6 nghiém duy nhat 1a (16, 18).
a) Heé vo nghiem b) Nghiém ctia hé la (-1, —6) c¢) Nghiém ctia hé 1a (16, 18)

O

BAI 3. Xac dinh ham s6 y = az + b biét ring do thi ham s6 d6 di qua diém A (1;2) va cdt truc tung
tai diém c6 tung do bang 1.

# LGOI GIAL

Do dd thi ham s6 di qua diém A (1;2) nen2=a+b (1).

Mit khac do thi cit truc tung tai diém c6 tung do bang 1 nén 1 =5 (2).

Thay (2) vao (1) suyraa+1=2<a=1.

Vay ham s6 1a y = x + 1.

Ham so lay =a + 1. O

BAI 4. Lap phuong trinh dudng thing di qua hai diém
a) A(0;3) va B(1;2) b) A(1;6) va B(2;0) c) A(—3;14) va B(2;-1)

# LOI GIAL
@ Do dusng thang di qua hai A (0; 3) va B (1;2) suy ra phuong trinh c6 dang y = ax + b.
Khi do6 ta c¢6 hé phuong trinh :
a+b= 2 a=—1
Vay phuong trinh dudng thing la y = -2 +3 < 2 +y = 3.
@® Do dudng thang di qua hai A (1;6) va B (2;0) suy ra phuong trinh ¢6 dang y = ax + b.
a+b=06 a+b=6 bh=12
Khi do6 ta ¢6 hé phuong trinh & & .
2a+b=0 a=—6 a=—6
Vay phuong trinh duong thing la y = —62 + 12 < 62 +y = 12.
® Do duong thang di qua hai A (—3;14) v& B (2; —1) suy ra phuong trinh c¢6 dang y = az + b.
—3a+b=14 b5a = —15 a=—3
Khi d6 ta ¢6 hé phuong trinh & & .
2a +b= -1 20 +b=— b=5
Vay phuong trinh duong thing lay = -3z +5 < 3z +y = 5.

a)r+y=3 b) 6x +y =12 c)3z+y=>5
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O
r+my=11 (1)
Sbr—3y=m+1 (2)
@ Ciai he phuong trinh v6i m = 2.

BAI 5. Cho hé phuong trinh {

@ Tim gia tri clia m dé hé phuong trinh trén c6 nghiem.
# LOI GIAL
@ Khi m = 2 hé phuong trinh tré thanh

r+2y=11 or + 10y = 55 13y = 52 y=4
= = =
or — 3y =3 or — 3y =3 5r — 3y =3 r =3

Vay hé phuong trinh c¢6 nghiem duy nhat 1a (3;4).
@® Xét phuong trinh (1) suy ra x = 11 — my. Thay vao phuong trinh (2) ta c6

5(11—my)—3y=m+1< (bm+3)y=54—m (3)

. 3 , 273
-Neubm+3=0&m= ~F phuong trinh (3) tré thanh 0-y = -

Dé thay phuong trinh vo nghiém nén hé phuong trinh vo nghiem.

-Néubm+3#0& m# —g thi (3) ¢6 nghiem duy nhat suy ra hé phuong trinh ¢6 nghiem duy
nhat.

Vay dé hé phuong trinh c6 nghiem khi m # —g.

2) (3;4) b) m #

3mr+5y=1 (1)

2 +my = -4 (2)
@ Ciai he phuong trinh v6i m = 2.

BAI 6. Cho hé phuong trinh {

@® Tim gia tri ctia m dé he phuong trinh trén cé nghiem duy nhat.
# LOI GIAL
@ Khi m = 2 hé tré thanh

6x +5y =1 6z + oy =1 y=-—13 y=—13
-~ 54 ~
20 42y = —4 6x + 6y = —12 20 4+ 2y = —4 r =11
Vay phuong trinh ¢6 nghiem duy nhat (11; —13).

1—3mx

@® Xét phuong trinh (1) suy ra by = 1 — 3ma & y = E

Thay vao phuong trinh (2) ta c6

1—3mx

: ):_4@(3m2—10)x:m+20 (3)

2x—|—m-(

Dé hé phuong trinh c6 nghiém duy nhat khi va chi khi (3) c6 nghiém duy nhat.
10 10
Khid(’)3m2—107é0<:>m275§<:>m7£:|:\/§.

. /10
Vay de hé phuong trinh ¢6 nghiém khi m # £ 3
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a) (11;—13). b) m#:l:\/go.

r—3y=m (1)

—3x+4+9y=-12 (2)
@ Tim gia tri ctia m dé hé phuong trinh c¢6 vo sé nghiem.

BAI 7. Cho hé phuong trinh {

@® Tim gia tri ctia m dé he phuong trinh vo nghiem.
# LOI GIAL
@ Xét phuong trinh (1) suy ra x = m + 3y.
Thay vao phuong trinh (2) ta c6

(=3)- (m+3y)+9y=-123m=12em=4 (3)

Dé he phuong trinh ¢6 vo s6 nghiém khi phuong trinh (3) c6 vo s6 nghiem suy ra m = 4.
Vay v6i m = 4 théa méan bai toan.
@® Theo két qui trén dé he phuong trinh vo nghiem khi m # 4.

a) m=4. b) m # 4.

mz+2y=>5 (1)

2r+y=m (2)
@ Tim gia tri cia m dé hé phuong trinh c6 mot nghiem duy nhat.

BAI 8. Cho hé phuong trinh {

@® Tim gia tri ctia m dé hée phuong trinh ¢6 vo s6 nghiem.
@ Tim gia tri ctia m dé he phuong trinh vo nghiem.
# LOT GIAL
@ Xét phuong trinh (2) suy ra y = m — 2z.
Thay vao phuong trinh (1) ta c¢6

mr+2-(m—2z)=5s(m—4)-2=5-2m (3)

Dé hé phuong trinh c6 nghiém duy nhat khi phuong trinh (3) c6 nghiém duy nhat.
Suy ram — 4 # 0 < m # 4. Vay v6i m # 4 thi hé phuong trinh c6 nghiém duy nhat.
® - Néu m — 4 =0 < m = 4 thi phuong trinh (3) tré thanh 0 -z = —3.
Dé thay phuong trinh vo nghiém suy ra hé phuong trinh vo nghiém.
Theo két qua trén khi m # 4 thi hé phuong trinh c¢6 nghiém duy nhét.
Vay khong ton tai gid tri ctia m dé hé phuong trinh ¢6 vo s6 nghiém.
@ Theo két qua trén dé he phuong trinh vo nghiem khi m = 4.

a) m# 4. b) Khong ton tai gia tri m. c) m=4.
r—my=m (1)

BAI 9. Cho hé phuong trinh
mr+y=1 (2)
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@ Chimg t6 rang véi moi m hé luon c6 nghiem.
@ Tim gia tri ctia m dé hé c¢6 nghiem (z,y) 13 mot diém thuoc géc phan tu thi 1.
# LOI GIAL
@ Xét phuong trinh (1) suy ra z = m +my  (3).
Thay vao phuong trinh (2) ta c6

m-(m+my)+y=1a (m’*+1)y=1-m> (4)

Dom?+1>0 Vm nén phuong trinh (4) luon c6 nghiém duy nhat véi moi m.
1 —m?
m2+1

Do do6 hé phuong trinh luén c¢6 nghiém véi moi gia tri cuia m
2

ml thay vao (3) ta dugc

Khidé (m?>+1)y=1-m?&y=

@ Theo két qua trén ta cé y =

m? +
N < 1— m2> 2m
r=m-+m- = —
m?+ 1 m?+1
. 2 1 —m?
Do dé hé phuong trinh luén ¢6 nghiém duy nhat (m;i T :_nl )

Dé thda man bai toan khi

2m
m2+1>0 m > 0 m > 0 m > 0
) & & & s0<m<1
1-m” _ 1—m2>0 (1—=m)(14+m)>0 1—m >0
m? + 1
a) Tu lam. b) 0 <m < 1.
U
X T — = 2
BAI 10. Cho hé phuong trinh (I).
3r—2y=9
Xac dinh m dé hé phuong trinh (I) truong duong véi hé phuong trinh sau
20 =2y =m 20 —my =4
a) (%) b) ()
3r—2y=9 (m+1)z—2y=29
# LOI GIAL
@ Xét hé phuong trinh
rT—y=2 y=x—2 y=x—2 y=3
= = =
3r—2y =29 3r—2(r—2)=9 r=>5 x=05
Vay hé (I) c¢6 nghiem duy nhat 1a (5;3).
Dé théa man bai toan suy ra (5;3) la nghiem ctia he (x).
Thay vao (x) suy ra m = 4.
Khi m = 4 hé (x) trd thanh
20 — 2y =4 rT—y=2 y=3
= 4
3r—2y=9 T =25 T =295
Vay hé () c¢6 nghiem duy nhat (5;3). Do d6 m = 4 thda man.
™= Suu tam & bién soan Trang 42/280 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

@ Tuong tu ta suy ra (5;3) la nghiém ctia he (x*).
Do do
10—-3m =14 3m =26
& Sm =2
5(m+1)—6=9 5m = 10

20 — 2y =14

. Khi m = 2 hé phuong trinh (xx) trd thanh .
3r—2y=29

Dura vao két qua trén suy ra m = 2 thoéa méan.

a)m=4 b) m =2
U
BAI 11. Giéi cac hé phuong trinh
r+y=2 20 —y =1 r—y| =12y — 11
2 y b Y 0 [z —yl =12y
22 —3y[ =1 [z —yl =2y — 1 20—y=1
# LOI GIAL
@ Taco
rTt+y=2 y=2-u y=2—ux
= =
20 — 3y| =1 20 —-3-(2—2)| =1 |br — 6] =1
i 7
r=—
y=2—-x y=2-x { g
7 = —
& [5:)@—6:1 &9 le=z © Y75
5r —6=—1 v =1 z=1
L ly=1
S L SN (7.3
Vay hé phuong trinh c¢6 céc nghiém la (1;1) va 5F )
® Taco
{2:L‘—y=1 {yzQx—l {yz?x—l
<~ <~
[z —yl=[2y -1 [z —yl =2y -1 [z — (22 —1)[=|2(22 — 1) — 1
- 4
l':g
y=2r—-1 y=2w-1 3
y=2x—1 4 \y:g
& l—r=42r-3 < 55:5 < | 9
|1 —z| = |4z — 3| 9 r ==
l—x=—-42+3 == 3
3 1
L Y™ 3
4 3 21
Vay hé phuong trinh c6 cac nghiém la <—; —> va (—; —).
5 b 3 3
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©® Taco
|z —y| =12y — 11 |z —y| =12y — 11 |t — (22 —-1)]=12(22x—1) — 11
= =
2r —y =1 y=2zx—1 y=2r—1
( 22
. (242 — 23>0 T =0
24r — 23>0 - %i”
|1 — x| =242 — 23 y=2x—1 y=2w-1 Y= 53
< < < 22 < |, 29
y=2x—1 [1—:1::2433—23 x:% r ===
25
| [1—2=—2420+23 L2 23
\ 23 _\y—25
22 21 24 23
Vay hé phuong trinh cé cac nghiém la <2—3, 2—3) va (2—5, %>
7 3) (4 3) . (2 1) (22 21) . (24 23)
L) v (52). b) (=2 2. i =22,
a) (1; )Va(5’5 J\55) 5373 J\3m) ™ 5%
U
BAI 12. Giai céc he phuong trinh
NLEE y {1 +20
20— |y —1=0 Tx + 5y =2
# LGOI GIAL
@ - Néu y > 0 he tré thanh
lz] —y+1=0 lz| —2x+2=0 (1)
=
20 —y—1=0 2e—y—1=0 (2)
Xét phuong trinh (1) ta c6
20 —2>0 z =1
(e |z=22-2< [x:2x—2 & T=2 &gp=2
2
r=—-2x+2 = —
T3
Khi z = 2 thay vao (2) suyra3 —y=0<y = 3.
So sanh diéu kién suy ra (2;3) 1a nghiem ctia hé phuong trinh.
- Néu y < 0 hé tré thanh
lz| —y+1=0 lz] +22 =0 (3)
=
2e+y—1=0 2 —y—1=0 (4)
Xét phuong trinh (3) ta c6
—2x >0 <0
(1)< |z =-2z < r =2z & r=0x=0
T =2z x=0
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Khi z = 0 thay vao (4) suyra —y —1=0<y = —1.
So sanh diéu kién suy ra (0; —1) la nghiém ctia hé phuong trinh.

@ - Néu z > 0 hé tré thanh

c+2ly=3 (1d]y] -5y =19 (1)
=
Tx +5y =2 Tr+5y=2 (2)

Xét phuong trinh (1) ta c6

5y +19 >0 yz -5 , o1
(1) & 14yl =5y + 19 ¢ [4y=5y+19 < [, Y « 9
9 _
14y = —5y — 19 .,V L
+ Khi y = —1 thay vao (2') suyra7x —5 =2z = 1.
. 19 o 95 11
+Kh1y:§thayvao (2" suyra?m—{—?:Q(:)a::—?.
So sanh diéu kién suy ra (1; —1) la nghiém ctia hé phuong trinh.
- Néu z < 0 hé tré thanh
—x+2Jy=3 4yl +5y =23 (3)
=
Tr +5y =2 Txr+5y=2 (4)
Xét phuong trinh (3') ta ¢
(< 23
23 — 5y >0 ¥y=7%
23 23
(3) & 4]yl =23 -5y & y=23—->5y <« y:E <:>y:€
y = —23+ 5y 23
y="—
(
23 115 113
Khi y = 5 thay vao (4" ) suyra7x + — =2 <z = VTR
) N 113 23\ . o .
So sanh dieu kién suy ra BVTE 5 la nghiém cta hé phuong trinh.
. ., . . w1 . 113 23
a) Nghiém ctia hé (2;3) va (0; —1) b) Nghiém ctia hé (1; —1) va <_E; E)
U
BAI 13. Véi gi4 tri nao ctia m thi hai phuong trinh sau ¢6 nghiem chung
ma’4+r+1=0 va 2°4+max+1=0
# LOI GIAL
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. ma?+r4+1=0
Dé thoa man bai toan khi hé phuong trinh ¢6 nghiém.
2 +mr+1=0
Ma
{mx2+x—|—1:0 {mx2+x+1:0 {mx2+x—|—1:0
~

P 4+mr+1=0 ma®+ 1 — 2 —mr =0 ?(m—1)+z(1-m)=0

mr?+z+1=0 (%)
m—1=0

{mx2+x+1:0
2 —x=0

(m—l)(x2—x)=0<:> [

-Khim —1=0<% m =1 thay vdo (x) suy ra 22 + x + 1 = 0. D& thay phuong trinh v6 nghi¢m.
z=0

-Khiz? —2=0«
r=1

+ Khi z = 0 thay vao (x) khong théa man.

+ Khi z = 1 thay vao (x) suyram+2=0<m = —2.

Gié tri chta m = —2 OJ
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BA @ GIAl HE PHUONG TRINH BANG PHUONG PHAP CONG

@ 1OM TAT Li THUYET

Dé xay dung dugc thuat toan giai hé phuong trinh bac nhat hai an bang phuong phap cong, ching ta
hiy bat dau véi viee gidi hé phuong trinh sau:

2e+y=17 Bude 1 Bién déi he s6 clia an x trong hé bing nhau, bing cach
N
r+3y=11 nhan phuong trinh thit hai véi 2.

Lan luot thuc hién cac phép bién doi he vé dang:

20 +y="17 Bude 2 Trit theo vé hai phuong trinh dé khit an = va thu duge
D

2z + 6y = 22 mot phuong trinh chi chia y.

_5y:_15 Buée 3 e 9. N 2 ~, 2 2N 3 . 2
& — Giai phuong trinh chi chtta an y, dé tim gia tri cta y.

2x+y="7

y=3 Bude 4 Thay gia tri clia y vao phuong trinh con lai, dé dugc
~ - . R L2

2r +y = mot phuong trinh chi chia an z.

y=3 Bude 5 Giai phuong trinh chi chita an w, 16i két luan vé nghiem
& — .

20+ 3 = cua hé.

r =
~
Yy =3.

Vay hé c¢6 nghiem duy nhat (2;3).

T do, dé giai he hai phuong trinh bac nhat hai an bing phuong phap cong, ta thuc hién theo cac bude
sau:

Budc 1: Bién ddi dé cac he s6 clia mot an (gia st ) c6 gia tri tuyet déi bang nhau.

Buéc 2: Cong hoic trit ting vé clia hai phuong trinh dé khit an .

Budc 3: Giai phuong trinh tim gia tri cua y.

Buéc 4: Thay gia tri y vita tim duge vio mot trong hai phuong trinh ban dau dé tim gia tri cta .
Budc 5: Két luan nghiém ctia hé phuong trinh.

/\ Chi

1. DE cho gon loi gidi, thong thuong cdc bude 3 va budc 4 duge két hop lai vdi nhau.

2. Trong mot vai truong hop, bude 1 va bude 3 khong can thue hién, vi du:

r—3y=1 3r =12 r=4 r=4
a) & & &
20+ 3y =11 r—3y=1 4—-3y=1 y=1.
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{2x—y:3 {:L‘:2 {xz? {x:2
b) & & &
r—y=1 r—y=1 2—y=1 y=1.
() CAC DANG TOAN

(0O DANG 1. Giai hé phuong trinh

Phuong phdp gidi:

VI DU 1. Gii cac he phuong trinh sau:

) 3z 44y =18 . V3z —V2y =1
a
dr — 3y = —1 V21 + 3v3y = 4/6.

# LOI GIAL
@ Ta lua chon mot trong hai cach khir:
Cach 1. Ta thuyc hién phép khit z.
r+4y =18 , |12z + 16y =72 25y =175
= &
dr —3y=—-1 >3 (122 —9y = -3 dr — 3y = —1

54 54
dr —3-3=—1 y = 3.

Vay hé ¢6 nghiem duy nhat (2;3).
Cach 2. Ta thuyc hién phép khit y.
3r+4y=18 ;3 [9r+ 12y =54 25x = 50
<~ =
dr — 3y =—1 >+ |16z — 12y = —4 3r 44y =18

T =2 r =2
= =

3-2+4y =18 y = 3.
Vay hé c6 nghiem duy nhat (2;3).

@® Ta thuc hien
{\/ﬁx—\/iy:1 " {\/Ea:—2y:\/§ {113/:11%5

Vo 4 3v3y = 4v6 xvs | Vor+ 9y =12v3 | v3r - vay =1
_fy=v2 _[r=v3
V3r —v2-v2=1 y =2

Vay he c6 nghiem duy nhat (v3;v2).
O

Nhan xét. Nhu vay, trong loi gidi trén:

1) Qua vi du trén, cic em hoc sinh hiéu thém rang viéc nhan hé so dé mot an trong hé cé hé so bing
nhau hodc doi nhau, trong nhiéu truong hop can thuc hién phép nhan & cd hai phuong trinh clia hé
(trong vi du la 3 va 4 cho moi phuong trinh).

2) O cau b), ta can nhan hai phuong trinh cia hé theo thit tu vdi V2 va /3 mdi nhan duoe hé sé cia

x trong hé la bang nhau.
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Trong thuc té, ching ta sé gdp dang todn can thuc hién theo hai budc:

Bué6c 1: Thiét lap hé phuong trinh;
Buéce 2: Gidi hé nhan duogc trong budc 1.

VI DU 2 (Bai 21/trang 19 - SGK). Giai céc hé phuong trinh sau:
V2 -3y =1 52V3 +y = 2V?2
a) b)

20 4 yv2 = —2 V6 —yv2 = 2.

# LOI GIAL
@ Ky hicu cac phuong trinh ciia he theo thit tu 1a (1), (2).
Nhan hai vé ciia (1) v6i —v/2, ta ¢6 hé phuong trinh tuong duong:
—1—= \/§
— 21+ 3V2y = —V/2 42 = —2— /2 y=—0
= =
20 +yv2 = —2 20 +yv2 = —2 L V26
=g

f—6_—1—¢§>

Vay hé phuong trinh c6 nghiém duy nhat ( 3 1

@ Ky hicu cac phuong trinh ctia hé theo thit ty 1a (1), (2).
Nhan hai vé ciia (1) v6i v/2, ta ¢6 hé phuong trinh tuong duong:

593\/6+y\/§:4@ 626 = 6 - ng
V6 —yvV2 =2 V6 —yvV2 =2 y:_ﬁ
5

L@ﬁ)

Vay hé phuong trinh c6 nghiém duy nhat ( 65

, r+my=1
VI DU 3. Cho hé phuong trinh
mx —y = —m.
@ Ching t6 ring v6i moi m hé luon c6 nghiém duy nhat;
@ Tim gia tri ctia m dé he c6 nghiem (z;y) thda man x < 1 va y < 1;

@ Tim he thic lien hé gitta cac nghiem 2 va y khong phu thuoc vao m.

# 1LOI GIAL

@ Nhan xét ring v6i m = 0, hé c6 dang { = m = 0 hé c6 nghiém duy nhat.

y=0
V6i m # 0, bién ddi he vé dang

) ) 1 —m? 1—m

z+my=1 (m* + Dz =1-m T T
{mQx—myZ—mQ(:){ijmy:l < 1—m? 1{:) __2m
2yl T YTt

Tic 1a, véi m # 0 hé ciing c¢6 nghiém duy nhat.

Vay v6i moi m hé luon c6 nghiem duy nhét.
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@ Dé nghiem (7;y) ciia he théa man x < 1 va y < 1, didu kien 1a:

1 —m?

m2~|—1<1 1—-m?<m?+1 m? >0 m#0 m#0
& & & &

2m o2m < m? + 1 (m—1)2>0 m—1+#0 m# 1.

m?+ 1

Vay v6i m # 0 vi m # 1 théa man dieu kién dé bai.
@ Nhan xét ring

ﬁ+ﬁzzc—m3:« %Lyzu—mW+mﬁ

m? +1 m? + 1 (m? + 1)
_m4—2m2+1+4m2_m4+2m2+1_(m2—|—1)2_1
o mryt mr ) (m21)t

Vay ta thu duge hé thic 22 + % = 1.
O

/\ Chi 4.

1) Trong l0i gidi cau a), néu ching ta khong xét riéng truong hop m = 0 va m # 0 sé vi pham phép
bién doi tuong duong.

2) Trong pham vi kién thitc THCS, kho c6 thé gidi thich mot cich day di cho cic em hoc sinh hiéu
duge tai sao lai c6 duge nhan xét ve x® 4+ y%. Tuy nhién, doi vdi cac em hoc sinh thuc sy muon nang
cao kién thic thi hay tham khdo cuén Phuwong phdp gidi todn dai sé cia Lé Hong Dic do NXB
Ha Néi an hanh.

. T+ my =2
VI DU 4. Cho hé phuong trinh
mx +y=m+ 1.
@ Ciai he phuong trinh vé6i m = 1;
@® Ching t6 ring v6i moi m # £1 hé luon c6 nghiem duy nhét;
@ Tim gid tri ctia m dé nghiém duy nhat (z;y) ctia he théa man x + y < 0;
@O Tim m nguyen dé hé c6 nghiem nguyén duy nhat.

# 1LOI GIAL

) r+y=2 B )
@ Véi m =1, hée ¢6 dang = hé ¢6 vo s6 nghiém thoéa man (z;2 — x).
r+y=2
NS . x:2 . £ . « £
@ Nhan xét ring v6i m = 0, hé c6 dang = m = 0 hé ¢6 nghiém duy nhat. V6i m # 0, bien
y=1
doi he vé dang
) ) 1 m + 2
mx +m-y = 2m m°—1ly=m-1,, y=—"- r=——
L ) 41 m+f - mil
mr+y=m++1 mr+y=m-++1 mz + —m+1 y = )
m+1 m+ 1

Tic 1a, véi m # 0 va m # %1 hé ciing c¢6 nghiem duy nhat.
Vay, v6i moi m # %1 hé luon c6 nghiem duy nhat.
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@ D¢ nghiem duy nhéat ctia he théa man x + y < 0, diéu kien Ia

m—+ 2 1 m+ 3
+ <0&
m+1 m+1 m—+1

thoa man diéu kién duy nhat ctia nghiém.
Vay v6i —3 < m < —1 thdéa méan di¢u kién dé bai.

<0& -3<m<—1,

@ D¢ nghiem nguyen duy nhat ctia he nguyen diéu kien can 1a m + 1 1a udc ctia 1 (gom c6 £1), ta

lap bang:
m+ 1 —1 1
m —2 0
1
= — -1 1
Y m—+1
2
T = m+2 0 9
m+1
Vay, v6i m = —2 hodc m = 0 hé ¢6 nghiém nguyén duy nhat.
U
r 3
VI DU 5. Giai hé phuong trinh { ¥ 2
3r — 2y = 5.
# LOI GIAL
Diéu kien: y # 0.
Ta thuc hién
r 3
- =z 2x = 3y 20 — 3y =0 6 —9y =0
y 2 & & &
30— 2 =5 3r—2y=2>5 3r —2y=2>5 3r—2y=2>5
oy = 10 y =2 =3
~ ~ 54
3r —2y =195 3r—2-2=05 Yy =2
Vay, hé c¢6 nghiem duy nhat (3;2). O

Nhan xét. Han cic em hoc sinh ciing thay, ¢ dang ban dau hé phuong trinh trong vi du trén khong
phdi la hé phuong trinh biac nhat hai an. Tuy nhién, chi can mot vai phép bién doi don gidn ching ta
da chuyén duge vé hé bac nhat hai an, dé tw do st dung phuong phdp cong dé tim nghiém.

VI DU 6 (Bai 26/Trang 19 - Sgk). Giai cac hé phuong trinh:

. {2(x+y)+3(x—y):4 b) {2(w—2)+3(1+y):—2
(r+y)+2x—y)=5

# LOT GIAL
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@ Ta c6 thé lia chon mot trong hai cach giai sau:
Cach 1. Thuc hién viéc rit gon cac phuong trinh ciia hé da cho roi dua vé he:

1
br —y =4 br —y=4 =73
< 13
3r—y=> 2 = —1 y=——
5
Cach 2. Dat anphu X =z +1; Y =z — v, ta c6 he:
2X +3Y =4 2X +3Y =4 2X +3Y =4 X =-7
= = =
X+2Y =5 2X +4Y =10 Y =6 Y =6
1
r+y=-7 20 = —1 =75
54 ~ ~ 13
r—y==~6 r—y==0 y=——
5
A . . o £ 1 13
Vay, hé phuong trinh ¢6 nghiém duy nhat <—§; —?>
® Taco
20 —2)+3(1+y) = -2 2c 4+ 3y = —1 4x + 6y = —2
= =
3(r—2)—-2(1+y)=-3 3r—2y=5 9z — 6y = 15
13z =13 r=1
54 ~
9 — 6y = 15 y=—1.
Vay, hé phuong trinh c¢6 nghiém duy nhat (1; —1).
O
VI DU 7 (Bai 27/Trang 19 - Sgk). Giéi cac hé phuong trinh
1 1 1 1
e | 2__1:2
2) 3.4, AR 3,
r oy r—2 y—1
@LGIGIAI.l
1 N
@ Dit w = - viv = —, ta dua hé phuong trinh vé dang
x Y
9 7
u—v=1 du —4v =4 Tu=9 u=s =9
54 ~ 54 2<:> 7
3u+4v =5 3u+4v=>5 3u+4v =5 v =2 y=—.
. 7 2
Vay, hé phuong trinh c¢6 nghiém duy nhat <§, 5)
1 R
@® Dit u = Vav:—l,ta dwa hé phuong trinh ve dang
x — Yy —
7
u—v=2 3u—3v==6 bu=7 U=z
<~ = <~ 3
2u+4+3v =1 24+ 3v =1 2u+4+3v =1 U= 2.
bt
—Tfru—zz> ! —z<:>:c—§—|—2<:>x—B
5 Tx-2 5 7 T
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—wa—§:>L—§<:) —§+1<:> §
5 T y—1 5°Y73 =3
19 8
Vay, hé phuong trinh c6 nghiém duy nhat ( )
O
VI DU 8. Tim gi4 tri ciia m dé cac cap hée phuong trinh sau tuong duong:
r+y="7 mr—y=m T+ 3y =2 r+2y=1
a) va b) va
3z +4y =25 r—y=-—1 3r+8y =5 2z +my = 2.
# LOI GIAL
@ Ciai he thit nhat ta duge nghiem duy nhat z = 3 va y = 4.
. m-3—4=m
Do d6, mudn hai hé tuong duong thi (3;4) cting phai la nghiém ctia hé con lai, tit 1a &
3—4=-1
2m =4
&S m = 2.
—1=-1
20 —y=2 .
Thit lai, v6i m = 2 hé ¢6 dang , dé thay, hé trén c¢6 nghiém duy nhat (3;4).
r—y=-—1
Vay, v6i m = 2 hai hé phuong trinh da cho tuong duong.
@ Ciai he thit nhat ta duge nghiém duy nhat z = —1 vy = 1.
) —1+42-1=1
Do d6, muon hai hé tuong duong thi (—1; 1) cing phéai la nghiém ctia hé con lai, ti 1a
2. (=) +m-1=
1=1
& m = 4.
m =4
e r+2y=1 I
Thit lai, v6i m = 4 hé ¢6 dang , dé thay, hé trén c6 vo so nghiém, do dé khong thoa
20 +4y =2
man.
Vay, khong ton tai m dé hai hé phuong trinh da cho tuong duong.
O

Nhan xét. Nhu vy, vdi yéu cau “Tim diéu kién cia tham so dé hai hé phuong trinh tuong duong”
trong truong hop cé nghiém duy nhat ching ta nhat thiét phdi thuc hién budc thit lai, bdi khi hé thi nhat
c6 nghiém duy nhat (zo;yo) con hé thii hai cé vo s6 nghiém va nhan (xo;yo) lam mot nghiém thi hai hé

khong thé duogc goi la tuong duong.

(O DANG 2. St dung hé phuong trinh giai toan

Phuong phap gidi:

Vi DU 9 (Bai 26/Trang 19 - Sgk). Xac dinh a va b dé do thi ctia ham s6 y = ax + b di qua hai
diém A va B trong mdi truong hgp sau:

a) A(2;-2) va B(-1;3); b) A(—4; —2) va B(2;1);
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) A(3;—1) va B(—3:2); d) A(v/3;2) va B(0;2).

# LOI GIAL
O Ta co:
— A(-22)e(d):y=ar+be —2=2a+D.
— B(-1;3)e(d):y=ar+b<3=—a+b.

5
20 +b=-2 3a = -5 “@=73
Tu (1) va (2), ta c6 & & 4
—a+b=3 —a+b=3 h— —.
3
TR 5 4
Vay do thi can tim 1a (d): y = —3% + 3
® Ta co:
— A(-4;-2)e(d):y=ar+b& —2=—4a+b.
— B2 e(d):y=ar+bs1=2a+b.
1
_4a+b:—2 —6a:—3 a = —
Tt (3) va (4), ta co & & 2
20+ b=1 20+ b=1 bh=0.
N N 1
Vay do thi can tim la (d):yzix.
N . 1 1
©® Tuong tu, ta c6 dd thi can tim 1a (d): y=5 —1—5.
O Tuong tu, ta c6 do thi can tim 1a (d): y = 2.

[l

/\ Chi 9. Chiing ta déu da biét, moi duong thing trong mat phang déu cé phuong trinh dang ax+by =

¢, vdi a, b khong dong thoi bing 0 va mot duong thing duge hoan toan zdc dinh khi biét hai diém phan

biét thuoc né. Vi du tiép theo sé minh hoa cach lap phuong trinh duong théng di qua hai diém.

VI DU 10. Lap phuong trinh duong thing di qua hai diém A(—2; —6) va B(4;3).

# LOT GIAL

Gia st du@ng thing c6 phuong trinh ax + by = ¢, tit gia thiét:
— A(—2; —6) thuoc dudng thang, suy ra a- (—=2) +b- (—6) = c & —2a — 6b = .
— B(4; 3) thuoc duong thing, suyraa-4+b-3=c < 4a+3b=c.

T (1) va (2), ta c6 duge hé phuong trinh

c c

—2a—6b=c —2a—6b=-c 6a = 3¢ a:§ a:§
= = = =

da+3b=rc 8a + 6b = 2¢ 8a + 6b = 2¢ 8. — +6b=2c h=—

Vay duong thang c6 phuong trinh 23: — gy =c& 3 — 2y =6.

$1:—2VE\%£L'2:3.

VI DU 11. Xac dinh céc hé sb a, b ctia phuong trinh az? — 2 + b = 0, biét né c6 hai nghiem

# 1LOI GIAL
V6i gia thiét:
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(1)
(2)

— 11 = —2 la nghiém clia phuong trinh, suy ra a - (=2)? — (=2) +b=0&4a+b= —2.
— 25 = 3 1a nghiém ctia phuong trinh, suyraa-3>—-3+b=0< 9a+b = 3.
T (1) va (2), ta c6 duge hé phuong trinh

da +b= -2 ha =5 a=1 a=1
= = =
9a+b=3 9a+b=3 9-1+b=3 b= —6.

Vay, phuong trinh c¢6 dang 22 —x — 6 = 0. U

VI DU 12 (Bai 25/Trang 19 - Sgk). Ta biét ring mot da thic bing 0 khi vi chi khi tat ca cac
hé s6 clia n6 bang 0. Hay tim cac gid tri cia m va n dé da thitc sau (v6i bién s6 x) bang da thiic

0:
P(z) = (3m —5n+ 1)z + (4m — n — 10).

# LOI GIAL

Ta cb
3Im—5n+1=0 3m —5n=-1 3m—5n=-1
= =

P(z)=0 &
dm—n—10=0 4dm —n =10 —20m + 5n = —50

3m —on = —1 n =2
= =
— 17m = —-51 m = 3.

Vay, v6i m = 3 va n = 2 thi da thic P(z) théa man dé bai.

VI DU 13. Cho da thitc f(z) = az® — (2 — a)z® + (5 — 3b)x — 4b.

@ Xic dinh cac hé s6 a, b ctia da thiic, biét né chia hét cho z — 3 va x + 1.
® Vi a, b tim dugc 6 trén, hay phan tich da thitc f(x) thanh nhan ti.

# LOI GIAL
@ Vi gia thiét:
— f(x) chia hét cho x — 3, suy ra
f(z) chia hét ch , suy
fB3)=02a-3-(2—a)-3*+(5—3b)-3 —4b=0 < 36a — 13b = 3. (1)

— f(z) chia hét cho x + 1, suy ra
f(_l) :0<:>a'(—1)3—(2—a)-(—1)2—|—(5—3b).(_1)_4b:0<:>b:_7. (2)

T (1) va (2), ta c6 duge hé phuong trinh
22
36a —13b=3 36a — 13- (=7) =3 a=——
& = 9
b= T =T b=—T.
@® Vi két qua trén, f(z) c6 dang
22 22
f(z) = —gx?’ - (2 + §> 2+ (5+21)x + 28
22 40
= —gx?’ - 31‘2 + 26z + 28
22 28
~ -y (-2 ).
(=3)z+ )| —gr—3
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O
Nhan xét. Dé thuc hién dugc vi du trén, ching ta da si dung tdi két qud: “Mot da thic f(x) chia hét
cho x — a khi va chi khi f(a) =0.”

(® BAI TAP LUYEN TAP

BAI 1. Giai cac he phuong trinh sau:

204+ Ty =9 x4+ 2y =20 20+ Ty =1 3r+5y=9
a) b c d
3r—y =2 3r —2y =12 3z 4oy = —4 2x — 4y = —5.
# LOI GIAL
20+ Ty =9 r=1 x4+ 2y =20 r =28
a) & b) &
3x —y =2 y =1 3 — 2y =12 y = 6.
1
20+ Ty =1 r=-3 3r+5y =9 r=3
c) Y & d) Y & ?2)
3x+ by =—4 y =1 2 — 4y = =5 y=-
5
O
BAI 2. Giai cac he phuong trinh sau:
(z 2 (% + 22— 8
-z _Z —:y_3
a)ly 3 b) y
\x—i—y:lO |z +y = 10.
# LOI GIAL
(1. 2 ( 2 2 —8
a)ly 3 & b) Yy =
|z +y=10 y =0 (7 +y =10 y=2
O
BAI 3. Giai cac he phuong trinh sau:
5 3 5 9
—+-=1 —— =100
T oy r+3 y—2
V2 1 AT 7
4+ =1 + —— = 308.
Ty r+3 y—2
# LOI GIAL
@ Dicu kien z, y # 0.
1 1 s s
bat — = u va — = v, hé dugc chuyén ve dang
T )
ou+3v =1 ou+3v =1 —u=41 u=—4
= = =
2u+v=-1 —6u —3v =3 bu+3v =1 5-(—4)+3v=1
1 1
u=—4 -4 fe=—g
= = 1 = 1
v="7 -=7 y==.
Yy 7
. o . 11
Vay, hé c6 nghiém duy nhat <_Z; ?)
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@ Dicu kien: x # -3 vay # 2.

Dat = 2u V& = 20, he dugc chuyén vé dang:
r+3 y—2
5 163
5u — 9v = 50 u =29 - T=——7x
3u—+ Tv =154 v=10 —T —90 y=—.
y—2 20
163 49
Vay he c6 nghiem & = ——o v y = —.
ay heé c6 nghiem x 5 Y=g

O

BAI 4. Cho ham sb y = ax + b. Xac dinh cac hé s6 a, b ctia ham s6, biét rang do thi ham s6 ctia n6 di

qua hai diém
a) A(1;3) va B(3;2); b) A(1;—1) va B(3;3).

# LOI GIAL
@ Vi giai thiét:

— A(1;3) thuoc d6 thi ham s6, suyra3=a-1+b< a+b=3. (1)
— B(3;2) thuoc do6 thi ham s6, suyra2=a-3+b< 3a+b=2. (2)
1 1
a+b=3 2a = —1 a=—-3 a=—-3
Tit (1) va (2), ta c6 & e 7 e -
3a+b=2 a+b=3 —Z4+p=3 h— L
] . 2 2
Vay ham s6 c6 dang y = —5T+ 5
@® Vi giai thiét:
— A(1;—1) thuoc do thi ham 6, suyra —1=a-1+bsa+b=—1. (3)
— B(3;3) thuoc do thi ham s6, suyra3=a-3+b< 3a+b=3. (4)
a+b=-1 2a =4 a=2 a=2
Tu (3) va (4), ta ¢ & & &
3a+b=3 a+b=-1 24b=-1 b= -3.
Vay ham s6 c¢6 dang y = 2z — 3.
0
BAI 5. Lap phuong trinh dudng thdng di qua hai diém
a) A(1;3) va B(3;2); b) A(1;—1) va B(3;3).
« LOI GIAL
Gia stt dudng thang c6 phuong trinh ax + by + ¢ = 0.
@ Vi gia thiét:
— A(1;3) thuoc dudng thing, suyraa-1+b-3=c< a+3b=c. (1)
— B(3;2) thuoc dudng thang, suyraa-3+b-2=c < 3a+2b =c. (2)
T (1) va (2), ta c6 duge hé phuong trinh
2c 2c
a+3b=c 3a+9b=3c [Tb=2c b=— b=~
<~ <~ 54 9 54 c
3a+2b=c 3a+2b=c 3a+2b=c 3a—|—2~—C:c 4= —
7 7
) c 2c
Vay duong thang c6 phuong trinh ?x -+ 7y =cer+2y="T.
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@ Vi gia thiét:
— A(1;—1) thuoc dudng thang, suyraa-1+b- (1) =c&a—b=c. (3)
— B(3;3) thudc duong thang, suy raa-3+b-3 =c < 3a+3b = c. (4)
T (3) va (4), ta c6 duge hé phuong trinh

2¢c 2¢c

a—b=c 3a —3b=3c 6a = 4c a:§ azg
= = = 9 < c
3a+3b=c 3a+3b=c 3a+3b=c 3-§c+3b:c h= ——.

) 2
Vay duong thang c6 phuong trinh Ecx — gy =c&2r—y=3.

BAI 6. Cho phuong trinh az? — z + b = 0. Xac dinh céc hé s6 a, b ctia phuong trinh, biét né c¢6 hai
nghiém

a) r1 = 1 va xg = 3; b) 1 = —3 va xy = 2.

# 1L,OI GIAL
@ Vi gia thiét:

— x1 = 1 la nghiém cia phuong trinh, suy ra
’—a-1+b=0&a—-b=1. (1)
— 19 = 3 la nghiém ctia phuong trinh, suy ra
3¥—-a-3+b=0&3a—-b=09. (2)
Tu (1) va (2), ta c6 duge hé phuong trinh
a—b=1 2a =8 a=14 a=4
54 = 54
3a—b=9 3a—b=9 3-4—-b=9 b=3.

Vay phuong trinh c6 dang 22 — 42 + 3 = 0.
D o=-1vwb=—6.
[

BAI 7. Cho da thitc f(z) = 2 — ax? + bz — a. Xac dinh céc hé s6 a, b clia da thitc, biét né chia hét
chox —1vaxz—3.
# LOI GIAL
V6i gia thiét:
— f(z) chia hét cho x — 1, suy ra

f)=0&1"-a-1*+b-1—a=0<2a—b=1. (1)
— f(x) chia hét cho = — 3, suy ra

fB)=0&3"-a-3>+b-3—a=0<« 10a — 3b=27. (2)
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T (1) va (2), ta c6 duge hé phuong trinh
2a —b=1 6a —3b =3 da =24 a=06 a=06
= = = =
10a — 3b = 27 10a — 3b = 27 2a —b=1 2-6-b=1 b=11.

N z+my =0
BAI 8. Cho hé phuong trinh
mx +y=m+ 1.
@ Ching t6 ring v6i moi m hé luon c6 nghiém duy nhat;

@® Tim gid tri ctia m dé hé c¢6 nghiem (x;y) thoa man r < 1 va y < 1.

R r—my =70
BAI 9. Cho hé phuong trinh
mr—y=m-+ 1.
@ Ciai he phuong trinh v6i m = —1;
@ Ching t6 ring v6i moi m # £1 hé luon c¢6 nghiem duy nhat théa man z —y = 1;
® Tim gia tri ctia m dé nghiem duy nhat (z;y) ctia hé théa man 22 — % < 0;

O Tim m nguyen dé hé c6 nghiem nguyén duy nhét.
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BA @ GIAlI BAl TOAN BANG CACH LAP HE PHUONG TRINH

@ TOM TAT Li THUYET

Dé giai bai toan bing cach bing cach lap hé phuong trinh, ta thuc hién cac bude sau:
@ L:p hé phuong trinh.
— Chon céc an va xac dinh diéu kién thich hgp cho an. Cha § phéi ghi r6 don vi clia an.
— Biéu thi cac dai lugng chua biét khac theo an.
— Dua vao cac dit kién va diéu kién ctia bai toan dé lap hé phuong trinh.
@ Ciai he phuong trinh.
@ Thi lai, nhan dinh két qua va tra 16i.
Cac bai toan duge dua ra thuong roi vao mot trong 5 dang sau:
@ Bai toan chuyén dong.
@ Bai toan vé s6 va chit sb.
@ Bai toan voi nudc.
@ Bai toan veé ti s6 vi quan hé gitta cac so.

@ Bai toan vé phan tram - nang suat.
(® CAC DANG TOAN

(O DANG 1. Bai toan chuyén dong

Phuong phap giai:

Vi DU 1. Mot 6 to du dinh di tit A dén B trong mot thai gian nhat dinh. Néu xe chay véi van
toc 35km/h thi dén cham mat 2 gio. Néu xe chay v6i van téc 50km /h thi dén sém hon 1 gio. Tinh
quang duong AB va thai gian di dinh di lac dau.

# LOI GIAL
@ Lip hé phuong trinh.

— Lua chon an.
Goi z 1a thoi gian du dinh di lac dau, dieu kién x > 0.
Goi y do dai quang duong AB, diéu kieén y > 0.

— Thiét lap hai phuong trinh
V6i gia thiét:
+ Néu xe chay véi van téc 35km/h thi dén cham méat 2 gio, ta duge:

%:x+2<:>35x—y:—70. (1)

+ Néu xe chay véi van téc 50km /h thi dén s6m hon 1 gio, ta dugc:

%:x—1<:>50x—y250. 2)
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— Tu (1) va (2), ta ¢6 hé phuong trinh:

{35x —y=-70 "

50x —y = 50.

® Gidi hé phuwong trinh.

152 = 120 r=8 X
(I) & = ,théa man dieu kién.
50z —y = 50 y = 350

@® Két luan. Vay quang duong AB bing 350km va thoi gian du dinh di lac dau 1a 8 gio.
O
/\ Nhan xzét: Nhu vay trong loi gidi ciia vi du trén, ta thay:
@® Ching ta lua chon hai an x, y tuong @ng cho hai gid tri can tim la do dai quang duong AB va
thoi gian du kién.
® Vicc thiét lap cdc phuong trinh (1) va (2) dua trén phép so sanh thoi gian tdi dich vdi thoi gian
du kién. Tuy nhién, cing cé thé lap luan theo kiéu khdc, cu thé:
— Néu ze chay vdi van toc 35km/h thy dén cham mat 2 gio, tic la so thoi gian chay bang x+ 2,
do dé: 35(x + 2) =y, (van toc x thoi gian = quiang duong).
— Néu ze chay vdi van toc 50km/h thi dén sém hon 1 gio, tic la so thoi gian chay bing v — 1,
do dé: 50(x — 1) =y, (van toc x thoi gian = quang duong).
® Loi gidi duoc trinh bay thanh ba phan doc lap nhau, vdi muc dich minh hoa dé giup cac em hoc
sinh hiéu duogc cach trinh bay bai todn theo thudat todn da dugc chi ra. Tuy nhién, ké tu cac vi du
sau ching ta khong can phan tdach nhu vay ma chi yéu cau cac em hoc sinh khi doc phdi biét minh
dang ¢ budc nao.

VI DU 2. Luc 7 gio mot ngudi di xe méy khéi hanh tit A véi van téc 40km/h. Sau do, lic 8 gic
30 phit, mot ngudi khac ciing di xe méy tit A dudi theo v6i van téc 60km/h. Hoi hai ngusi gap

nhau lic may gio?

# LGOI GIAL
Ta thuc hién ddi don vi: 8 gid 30 phit = 8 + % = 177 (giv).
Goi z 13 thoi gian hai ngudi gap nhau, diéu kién z > 177
Goi y 1a do dai quang duong tit A t6i diem gap nhau, diéu kien y > 0.
V6i gié thiét:
— Nguoi thtt nhat di v6i van toc 40km/h va xuat phét lac 7 gio, ta duge:

40(x —7) =y < 40z —y = 280. (1)
— Nguoi thtt hai di v6i van téc 60km/h va xuat phat lac 8 gio 30 phut, ta dugc:

17
60<x—?>:y<:)60:1:—y:510. (2)
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{40:6—3/:28() xr = 111 = 11 gis 30 phat

T (1) va (2), ta c6 hé phuong trinh & 2 .

60z —y = 510 y = 180

Vay ho gap nhau lac 11 gio 30 phut. 0
/\ Nhan xét: Nhu vy, trong loi gidi ciia vi du trén ta thay:

@® Cho du bai todn chi yeu cau “Tim thoi diém hai nguoi gdp nhau “tuong dng vdi mot an rong ching
ta lai lua chon hai an (mot an dugc dé xuét} dé chuyén bai todn vé hé phuong trinh bac nhat hai
an. Khi do:

— Phuong trinh (1) dugc thiét lap dva trén chuyén dong ciia ngudi thit nhat.
— Phuong trinh (2) dugc thiét lap dua trén chuyén dong ciia ngudi thit hai.

© Dc hoc sinh tien so sanh, sau day sé la 10i gidi khi ta lua chon hudng lap phuong trinh.

Gid st diém ho gap nhau la B. Goi quang duong AB la x, diéu kien x > 0.
Suy ra:

. . x
— Thoi gian nguoi thi nhat di tuw A dén B la 0
— Thoi gian nguoi thi hai di tw A dén B la 6x_0
Vi nguoi thit nhat di sau nguoi thit hai 1 gio 30 phait nén ta co:

T 3
— = — =2 1 =1
10 60+2@3x r+ 180 < o 80.

Vay diém gap nhau ctia hai nguoi cich A la 180km.

Dé di duge quing duong nay:

., 180
— Nguoi thi nhat phdi di mat 0= 4 (gio).

., 180
— Nguoi thit hai phdi di mat w0 =3 (gw)

Vay ho gap nhau lic 11 gio 30 phat.

VI DU 3. Hai ngusi 6 hai dia diém A vd B cach nhau 3.6km, khéi hanh cting mot lac, di nguge
chiéu va gip nhau ¢ mot dia diém cach A 1a 2km. Néu ca hai cing giit nguyén van téc nhu trong
truong hop trén, nhung ngudi di cham xuat phat trudc nguoi kia 6 phut thi ho sé gap nhau &
chinh gitta quang duong. Tinh van toc clia moéi ngudi.

« LOT GIAL
Déi 6 phit = % gio.
Goi z 1a van toéc ctia nguoi di nhanh hon (z > 0, don vi km/h).
Gol y 1a van toc ctia ngudi di cham hon (y > 0, don vi km/h).
Hai nguoi khéi hanh ctiing mot lic, di nguge chiéu nhau va gap nhau ¢ mot dia diém cach A 1a 2km
(nghia la cach B la 1.6km). Lic do
— Ngudi di nhanh mét 2 (h).

().

_ L 6
Do dé, ta c6 phuong trin (1)
x y

— Nguoi di cham méat

w‘f |‘c¢3

Néu ca hai cling gitt nguyén van toc nhu trong trudng hop trén, nhung ngudi di cham xuat phat trude
ngudi kia 6 phut thi ho sé gap nhau chinh gita quang duong. Lic do:
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. L.
— Nguodi di nhanh mat L8 (h).
T
18 1
— Nguoi di cham mat — + 0 (h).
1.8 1.8 1
Do dé6, ta ¢6 phuong trinh — = — + —. (2)
x y 10
2 16
Tit (1) va (2 e r oy r =25
u (1) va (2) ta c6 he 18 18 T yo2
r oy 10
Vay van toc clia ngudi di nhanh 1a 2.5km/h va van t6c ctia ngudi di cham 1a 2km /h. O

VI DU 4. Hai cano cing khéi hanh tit bén A vd B cach nhau 85km, di ngudc chiéu nhau. Sau 1
gio 40 phat thi gip nhau. Tinh van tbc riéng ctia mdi cano. Biét rang cano di xudi 16n hon van

toc rieng ctia cano di nguge 9km/h va van téc nude 1a 3km/h.

# LOI GIAL
Ta thyc hién doi don vi: 1 gio 40 phit = 1 + % = g gis.
Goi x 1a van toc rieng clia cano di xuodi dong, diéu kien x > 0. Do d6, khi di xudi dong né di véi van
toc (x + 3)km/h.
Goi y 1a van toc rieng clia cano di nguge dong, diéu kién y > 3. Do d6, khi di nguge dong né di véi van
toc (y — 3)km/h.
Véi gia thiét:
— Van toc riéng clia cano di xudi 16n hon van toc rieng ctia cano di nguge 9km/h, ta duge: x —y =
9. (1)
— Sau 1 gio 40 phut hai cano gap nhau, ta dugc:

43+ -] =85 e aty=5 (2)

r+y=>51 y =21 '
Vay van toc rieng clia cano di xudi bang 30km/h, van tdc rieng ctia cano di nguge bang 21km/h. [

r—y=9 x =30
Tu (1) va (2) ta c6 hé phuong trinh &

/N Chai 4: Néu thay gid thiét “Van téc rieng ciia cano di zudi lon hon van téc rieng clia cano di ngude
9km/h "bing “Van toc cano di zudi ldn hon van toc cano di ngudc 9km/h “thi phuong trinh dudc minh
hoa bang

(x+3)—(y—3)=9< z—y=15.

_ r—y=15 T =33
Khi do, hé phuong trinh co dang & :
r+y=2>71 y =18

Vay van toc rieng cia cano di zudi bang 33km/h, van toc riéng cia cano di nguoc bang 18km/h.

VI DU 5. Hai vat chuyén dong déu tren mot dudng tron dudng kinh 20cm, xuét phat cing mot
ldc, tit cing mot diem. Néu chuyén dong ciing chiéu thi ¢t 20 giay ching lai gip nhau. Néu chuyén

dong ngugc chiéu thi cit 4 giay ching lai gip nhau. Tinh van toc clia mdi vat.

# LOT GIAL
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Goi z va y la van toc cia cac vat (x, y > 0, don vi cm/s).

— Néu chuyén dong ciing chiéu thi cit 20 giay ching lai gip nhau.

Do dé, ta co = 20.
, 'Y
— Néu chuyén dong ngudc chiéu thi ¢t 4 giay ching lai gap nhau.
/ 20w
Do dé, ta c6 =4
Tty
20T 20
r—y 20m = 20z — 20y T =3m
Ta c6 hé phuong trinh 20 & & .
T _y 207 = 4o + 4y y =27
r+y
Vay van toc vat thit nhat 1a 3mem/s va van toc vat thit hai 1a 2rem/s. O

VI DU 6. Tim s6 c6 hai chit s6, biét riing téng ctia chit s6 hang don vi v hai lan chit 6 hang
chuc bang 10. Ngoai ra, néu dbi chit s6 hang chuc va hang don vi cho nhau thi sé duge s6 méi

nhé hon sé ban dau 18 don vi.

# LOI GIAL
Goi 86 ¢6 hai chits6 la 7y = 10z +y, véi o,y € N, 1 <z, y < 9.
V6i gia thiét:
— Tbéng ciia chit s6 hang don vi va hai lan chit s6 hang chuc bang 10, ta duge:

20 +y=10. (1)

— Néu ddi chd chit s6 hang chuc va hang don vi cho nhau thi sé duge sé méi (zy = 10y + x) nhod
hon s6 ban dau 18 don vi, ta dudgc:

Ty—ygr =18 (10z+y) — (10y+2) =18z —y=2. (2)

, théa man diéu kien.

20 +y =10 r=4
Tu (1) va (2), ta c6 hé phuong trinh: &

rT—y=2 y=2
Vay, s6 can tim 13 42. O
/\ Nhan xét: Nhu vy, trong loi gidi ciia vi du trén ta thay
@ Cho du bai todn chi yéu cau ching ta di tim mot s6 6 hai chit s6 (diéu nay cé thé khién hoc sinh
hiéu nham riang chi c6 mot an) nhung can hiéu ring, s6 can tim dugc zay dung ti hai thanh phan.
Do dé, ching ta lea chon hai an x, y twong wng cho chit s6 hang chuc va chit s6 hang don vi. Va
vi ching la cac chit s6 dai dién nén phdi thuoc tap 0,1,2,...,9 zong ¢ day khong thé la chit s6 0
bdi cic so6 0z, Oy khong phdi la so c6 hai chit so.
® Vicc thiét lap phuong trinh (1) la don gidn, con doi vdi phuong trinh (2) ching ta can tdi kién
thic veé biéu dién sb, cu thé:

Ty =10x +y

zyz = 100z + 10y + 2, . ..

VI DU 7. Tim mot s6 c6 hai chit s6. Biét rang chi s6 hang chuc 16n hon chi s6 hang don vi 6

don vi. Néu viét xen chit s6 0 vao gitta chit s6 hang chuc va chit s6 hang don vi thi s6 tu nhién d6
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tang 720 don vi.

# LOT GIAL
Goi 80 ¢6 hai chit s6 la 7y =10z 4y, véiz, y e N, 1 <2 <9,0<y <9.
Véi gia thiét

— Chit s6 hang chuc 16n hon chit s6 hang don vi 6 don vi, ta dugc:

r—y==6. (1)

— Khi viét xen chit s6 0 vao giita chit s6 hang don vi (duge s6 20y = 100z + y) thi s6 ty nhién d6
tang 720 don vi, ta dugc:

(100z +y) — (102 +y) =720 =z =8. (2)

r—y=26 r =238
Tu (1) va (2), ta c6 hé phuong trinh = :
r =38 Yy =2

Vay s6 can tim la 82. ]

(0O DANG 2. Bai toan voi nudc

Phuong phap giai:

VI DU 8. Mot méy bom mudén bom nude diy bé trong mot thai gian quy dinh thi mdi gic phéai

1, p
bom 10m?. Sau khi bom dugc 3 be, ngudi cong nhan van hanh méy cho hoat dong vé6i cong suat
15m?/h. Do vay, so véi quy dinh bé duge bom day truée 48 phit. Tinh thé tich clia bé.

# LOI GIAL
o . 48 12
Ta thyc hién doi don vi 48 phat = 50 = R gio.
Goi z (gio) 1a thoi gian quy dinh dé bom day bé, diéu kien z > 0.
Goi y (m?) 1a thé tich ctia bé, diéu kién y > 0.
V6i gia thiét:
— Mubn bom day nuéc vao bé trong thdi gian z méi gid phai bom 10m?, ta duge:

10z =y. (1)

1., . 2y .
— Sau khi bom duge 3 bé (ttic bom duge gm‘g va ton 3 yl() gio va con lai gyms), ngudi cong nhan

. P 2
van hanh mAy cho hoat dong véi cong suat 15m?/h (ttc 1a tén 3 ?15 gi). Do vay, so v6i quy dinh

» N . 12
bé duge bom day trude 48 phut (tic la mat x — 1—5), ta dugc:

Y 2y 12
——Ft——=02—-— &9 -Ty="72. (2
310 3.15 ¢ 10T @)
Tu (1) va (2), ta c6 hé phuong trinh:
10z =y =36 , .
& , thoa man dieu kién.
90xr — Ty =72 y =36
Vay thé tich ctia bé bang 36m?. U
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/\ Nhan xzét: Nhu vay, trong loi gidi cia vi du trén ta thay:

@® Cho du bai todn chi yeu cau tinh “Tinh thé tich ciia bé 7, tuong 1ing vdi mot an, Tong ching ta lgi
lua chon hai an (mot an duoc de xuét} dé chuyén bai todn vé hé phuong trinh bac nhat hai an.
Khi do:

— Phuong trinh (1) dugc thiét lap dva trén quy dinh chung.
— Phuong trinh (2) dugc thiét lap dua trén viéc thuc hién bom trong thuc té.
© D¢ hoc sinh tien so sanh, sau day sé la 10i gidi khi ta hia chon hudng lap phuong trinh:
Goi thé tich ciia bé la x (m?), diéu kién x > 0. Suy ra
— Thoi gian du dinh dé bom ddy b6 la %
— Voi % bé (bing %) bom theo quy dinh madi gid phdi bom 10m3 nén mat g : % = % (gio.)
2¢ 1 2z

— Vi 3 bé con lai (bing ?x), cong suat cga may la 15m? /h nén mat R (gio).
T

Vay thoi gian thue té dé bom day bé la ;—0 et
Vi so vdi quy dinh bé dugc bom day trudc 48 phiit nén ta co phuong trinh:

x r 2z 12
_— J— - —_ 2 — 2 — thz ~ ]
10 (30+45> = 20 =726 @ = 36, thia man

Vay theé tich cia bé nudc la 36m>.

, , 4 .
VI DU 9. Hai voi nuée cung chéy vao mot bé nude can (khong c¢é nuée) thi sau 45 gig day be.
Néu lac dau chi mdé voi thit nhat va 9 gic sau méi md thém voi thit hai thi sau = gi¢ nita mdéi day

bé. Héi néu ngay tit dau chi md voi thit hai thi sau bao lau sé day bé.

« LOI GIAL
Goi z va y 1 thoi gian dé voi thit nhat va voi thtt hai chdy mot minh thi day bé (z > 0, y > 0, don vi

giv).
Do dé6: .
— Trong 1 gio voi thi nhat chdy duge — phan ciia bé.
x
1 .. y
— Trong 1 gio voi thit hai chay duge — phan cia be.
1 1 )
— Trong 1 gio ca hai voi chay duge — + — phan cta be.
r oy
t 4 N . ~ , 24 5) .
Hai voi cing chdy thi trong 4— = — ¢io sé day bé, nén mdi gid hai voi chdy duge 1 : 5 =51 (be). Do
1 1 )
do, ta c6 phuong trinh — 4+ — = —. (1
6, ta c6 phuong trin x+y 51 (1)
Neéu lic dau chi mé voi thi nhat va 9 gic sau méi md thém voi thi hai thi sau R gig ntta méi day be.
9 5 6
Do do, ta c6 phuong trinh — + — - - =1. (2
o d6, ta c6 phuong trin :1:+24 z (2)
Tu (1) va (2), ta c6 hé phuong trinh
1 1 5 1 1 )
Llos o (lls s
xy24<:>xy24<:>xy24<:>{
9 5 6 9 1 - 192
Sl =1 [24o=1 36+ =4 z=12.
xr 24 5 x + 4 L ‘
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Vay néu voi thit hai chdy mot minh thi sau 8 gio sé day bé. O

VI DU 10. Hai vdi nude ciing chdy vio mot bé khong ¢6 nude thi sau 1 gis 20 phat sé day. Néu
P . £ P . . ? - N X 2 2 P . X N
mad voi thit nhat chay trong 10 phiat va voi thit hai chay trong 12 phit thi day R be. Héi moi voi

chdy mot minh thi sau bao lau méi day bé?

# LOI GIAL

Ta c6 thé lya chon mot trong hai céch trinh bay sau:

Cach 1: Thiét lap an thong qua gid tri can tim.

Goi x 1a thoi gian dé voi I chdy mot minh cho day bé, diéu kién z > 0. Suy ra, mdi git voi I chay dugc
Lig

éoi y 1a thoi gian dé voi II chady mot minh cho day bé, diéu kién y > 0. Suy ra, mdi gi voi 11 chay

duge = bé.
Yy
Ta thuc hién déi don vi:

1 gio 20 phat =1 + % = % gig; 10 phut = % gig; 12 phut = % gig.
V6i gié thiét:
— Hai voi nuéc ciing chdy vao mot bé khong c6 nuée thi sau 1 gio 20 phit sé day, ta dugc
Ly 11780
3\r y x y 4
— Néu md voi thi nhat chdy trong 10 phut va voi thit hai chdy trong 12 phat thi day 12—5, ta dugc
iyl 2 1. 1 2
15 6z by 15

1
6 b5 y
T (1) va (2), ta ¢6 hé phuong trinh:
113 6,53
oy 4 N 6z by 4 (M)
1,1 _ 2 1,12
6z 5y 15 6z 5y 15
1
U:6—
Dit i Khi d6, he c6 dang
v=—
5y
6u + 5 5 ! !
u+bv=- U= — — == o
24(:) 112® 61:6 112(:){ |
ERET T30 sy 20

Vay voi I chdy trong 2 gis sé day bé, voi II chdy trong 4 gis sé day bé.
Cdch 2: Thiét lap an thong qua gid tri trung gian.
Gia st mdi gio voi I chay duge = phan bé, dieu kien z > 0.
Gia stt mdi gio voi 11 chay duge y phan bé, diéu kién y > 0.
V6i gié thiét:
— Hai voi nuéc cling chay vao mot bé khong c6 nude thi sau 1 gio 20 phit sé day, ta dugc %(aﬁty) =
lsdr+4y=3. (3)
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. . L2,
— Neéu md6 voi thi nhat chay trong 10 phat va voi thit hai chay trong 12 phuat thi day R be, ta dugce
1 1 2
- —y=—<%&br+6y=4 (4
f Tt Y= r + 6y (4)
1
doe + 4y =3 L= )
T (3) va (4), ta c6 hé phuong trinh & R
or + 6y =4 y=-
4
Vay voi I chdy trong 2 git sé day bé, voi II chay trong 4 git sé day bé. 0

/\ Nhan xét: Nhu vy, thong qua hai cich gidi ciia vi du trén ta thay:

@ Vii cich 1, viec lua chon an thong qua cdc gid tri can tim gitp cho cdch dat van dé khd tuong
manh. Tuy nhién, ching ta lai phdi doi mdt véi mot hé phic tap (6 dé can si dung phuong phdp
dat an phu dé gidi).

© Vi cich 2, viec lua chon an thong qua gid tri trung gian can c¢é duge nhimg kién thic danh gid
ding ddn, zong sé giip ching ta thu duge 1 hé don gidn.
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BAI @ PHUONG TRINH QUY VE PHUONG TRINH BAC HAI

@) PHUONG PHAP GIAI TOAN

(O DANG 1. Giai phuong trinh tich

Phuong phap gidi:  Phuwong phdp gidi: Bién doi phuong trinh vé dang A- B =0 <
B =0.

VI DU 1. Gii céc phuong trinh sau
@ (Bai 26.a/tr 56 - Sgk) (322 — 52 + 1) (22 — 4) = 0.
@ (Bai 39.a/tr 57 - Sgk) (32° — Tz —10) [222 + (1 — v5) 2 + V5 — 3] =0.

# LOI GIAL
@ T2
322 =5z +1=0 (1
(32 =5z +1) (s —4) =0« )
72 —4=0 (2)
x_2+\/13
— Qidi (1) ta dude 322 —b5r+1 =0 < 6
(1) 2 —4/13
€Xr = .
6

— Gidi (2) ta dugc 2?2 —4 =0 x = +2.
Vay phuong trinh ¢6 4 nghiém.

@ Taco

(322 — 72 —10) 22 + (1= V5) 2 +v5-3] =0

_ iy, M0
320 — Tr —10=0 r=-lVe=-—
= =
2x2+(1_¢3)$+\/’_3:0 x_\/ﬁ—u 30 — 10v/5
— . .

VI DU 2. Gidi céc phuong trinh sau
@ (Bai 36.b/tr 56 - Sgk) (222 + x — 4)* — (22 — 1)2 = 0.
@ (Bai 39.d/tr 57 - Sgk) (22 + 2z —5)° = (22 — x4+ 5)°.

# LOT GIAL
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O Taco
(222 4z —4)° = (26 -1)>=0
S22tz —4) -2 -1)][(22° +z—4)+ (22— 1)] =0
& (20 —2—3) (22" +32—-5) =0

202 —x—3=0 r=—-1Vr=—;
< 3
20 + 3z —5=0 r=1Vae ="
2
Vay phuong trinh c6 4 nghiém.
® Taco
(x2+2x—5)2: (xQ—x—|—5)2<:> (91:2—1-295—5)2— (352—3:'—1-5)220
10
) 3r—10=0 =g
Bz —10) (22" +2) =0 & .
22" +x =0 r=0Vzr=—-.
2
Vay phuong trinh ¢6 3 nghiém.
0
VI DU 3 (Bai 39.c/tr 57 - Sgk). Giai phuong trinh (2% — 1) (0,6z + 1) = 0,62% +
# LOI GIAL
Bién ddi phuong trinh vé dang
(2 —1) (0,6 +1) =2(0,60+1) < (0,6z+1) (2 —z—1) =0
D
0,6c0+1=0 =73
~ <~
T = V .
2 2
Vay phuong trinh ¢6 3 nghiém. O
(O DANG 2. St dung an phu chuyén phuong trinh vé phuong trinh bac hai
Phuong phdp gidi:
1
VI DU 4 (Bai 37.d/tr 56 - Sgk). Gidi phuong trinh 22° +1 = — — 4.
x
# LOI GIAL
Dat 22 =t > 0, ta dugc
1
2t+1:¥—4<:>2t2+5t—120
=9+ V33 B -5+ v33
T4 o —H+V33 _|TT T
= ST ==
—5—+33 4 —5 4 /33
= ——— (loai) T = ,
4 2
Vay phuong trinh c¢6 2 nghiém. 0
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VI DU 5 (Bai 59/tr 63 - Sgk). Giai cic phuong trinh sau

1\’ 1
a) 2 (2% — 22)° + 3 (22 — 2z) + 1 = 0; b) <a:—|——> —4<x+—>+3:0.
T Xz
« LOT GIAL

t=-1
@ Dit 22 — 22 =t Tadusc 2t +3t+1=0« 1
t=—=.
2

— Véit=—-1=1*-2r+1=0&2=1

1 2++2
—Véit:—§:>2x2—4x+1:0<:>$: \/_

2
Vay phuong trinh ¢6 3 nghiém.
1 t=1
@ Ditr+ - =t Tadugct? —4t+3=0«
xr t=3.

1
— Véit=1=zr+-=1&2>—2+1=0 (v0 nghiém).
x

3++5

1
— Véit=3=2r+-=322-3x+1=0==z
X

Vay phuong trinh c¢6 hai nghiém.

2

a)3(2?+2)° —2(2+2)—1=0;

VI DU 6 (Bai 40/tr 57 - Sgk). Giéi cic phuong trinh sau

b) (22 — 4z +2)* + 2% — 4z — 4 = 0;

T r+1
— =5 7, d —10- = 3.
c) x — T =51 +T; )x+1 .

# LOI GIAL
t=1 P?4r=1

@ Dit P +2r=ttadugc 3’ —2t—1=0< 1<

2

:_§ r+r=-—C
—1++5

P rr—-1=0 T =
=

2
Vay phuong trinh ¢6 hai nghiém.
t =
@ Dit 2> —4x+2=t tadugct? +t—6=0< [
2 _ _
- —4x =0 =0
= ~ .
2 — 4z +5 = 0 (v nghiem) r=4

Vay phuong trinh c6 hai nghiém.

=7

t = —1 (loai
@Dat\/EthO,tadLI(jct2—6t—7:O<:>[ (loai)

Vay phuong trinh ¢c6 mét nghiém.
@ Dicu kien z # 0,2 # —1.

& .
37% +3r + 1 = 0 (vo nghiém) . ~1-+5

2 —dr+2=2

=
t=-3 v —dr+2=-3

= x=T7< 1 =49.
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x
1 t=>5 =5
Dat —— =t£0, taduget—10 - =34 2 —3t — 10 =0 & e (T
z+1
r=>5(xz+1) 5 2
& < ¢ =——hoaczr =—-.
r=—-2(x+1) 4 3

Vay phuong trinh c¢6 hai nghiém.

00 DANG 3. Giai phuong trinh chia an ¢ miu

Phuwong phap giai:  Phuong phap giai: Ta thuc hién theo cac bude sau:
Buéc 1: Dat dieu kién c6 nghia cho phuong trinh.
Buéc 2: Khit mau, dua phuong trinh vé dang thong thuong.

Budc 3: Kiém tra diéu kién cho cac nghiem tim duge roi két luan.

VI DU 7 (Bai 57.c, 57.d/tr 63 - Sgk). Giai cac phuong trinh sau

r 10— 2x r+05  Tr+2

b — .
v S S ) 3o 1 1
# 1L,OI GIAL
@ Dicu kien = # 0,2 # —2.
Ta co
10 — 2 r=-1—-—+vV11
L T e =10-2r 242 —10=0 < .
-2 2*-2 r=—1+11

Vay phuong trinh c¢6 hai nghiém.
N 1
@® Dicu kien z # :|:§.

Ta c6 ol o1’ (z —|—10,5)(3x —1) =Tz +2& 322 —6,5x —25=0
rT=—=
& 612132 —5=0& s
T = 5
Vay phuong trinh ¢6 hai nghiém.
0
VI DU 8 (Bai 35.b, 35.c/tr 56 - Sgk). Giai cac phuong trinh sau
T+ 2 6 4 —x?—x+2
) 5T, ) e 1 GiDETY)
# LOI GIAL
@ Tap xac dinh: x # 5,2 # 2.
2 6
Tacé 202 43 = o (24+2)(2—2)+3(x—5)(2—2) = 6(z — 3)
=29 2—x
r=4
S472 - 150 —4=0¢& 1-
xr = _Z
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Vay phuong trinh c6 hai nghiém.
@® Tap xéc dinh: z # 1,2 # 2. Bién doi phuong trinh vé dang

Yr+2)=—-2"—2+2 1 +50+6=0%

Vay phuong trinh ¢6 mét nghiém.
O
/\ Trong mot vai truong hop, viéc quy dong mau so6 khong phdi la gidi phdp toi wu, dic biét khi quy
dong ching ta nhan dudc mot phuong trinh bac cao hon 2, trong nhiing truong hop nhu vay ching ta
thuong nghi téi nhitng phuong phdp gidm bac cho phuong trinh va mot trong sé6 dé la phuong phdp dat

an phu. Vi du sau sé minh hoa nhan dinh nay

, 2%+ 2 %+ 2 5
VI DU 9. Giai phuong trinh - = —.
i 1ol PHUORS B 2?2 —2x+2 22+43x+2 2

# LOI GIAL
=20 4+240  [x#-1
& : (*)
2 +32+240 x# =2
Nhan xét rang x = 0 khong phéai 1a nghiém ctia phuong trinh. Chia cé tif va mau ctia VT ctia phuong
trinh cho x # 0, ta dugc

Dieu kien {

2 2
T+ — T+ — 5
T xz

2 2
r—2+—- zT+3+-
T x

2 ;s
bat t = 2 + —, khi d6 phuong trinh dugc chuyén ve dang
x

ot 5 tt+3)—t(t-2) 5
t—2 t+3 2 t—2)t+3) 2
ot 5
& =-A=>0t-2)t+3)t?—t—6=0
t—2)(+3) 2 (t=2)(t+3)
2
t=3 r+—=3 7 =3 +2=0 r=1
= & 9 - ) =
t=—-2 T+ 2 =9 z°+ 22+ 2 =0 (loai) x=2.
x
Vay phuong trinh c¢6 hai nghiém z =1 va z = 2. 0
Nhan xét.

1) Nhu vy, vdi bai todn trén néu ching ta hia chon hudng quy dong mau so thi sé nhan duge mot
phuong trinh bac 4 va viéc gidi phuong trinh nay phu thuoc rat nhiéu vao kj ndng dodn nghiém cung
phép chia da thic dé chuyén phuong trinh vé dang tich. Tuy nhién, mot cau héi thuong duge cic em
hoc sinh dat ra ¢ day la “Tai sao lai co thé nghi ra duoc cdach chia cho x 107 ddt an phu nhu vay?”,

cau trd o1 co thé duge khdang dinh ¢ dang phuong trinh tong quat

ar® +mx +c a:v2+p:v—|—c_0
ar?+nr+c  ar?+qr+c
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) . . . c
Ta c6 thé lua chon phép chia cd ti va mau cho x (hodc x?) roi dat an phu t = ax + — (hodc
x

B c
t=a+ ﬁ)
Y tudng trén duoe md rong cho phuong trinh dang

max N nw B
ar?+br+d ax?+cr+d

p.

2) Viéc hua chon an phu trong hau hét cic trudng hop luon can tdi nhimg bién doi dai so dé lam zudt
hién dang cia an phu va dé thuc hién tot cong viéc nay cac em hoc sinh luon phdi that linh hoat va

sang tao. Vi du sau sé minh hoa nhan dinh nay.

472

VI DU 10. Giai phuong trinh 2% + —(x o) =

D.

# LOI GIAL
Diéu kién = + 2 # 0 & x # —2. Viét lai phuong trinh dudi dang

9 2 \? 2 \? 2z
r°+ =o0& v — =5—2x-
T+ 2 T+ 2 T+ 2
72 )2 22
& 4. —5=0.
<3:—|—2 + T+ 2

khi dé phuong trinh duge chuyén vé dang

2

Dit t = —
T+ 2

244t —5=0<t=1hoict=—5.

2

x
— V6i t = 1, ta dudgc * 2:1<:>x2::6+2<:>:v2—:r;+2:0<:>[
T

2
— V6it = -5, ta dugc — 5= =5 a? = —5r— 10 2? + 52 + 10 = 0 (v0 nghiem).

T+
Vay phuong trinh ¢6 hai nghiém z = —1 va x = 2. U
(0 DANG 4. Giai phuong trinh bac ba
Phuong phdp gidi:  Phuong phdp gidi: Dé giai phuong trinh: az® 4+ bax® + cx +d =0 (1)

ta thuc hién theo cac bude sau:
Budc 1: Doéan nghiém z( ctia (1).
Budc 2: Phan tich (1) thanh
T = I
(x —20)(ax® + b1z + 1) =0 &
[g(az) =az’+ bz +c; =0 (2)
Budc 3: Giai (2) roi két luan nghiém ciia phuong trinh.
AN
1) Du doan nghiém dua vao két qud sau:
a) Neua+b+c+d=0 th (1) cé nghiem x = 1.
b) Neva—b+c—d=0 thi (1) cé nghiem v = —1.
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¢) Néu a,b,c,d nguyén va (1) cé nghiém hiu ti P im D, q theo thi tu la wdc cia d va a.
d) Néu ac® = bd® (a,d # 0) thi (1) c6 nghiém x = —g.
2) Véi cic phuong trinh cé chia tham $0 6 thé coi tham s la an dé thuc hién viéc phan tich da
thic.
VI DU 11. Giai céc phuong trinh sau
a) 2z° + 2% — bx + 2 = 0; b) 22% +x +3 = 0.

# LOI GIAL

@ Nhan xét ring a + b+ ¢+ d = 0, do dé phuong trinh c6 nghiem x = 1.
Bién doi phuong trinh vé dang

r=1
. r—1=0 1
(x—1)(22°+32—-2)=0« & |lz==
20 +3x—-2=0 2
T =—2.
. . 1
Vay phuong trinh ¢6 3 nghiém phan biét: x =1,z = 37 r=—2.
@® Nhan xét ring a — b+ ¢ — d = 0 do d6 phuong trinh c¢6 nghiém z = —1.
Bién doi phuong trinh vé dang
r+1=0
(z+1)(22° —22+3) =0 < s r=-1.
20 =22 4+3=0
Vay phuong trinh c6 nghiém duy nhat x = —1.
O
VI DU 12 (Bai 57/tr63-sgk). Giai céc phuong trinh sau
a) 1,223 — 22 — 0,22 = 0; b) 523 — 2% — 5z +1 = 0.
# LOT GIAL
@ Taco
1,22° —2* — 022 =0 < 2(1,22° — 2 —0,2) =0
r=0 =0
= = 1
1222 —2—-02=0 le\/x:—é.
Vay, phuong trinh c6 3 nghiém.
@ Taco
57 —br—a2?+1=0s5z(x* —1) — (2 —1) =0
2—1=0 r =+l
S’ -1)bBr—1) =0« & 1
5c —1=0 = —.
5
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Vay, phuong trinh c¢6 3 nghiém.

VI DU 13. Gii cac phuong trinh sau

a) 32° — 822 — 21 + 4 = 0; b) 23 + 22 — 2v/2 — 2¢/2 = 0.

# LOI GIAL

@ Nhan xét réing @ = 3 ¢6 wée la +1,43 v d = 2 ¢6 ube la £1,+2 do d6 phuong trinh néu cé
. 1
nghiém httu ti thi chi ¢6 the 1a mot trong cac gia tri +1, +2, i§’ :|:§.

Nhan thay x = 3 la nghiém cua phuong trinh. Bién doi phuong trinh ve dang

2
3r—2=0 r ==

(32 —2)(2* — 22 —-2) =0 & & 3
?-2-2=0  |p=143

2
Vay, phuong trinh c¢6 ba nghiém phan biét: x = 3’ r=1++v3,z=1—+3.

@ Nhan xét ring ac® = 1- (—v/2)? = —2v/2 = bd® do d6 phuong trinh c6 nghiem z = —g =2.

Bién déi phuong trinh vé dang

z—v2=0
s r =2

(z - V?2) [x +(\/§+1)x+2} -ue 2+ (V24 1)z 4+2=0

Vay phuong trinh ¢6 nghiém duy nhat z = /2.
O
/N Khi da thanh thao cdc phuong phdp nham nghiém cdc ban hoc sinh khong can néu nhan zét trong
loi gidi cho moi phuong trinh.

VI DU 14 (Bai 39.b/tr 57-sgk). Giai phuong trinh z® + 322 — 22 — 6 = 0.

# LOI GIAL
r+3=0 r=-3

2?—-2=0 |z=+V2
Vay, phuong trinh c6 3 nghiém. 0

Tacoz® +32° =20 —6=0& (z+3)(2*—-2)=0&

VI DU 15. Cho phuong trinh 2® — (2m 4 1)2? + 3(m + 4)z — m — 12 = 0.
@ Ciai phuong trinh véi m = —12.
@® Xic dinh m dé phuong trinh c6 3 nghiem phan biét.

# LOT GIAL
Bién ddi phuong trinh vé dang
r—1=0

(x—=1)(z" —2mx+m+12) =0 & o(2) = 2 — 2mz 4 m 41220 (2 (1)
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rz=1
r—1=0
O Vsi m =12, he (I) c¢6 dang & |lz=0
22+ 24x =0
x = 24.

Vay, phuong trinh c¢6 ba nghiém phan biét x =1, z =0, x = —24.
@ Phuong trinh c6 3 nghiém phan biét khi phuong trinh (2) c6 2 nghiém phan biét khac 1 <
A, >0 m?—m—-12>0 [m<-3
- =
g(1) #0 13—m#0 4 <m#13.
Vay, v6i m < —3 hoac 4 < m # 13 phuong trinh c¢6 ba nghiém phan biét.
O
/\ Néu phuong trinh c¢é chita tham s6 m, ta cé thé coi mla an, con x la tham so. Sau do tim lai x

theo m.

VI DU 16. Xéc dinh m dé phuong trinh m?z® — 3ma? + (m? + 2)z —m = 0, véi m # 0 ¢6 ba
nghiém phan biét.

# LOI GIAL
Viét lai phuong trinh vé dang (2% + 2)m? — (322 + 1)m + 22 = 0.

Coi m 1a an, con x la tham s6, ta duge phuong trinh bac 2 theo m.

1 2
Giai ra ta dugc m = — hodac m = —x.

T o+l
Do d6 phuong trinh dugc chuyén vé dang

mx —1=0
(mx —1)(ma? —2r+m) =0 <
f(z) =ma® 22 +m=0.
1
Phuong trinh ¢6 ba nghiém phan biét < Phuong trinh f(z) = 0 ¢6 hai nghiém phan biét khac —
m
a#0 m # 0
s dAN>0 o 1—m2>0®{m7&0

1 1 Im| < 1.
I FT C——
m m
Vay, v6i m € (—1,1)\ {0} phuong trinh ¢6 ba nghiém phan biét. O

I\ Néu cic phuong phdp nham nghiém khong cé tic dung, ta cé thé thi van dung kién thic vé phan
tich da thic.

VI DU 17. Giai phuong trinh 2° — 3223 + 7z — /3 = 0. (1)

# LOI GIAL

Ta co

(1) e 2> —2®V3-202/3+62+2—-V3=0
e 2?(x —V3) —22V3(x — V3) + (z —V3) =0
—V3=0 r =3

S (@—V3)(a?—20V3+1) =0 2910 leevieva
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Vay, phuong trinh c¢6 ba nghiem phan biet z = /3, z = V3 £ V2. U
(O DANG 5. Giai phuong trinh trung phuong
Phuong phap gidi:  Phuong phap gidi: V6i phuong trinh az? + ba? +¢c =0 (1)

ta thuc hién cac budc:
Buéc 1: Dat t = 22 véi dieu kien t > 0.
Buéc 2: Khi do, phuong trinh dude bién doi vé dang

at> +bt+c=0 (2)

Bué6c 3: Giai (2) dé tim nghiem ¢, tit d6 suy ra nghiém z cho phuong trinh.
/\ Néu phuong trinh (2) cé nghiém to > 0 thi phuong trinh (1) c¢é nghiém x = ++/to.

VI DU 18 (Bai 56 trang 63 SGK). Giai cac phuong trinh sau

a) 3zt —122% + 9 = 0; b) 2z* + 32% — 2 = 0; c) z* + 52 +1=0.

# LOI GIAL

t=1 =1 r ==l
@ Diat 22 =t>0. Taduge 3> — 12t +9 =0 < & &
t=3 2 =3 z = +V3.
Vay phuong trinh da cho c6 4 nghiém.
1
Seo2 2 t=3 o1 V2
@Datm:tEO.Tadu’cht +3t—-2=0« 2 >t =—-=>1r==+—:.
. 2 2
t = —2 (loai)
Vay phuong trinh da cho ¢6 2 nghiém.
-5+ v21
Dat 22 =t>0. Tadugc * +5t +1 =0«
© B -5 — /21

Vay phuong trinh vo nghiém.

I\ Ta cting co thé dua ra nhan xét dé két lugn phuong trinh vo nghiém nha sau: Dé thay x*+52% >
0= a2'+522+1>0.

Vay phuong trinh vo nghiém.

O]
VI DU 19. Cho phuong trinh ma* — 2 (m —1)22 + m — 1 = 0. (1)
Tim m dé phuong trinh
@ C6 nghiem duy nhat.
@ C6 hai nghiem phan biét.
@ C6 ba nghiem phan biét.
@ C6 bon nghiem phan biét.
# LOI GIAL
Dit ¢ = 22 v6i diéu kien ¢ > 0. Khi d6, phuong trinh duge bién doi vé dang
f@)=mt* —2(m—-1)t+m—1=0. (2)
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Ta xét hai truong hop:
TH1: Vi m = 0, ta duge

1 1 2
(2)<:>2t—1:0<:>t:—<:>LE2:—<:>.%’::|:\/—_.
2 2 2
Vay v6i m = 0 phuong trinh cé hai nghiém phan biét.
TH2: Vé6i m # 0 thi
@ Phuong trinh (1) ¢6 nghiem duy nhét
2(m—1)
S<0
< (2) 6 nghiem t; < 0=ty & & m <0em=1.
P=0 m—1 _ 0
m

Vay, v6i m = 1 phuong trinh c6 nghiém duy nhat.

@ Phuong trinh (1) ¢6 hai nghiém phan biét < (2) ¢ nghiem t; <0<ty & P <0< m(m—1) <
0&=0<m< 1.
Vay v6i 0 < m < 1 phuong trinh ¢6 hai nghiém phan biét.

® Phuong trinh (1) c6 ba nghiém phan biét

Al 0 1—-m>0
m—1
& 2conghitm 0=t <to & (P =0 & TZO
2 —1
S>0 (m )>O.
m

Hé trén vo nghiém, vay khong ton tai m dé phuong trinh ¢6 3 nghiém phan biét.

@ Phuong trinh (1) ¢6 bén nghiem phan biét

A 0 1—m>0
m—1
& (2) conghiem 0 < t; <ty & P>0 < >0 =em<0
2 —1
S>0 (m—)>0

Vay m < 0 dé phuong trinh c6 4 nghiem phan biét.

(O DANG 6. Giai phuong trinh héi quy va phan héi quy

Phuong phap giai:
— Phuong trinh hoi quy:
Dé giai phuong trinh az* + ba® + cx? + br + a =0 (1) ta thuc hién theo cdc budc:
Buwdc 1: Nhan xét rang x = 0 khong phai 1a nghiém ctia phuong trinh. Chia ca hai vé clia

phuong trinh cho 22 # 0, ta dugc

a<m2+$)+b<w+%)+c=0. (2)
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1 1

Budc 2: Dat t =z + —, Suyrax2+—2:t2—2.
x x

Khi d6, phuong trinh (2) ¢6 dang:

at’> + bt +c—2a=0. (3)

— Phuong trinh phan hoi quy:
Dé giai phuong trinh az* + ba3 + cx? —br +a =0 (1) ta thuc hién theo cic budc:
Buwdc 1: Nhan xét rang z = 0 khong phai 1a nghiém ctia phuong trinh. Chia ca hai vé clia
phuong trinh cho 22 # 0, ta dugc

a<x2+%>+b(x—§>+c:0. (2)

1 1

Budc 2: Datt = o — —, suyrax2+—2:t2+2.
x x

Khi d6, phuong trinh (2) c¢6 dang:

at> + bt +c+2a=0. (3)
Chu y: Phuong phap md rong tu nhién cho dang phuong trinh

ax* +bx® +cx’ +dr+e=0

2
Céhéséthoémangz<%> e # 0.
a
L o d 1
Khi do6 ta dat an phu t = x + o
45

Trude hét ta quan tam t6i phuong trinh c6 dang hoi quy.

, 1 . 1
VI DU 20. Giai phuong trinh z# — 51‘3 -z - 5Tt 1=0.

# LOT GIAL
Nhan xét ring x = 0 khong phai 14 nghiém ctia phuong trinh. Chia c hai vé ctia phuong trinh cho
x? # 0, ta dugc

1. 1
Dat t =z + —, dieu kién [t| > 2, suy ra 2% + — = 1> — 2.
x xz

t=2
1
Khi d6 phuong trinh c¢6 dang: ¢ — Et -3=0& 3
t= —5(102_11)

1
Véit=2tacdbr+—-—=222-2r+1=0=z=1.
x

Vay phuong trinh c¢6 nghiém = = 1. U

, 35
VI DU 21. Giai phuong trinh z* + 323 — ZiEQ —3z+1=0.
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# LOT GIAL
Nhan xét ring x = 0 khong phai 14 nghiém ctia phuong trinh. Chia cd hai vé ctia phuong trinh cho
2? # 0, ta dudc

Lo 1
Dat t =z — —, dieu kién [t| > 2, suy ra 2* + — = t* 4 2.
T T

3
t=2
35
Khi d6 phuong trinh c6 dang: t2+2+3t—z:0<:>4t2+12t—2720<:> 29
t=—2.
2
=2
3 1 3 t
Véit=—-tacor——=-212-31-2=0& 1
2 r 2 r=_=
2
-9 4+ V97
9 1 9 T
Véit=-—-tacor——=—-22+02—2=0 4
2 x 2 =9 —=Vo7
. 1 -9+ V97 -9 — V97
Vay phuong trinh ¢6 bon nghiém phan biét z = 2, x = —3 r= +T, T = — 1 O

VI DU 22. Giai phuong trinh 2z* — 212 + 7422 — 105z + 50 = 0.

# LOT GIAL
Nhan xét ring x = 0 khong phai 14 nghiém ctia phuong trinh. Chia cd hai vé ctia phuong trinh cho
22 # 0, ta dudc

1 5
2<x2+;)—21(x+5>+74:0.

5 25
Dat t =z 4 —, suy ra 2* + — = t* - 10.
xr X

t==6
Khi d6 phuong trinh c6 dang: 2t? — 21t + 54 = 0 < 9
t=-.
2
) r=1
Véit=6tacor+—-=6<22-62+5=0<
z T = 5.
9. 5 9 r=3
Véit=-tacor+—-—=-22"-92+10=0%& 5
2 r 2 p ==
2 5
Vay phuong trinh c¢6 bon nghiém phan biétx=1,x=5,x:2,x:§. U

/N Nhidu phuong trinh ¢ dang ban dau khong phdi la phuong trinh hoi quy hay phdn hoi quy, tuy nhién
vdi phép dat an phu thich hop ta cé thé chuyén ching vé dang hoi quy hodc phdn hoi quy, tic dé dp dung
phuong phap da biét dé gidi. Ta di zem zét hai vi du sau.

VI DU 23. Giai phuong trinh

(x—2)* + (v —2)(52% — 142+ 13) +1 = 0. (1)
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« LOI GIAL
Nhan xét rang day khong phai 1a mot phuong trinh hdi quy, tuy nhién néu dat an phu thich hop ta sé
c6 mot phuong trinh hoi quy.

That vay, dit y =  — 2, phuong trinh dugce bién doi vé dang:

v +y [y +2)* — 14(y+2) +13] +1=0
& Y4546 +5y+1=0 (2)

Nhan xét ring y = 0 khong phai 14 nghiém ctia phuong trinh. Chia ca hai vé ctia phuong trinh cho
y? # 0, ta duge phuong trinh tuong duong

1 1
<y2+—2>+5<y+—>+620.
y Y

1 1
Datt =y + —,suyra y* + - = 1> - 2.
) Y
t=-1
Khi d6 phuong trinh c6 dang: t? + 5t +4 = 0 < )
t=—4
1
V6it=—1tacoy+—=—-1<y?>—y+1=0, vo nghiem.
)
y=-2-3 ) r=—V3
suy ra nghiém .
y=-2+3 z=13
Vay phuong trinh c¢6 hai nghiém phan biét 2 = —v/3 va z = /3.

1
Véit:—4tacéy—|——:—4<:>y2+4y+120<:>[
)

VI DU 24. Giai phuong trinh

(2% — x)* = 22(3x — 5) — 3 = 0.

# LOI GIAL
Nhan xét ring day khong phai la mot phuong trinh hoi quy, tuy nhién néu dat an phu thich hgp ta sé
c6 mot phuong trinh hoi quy.

That vay, dit y =  — 1, phuong trinh duge bién doi vé dang:

[(y+1)*—(y+1D] -2y +1)[B(y+1) -5 —-3=0
s v+ 2 -5 —2y+1=0

Nhan xét ring y = 0 khong phai 1a nghiém ctia phuong trinh. Chia c4 hai vé ctia phuong trinh cho
y? # 0, ta dugc phuong trinh tuong duong

1 1
<y2+—2>+2(y——>—5:0.
Y Y

™= Suu tam & bién soan Trang 82/280 K1 GeoGebraPro
Th.s Nguyén Chin Em



https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

1 1
Datt =y — -, suyray® + - =t* + 2.
Y Y

t=1
Khi d6 phuong trinh c6 dang: t? +2t — 3 =0 & .
t=-3
[ 1+V5 3-5
Vol = —1tacoy— — =1 ey 1—0e | 2 wdd T
it=—1ltacoy— — = —y—1= , 6 suy ra
Ty sy 1-+5 ' 3++5
YT T
—-3+v13 —1—-+13
Véit=-3tacoy——=-3< 1y’ +3y+1=0« , tir do suy ra .
Y Yy Y Y -3 —-V13 Y -1+ 13
. 3—b 3 5 —1—-+13 —1++13
Vay phuong trinh ¢6 bon nghiém phan biét x = 2\/_, xr = +2\/_, xr = 5 , = +T

O

O DANG 7. Phuong trinh dang (z +a)(z +b)(z +c)(z+d)=m (1),v6ia+b=c+d

Phuiong phdyp gidi:  Phuong phdp: Dé gidi phuong trinh (1) ta thic hién theo cac budc:
Buwdc 1: Viét lai phuong trinh dang:

[+ (a+b)z +ab] - [2* + (c+ d)z + cd] =m. (2)

Bude 2: Dat t = 2> + (a+ b)x + ab, suy ra 2> + (c+ d)x + cd = t — ab + cd.
Khi d6, phuong trinh (2) ¢6 dang:

tt —ab+cd) =m < t* — (ab—cd)t —m =0. (3)

Vi DU 25. Giai phuong trinh (2 + 4)(z +5)(z + 7)(z + 8) = 4.

# LOI GIAL

Viét lai phuong trinh dang (22 + 12z + 32) (22 + 122 + 35) = 4.
Diat t = 22 + 122 + 32, suy ra 2% + 122 + 35 =t + 3.

Khi do, phuong trinh cé dang:

f=—4
t=1

tt+3) =4t +3t-4=0<

Véit=—4, tadugc 2?2 +120+32= -4 <=2+ 120 +28=0< 2 = —6 + 2V2.
Véit=1tadudc ®+ 120 +32=1<22+122+31=0< 2 = —6 £ /5.
Vay phuong trinh ¢6 bén nghiém phan biet 1a z = —6 £ 2v/2 va z = —6 £ /5. O

VI DU 26. Giai phuong trinh (22 — 1)(z — 1)(z — 3)(2z 4 3) = —9.

# LOI GIAL
Viét lai phuong trinh dang (222 — 32 + 1)(22? — 3z — 9) = —9.
Dit t = 222 — 3z + 1, suy ra 222 — 32 — 9 =t — 10.
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Khi do, phuong trinh cé dang:

t=1
tt—10)=-9<t*-10t+9=0< :
t=9
z=0
Véit=1tadugc22? —32+1=1222-32=0< 3.
34T
Véit=09, taduge 202 — 30 +1=90222 -3z -8 =0 4
3 — V37
r=—2 "
4
. 3 3+ /37 3 — V37
Vay phuong trinh c¢6 bon nghiém phan biét [a x =0, x = 5 r = +T, xr = —1 U

Phuong phdp gidi: Phuong phap giai

a—>b
b r+a=t+
Bude 1: Dat t =z + 20 = 2
2 a—>b
r+b=t— 5
Khi d6, phuong tinh (1) ¢6 dang:
—b —b
2t4 + 12(%)%2 +9(2 —)i=c (2
Buwée 2: Dit u = t2, dieu kien u > 0.
Khi d6, phuong trinh c6 dang
—b —b
ou? + 12222+ 222y = ¢ (3)

Bude 3: Giai (3) nhan duge u, tir d6 suy ra nghiém ¢ roi t6i x.

VI DU 27. Giai phuong trinh (z + 4)* 4 (z + 6)* = 82.

# LOI GIAL
446 r+4=1t—-1
Datt:I+L:$+5:> .
2 T+6=t+1
Khi d6, phuong trinh duge chuyén vé dang:
t=4
t-—1)'+(t-1)'=82at"+6t2-40=0% )
t=-10
— t=4,tadugcxr+5b=4xr=—1.
— t=—-10,tadugc x +5=—-10 < = = —15.
Vay phuong trinh ¢6 2 nghiém x = —1 va x = —15. U

VI DU 28. Cho phuong trinh (a + 1)* + (z + 3)* = 2m. (1)
@ Ciai phuong trinh véi m = 1.
@® Tim m dé phuong trinh c6 hai nghiém phan biét.
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# LOI GIAL
r+1=t-1
r4+3=t+1
Khi d6 phuong trinh (1) duge chuyén vé dang
(t—D'+(t+1)"=2m
&2t 12t2 42 =2m
Sth4+6t2+1-m=0. (2)
Dat u = 2, diéu kien v > 0. Khi d6, phuong trinh (2) duge chuyén vé dang
flu)=u?*+6u+1—m=0. (3)
@ Vsi m = 1, phuong trinh (3) trd thanh

1+3
Datt:x+%:x+2:>{

2 u=0 2
u®+6u=0<%< St'=02r+2=0&2=-2.
u = —6 (loai)
@ Dé phuong trinh c6 hai nghiem phan biet, diéu kien 1a
(3) 6 hai nghiém trai dau

SP<iel-m<0sem>1.

Vay, v6i m > 1 phuong trinh c6 hai nghiém phan biét.

0O DANG 9. St dung phuong trinh bac hai giai phuong trinh chita dau gia tri tuyét

dbi
Phuong phdp gidi:  Véi cac phuong trinh chita dau gia tri tuyet doi, c6 thé duge chuyén vé
phuong trinh bac hai bang mot trong cac cach sau:

Céch 1: St dung cac phép bién doéi tuong duong, bao gom

- f(z) = g(z)
F(@)] = lg(@)] & [f@):_g@).
g(x) =0
£(@)] = g(w) & [f (@) =g(e) hole H;E; izm {fojz(s)o: 9(2)
f(z) = —g(x)

Céch 2: Stt dung phuong phap dat an phu.
Trude tien ching ta quan tam t6i phuong trinh chita dau gia tri tuyet déi duge chuyén vé phuong
trinh bac hai bang phuong phap bién ddi tuong duong.

Vi DU 29. Giai phuong trinh: |2? — 22 — 2| = |22 + 2.

# LOI GIAL
Phuong trinh tuong duong véi:

22— 2 —2=20>+2 20 = —1 r=—=

22— 2 —2=—2>—2 2—1=0 T = +1.

1
Vay, phuong trinh c¢6 ba nghiém phan biét x = —5 r = =+1.
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O
Nhan xét. Nhu vy, vi du trén da minh hoa cho phép bién doi tuong duong thit nhat ciia phuong trinh
chita dav gid tri tuyét doi.

VI DU 30. Giai phuong trinh: |2? + 2| = —2% + 2 + 2.

# LOI GIAL
Phuong trinh tuong duong véi:

— 22 4+2+2>0 —1<2<?2 —1<z<2

2

20 = =2

Prr=—-2*+r+2 & 22 =92 < 2=1 o = +1.
—x—2

P tr=1
Vay, phuong trinh ¢6 hai nghiém phan biét x = +1. 0]

I\ Cic vi du tiép theo, sé minh hoa viéc st dung an phu dé chuyén phuong trinh chita déu gid tri tuyét
doi vé phuong trinh bac hai.

VI DU 31. Giai phuong trinh: (z — 1) + 4|z — 1| +3 =0.

# LOI GIAL
Dat ¢ = |z — 1|, diéu kién ¢ > 0.
Khi dé6, phuong trinh duge bién doi vé dang:
t = —1 (loai)

t2+4t+3:0<:>[ st=3
t=3

r—1=3 r=4
Slr—1=3< &
r—1=-3

Vay, phuong trinh c¢6 2 nghiém la z =4 va x = —2. 0

(O DANG 10. St dung phuong trinh bac hai gidi phuong trinh chita can thic

Phwong phap giai: Phuong phap giai
V6i cac phuong trinh chita can thiic, c6 thé chuyén vé phuong trinh bac hai bing mot trong cac
cach sau:

Cach 1: St dung cac phép bién déi tuong duong, bao gom:

V@) = @) & fz) = g(z) > 0.

Cach 2: St dung phuong phéap dit an phu.
Trudc tién ching ta quan tam t6i phuong trinh chita can thic duge chuyén vé phuong trinh bac
hai bang phuong phép bién doéi tuong duong.
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VI DU 32. Gii cac phuong trinh:

O V2 -4x+5=vVzr+1 ® V2222 +3=+222-Tz+0.

# LOT GIAL
@ Phuong trinh duge bién déi tuong duong thanh:

> —1
z+1>0 r=1
2 —4dr+5=2x+1>0& & r=1%<
2 =5 +4=0 r = 4.
r=4
Vay, phuong trinh c6 nghiém z =1 va z = 4.
@ Phuong trinh duge bién déi tuong duong thanh:
r—12+2>0
2 —2x+3>0 z =2
2?20 +3=22>-Tr+9>0« & =2 &
? —5r4+6=0 x=3.
=3

Vay, phuong trinh c6 nghiém z = 2 va z = 3.

Nhan xét. Trong vi du trén:

O cau a), ching ta lya chon diéu kién x+1 > 0, vi ¢6 cam gidc né don gidn hon diéu kién 2> —4x =5 > 0.
Tuy nhién, thuc té ta thay dieu kién x> — 4z +5 > 0 la don gidn hon vi 2° —4x +5 = (xr —2)>+1 >0,
luon ding va trong truong hop nay ching ta khong can kiém tra lai nghiém.

0 cau b), ching ta lua chon dieu kien 2® — 2o + 3 > 0, vi dieu nay luon ding.

VI DU 33. Giai phuong trinh: 222+ 2 — 3=z — 1.

# LOI GIAL
Phuong trinh duge bién doi tuong duong thanh:

r—1>0 z>1
< &S a =1
20 + 2 — 3 = (z — 1) 2+ 3z —4=0

Vay, phuong trinh ¢6 nghiém x = 1. O

VI DU 34. Giai phuong trinh: vz +4 — 1 —z = /1 — 2z.

# LOT GIAL

r+4>0
. 1
bDieu kién: < 1 —2 >0 <:>—4§x§§.
1—-2x>0

Phuong trinh viét lai dué6i dang:

VI—2e+VI—z=Vrtde \J(1-2u)(1—2)=22+1
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1
20 +1>0 T > ——
,© 2 S =0.
(1-22)(1-=)=(2z+1) 220 +7)=0
Vay, phuong trinh c6 nghiém = = 0. O

I\ Cic vi du tiép theo, sé minh hoa viéc st dung an phu dé chuyén phuong trinh chita can vé phuong

trinh bac hai.

VI DU 35. Giai phuong trinh: 2(2? — 22) + V22 —22 —3 -9 = 0.

# LOT GIAL
N >3
Diéu kien: 22 — 22 —3 > 0 < . ()
< —1

Viét lai phuong trinh dudi dang: 2(z% — 2z — 3) + Va2 — 22 — 3 — 3 = 0.
biat ¢ = Va2 — 2z — 3 diéu kien ¢ > 0. (xx)
Khi do, phuong trinh c6 dang:

t=1
204+t -3=0% 3 et=1

t= —5 (loai)
V2 -2r-3=1&2>-2r—-4=0% 1z =14+/5, théa man diéu kien (*).
Vay, phuong trinh c¢6 2 nghiem 14 z = 1 £+ /5.

U
( BAITAP
BAI 1. Gi4i cac phuong trinh sau.
1 1 2 1 1
2) B . b) 9@*+z+1) T(z+ ):O.
r—1 x+1 ?—x+1 x—1

# LOT GIAL
@ Dicu kien © # +1. Phuong trinh tuong duong véi
r+1—(z—1)=2>-1%2%>=3< 2 =243 (thda man).
@ Dicu kien z # 1. Phuong trinh tuong duong véi

o —1)(2?+x+1)=T(x+1) (2> —2+1) & 9(2* 1) =7(2* +1) & 2* = 8 & 2z = 2(thda man).
O

BAI 2. Giéi cac phuong trinh sau.
2?2 — 21 —1 1 2 1 15
- 0. b = :
) 5 ) T T3r3 s td 2 —3r+0)

2 — 2 -
# LOI GIAL

x#0
GDiéukiénxQ—Qac#O@x(:c—Q)#O<:>{ 4

x # 2.
Dit ¢t = 22 — 22, phuong trinh bién do6i thanh

t—1 1 ) t=3 1 —2r—3=0 r=-1
— = -=0&t"-t-6=0% = <
6 t t=-2 2% — 2z + 2 = 0 (vo nghiem) xr = 3.
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@® Dit t =22 — 3z + 4 v6i t # 0; £1, phuong trinh tré thanh

t=2 * =3z +2=0 _
2 1 15 r=1
— o= &S -19+2=0& 1= 35 &
t—1 "t 2(t+1) t:§ x2—3x+520(v6nghiém) T =2
O
BAI 3. Giai cac phuong trinh sau.
2) 202 + 5x + 8 2x2+3x+8_0 b) 5024 6x+9 bz +10x+9
202+ 3r4+8 22+ Tr+8 502 +4x+9 b2 +Tr+9
# LOI GIAL
. 22° + 31 +8 # 0
@ Dicu kien 7
2% + Tx + 8 # 0.
Vi 2 = 0 khong phai 13 nghiém ctia phuong trinh nén chia hai vé ctia phuong trinh cho x.
8 8
20+5+—- 20+4+3+ —
Phuong trinh tuong duong véi L4 L =0.
8 8
20+3+—- 20+7+4—
. x x
Diat t = 22 + — + 3. Phuong trinh trd thanh
x
t+2 t ) ) t=-2
—F+—=0& (t+2)t+4)+t"=0t"+6t4+8=0 .
i it 2+ i t=—4
8 2% + 8
Vit=-2= 2+ +3=-2& = i = —5 < 27% + 5x + 8 = 0 (v0 nghiém).
x x
8 22% + 8
Véit=—-4=22x+—-+3=-4& v = —7 & 222 + 7x + 8 = 0 (v0 nghiém).
x x
9 9
dx+6+—-  Hxr+10+ —
@ Phuong trinh tuong duong véi g + 970 =0.
dx+4+—-  dr+T+—
9 x x
Dit t = 5z + — = |t| > 6+/5. Phuong trinh tré thanh
x
t+6 t+10 —27+ /73
D I ) (t46) ((T) - (14+4) (410) = 0 & 2642TH482 = 0 > £ = — =V 12 (1005,
t+4 t+4+7 4
O
BAI 4. Gii cac phuong trinh sau:
2% —3x +2 2x
=0
o x2—2|—5x—|—2+x2—5m—|—2
20 +x+3 3z
=0
9\2:{;2—97x+3+2x2+6$+3
# LOI GIAL
-5+ 17
S
Diéu kieén:
° ' 5+ V17
x # —

Nhan thay z = 0 khong phai 1a nghiém ctia phuong trinh, chia ca t1t vA mau ctia hai phan thic
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cho x ta dugc phuong trinh tuong duong:

22 — 37+ 2 21
+ =0
2?2+5r+2 a2?2—-5xr+2
2
r—3+— 2
& 5+ 5 =0 (1)
T+dH—— T—5+—
x x
2 t* — 6t + 25
Dat t = x + — thay vao phuong trinh (1) ta duge ﬁ = 0 (v0 nghiém).
.1' p—
Vay phuong trinh da cho vo nghiém.
(
x #3
R 1
@® Dicu kien: { ¥ 7 2
—3+V3
x # 5 \/_

\
Nhan thay z = 0 khong phai 1a nghiém ctia phuong trinh, chia ca tit va mau ctia hai phan thic
cho x ta dugc phuong trinh tuong duong:

2$2+x—|—3+ 3z 0
22 —Tr+3 222+4+6x+3
3
20+ 1+ — 3
& 3+ =0 (1)
20 —T7T+— 22+6+ —
T T
3 2 4+ 10t — 15
Datt:Zx—i—;thayvéophﬂdngtrinh (1) tadlidcm:0®t:—5j:2\/10.
3
V(’jit:—5+2\/1Otacéphu’dngtrinh2:C+—:—5+2\/10<:>2x2+(5—2\/10):c+3:O(VO
T

nghiém).
V6i t = —5 — 24/10 ta c6 phuong trinh

3 1
2x+;:—5—2\/1_O<:>21;2+(5+2\/E)x+3:0<:>x:Z(—5—2\/1_0:|:\/41+20\/E).

1
Vay phong trinh dé cho c6 hai nghiem » = £ (=5 — 2vI0 £ V41 +20V/10).
0
BAI 5. Giai cac phuong trinh sau:
922
2 —8=0
R P
422
A4 5=
@ 4+ (22 + 1)
# LOI GIAL
Q.+ o 16 = 0. Diéu kien: z # —3.
Ta bién doi phuong trinh da cho ta dugc
3z >2 622 < x? )2 62
— —16=0& —16 =0.
<a: x+3 +:c—|—3 x+3 +x+3
2 t=2
Dat t = 13, phuong trinh da cho trd thanh t* + 6t — 16 =0< (t —2)(t +8) =0 &
x t=—8.
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2

Truong hop 1: t = 2 = i3:2:>x2—2x—620<:>x:1:|:\/7.
a
2
Truong hgp 2: t = -8 = 13 = —8 = 2% + 8z + 24 = 0 (vo nghiém).
x

Vay, phuong trinh ¢6 2 nghiem z; = 1+ /7, 2o = 1 — /7.
N 1
@® Dicu kien: x # —5
Ta bién ddi phuong trinh trén ta cé

2 2 12 ( 42 )2 12
90 — _5-0 _5-0.
(x 2x+1> NS “\owr1) Tt

4'1;2 ~ 2, N 2 tl = _1 + \/6
bat t = , phuong trinh da cho trd thanh ¢ +2t — 5 =0 <
2w + 1 ty=—1— 6.
4 2
Truong hop 1: t = —1 46 = 5 “11 = —14++6= 4% —2(v/6— 1)z ++/6—1 =0 (vo nghiem).
x
4 2
Truong hop 2t=-1—+6= 5 I—I—l :—1—\/6:>4x2+2(\/6+1)x+\/6+1:0.
x
1 6 —1—+/6
T do ta suy ra phuong trinh cé hai nghiém x = + 4\/_ va r = T\/_
O
N X a b
BAI 6. Cho phuong trinh —— + =2
) r—b x—a
@ Tim a,b dé phuong trinh c6 hai nghiém phan biét.
@® Tim a,b dé phuong trinh c¢6 nghiem.
# LOI GIAL
x#a
@ Dicu kien 7 .
x#b
Khi do6 ta ¢6
a n b L9 o ax — a? N br — b? _o
r—b x—a (x—b)(z—a) (x—b)(z—a)

& 227 —3(a+b)r+a®+b*+2ab=0 (1)

Phuong trinh (1) c¢6 hai nghiém phan biét khi va chi khi A’ = (a +0)? > 0 & a # —b.
Két hop véi diéu kien suy ra dé phuong trinh c6 hai nghiem phan biét thi a # 0,b # 0 va a # +b.
@® Tuong ty phan a) ta suy ra phuong trinh c6 nghiém khi va chi khi a va b khong dong thai bang 0.

O
BAI 7. Giai cac phuong trinh sau
2 _3x+2 2 2 3 3
a)x T+ n x —0 b) i x _ 0
2?2 +5x+2 2?2 —br+2 202 —Tr +3 2224+ 6x+3
# LOI GIAL
2
N r+dr+2#0
@ Dicu kien 7
2 — br +2 # 0.
Vi z = 0 khong phai 13 nghiém ctia phuong trinh nén chia hai vé cho x # 0.
2
r—3+— 2 2
Phuong trinh tuwong duong L 4 = 0. bat t = v + —. Phuong trinh tré thanh
2 2 x
rT+5+— x—5+-—
x x
t—3 2 2 R L
H—5+m =0& (t—3)(t—5)+2(t+5) =0<t°— 6t + 25 = 0 (v nghieém).
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. 20 — Tz +3#0

@® Dicu kien 7

222 4+ 62 + 3 # 0.

Vi z = 0 khong phai 14 nghiém ctia phuong trinh nén chia hai vé cho x # 0.

20+ 1+ — 3
Phuong trinh tuong duong 4 5 =0.

3
20+T7T+— 20+6+ —
x T

3
Dit t = 22 + = = |t| > 21/6. Phuong trinh tré thanh
T

t+1 3
tj:—7+t+—6 =0 (t+1)(t+6)+3(t+7) =0« t*+ 10t + 27 = 0 (vo nghiém).
U
BAI 8. Giéi cac phuong trinh sau
922 x?
2 8§=0 b) a2 5=0
a) x +(x—|—3)2+ ) @ +(2x+1)2+
« LOI GIAL
@ Dicu kien 2 # —3. Phuong trinh tuong duong véi
3 92 62> 3z \? 622 2\’ x
221 8:0<:>< — ) 8:0<:>< ) 6- 8=0.
* xx+3+(x—|—3)2+x+3+ T3 +:1c+3+ x+3 * x—|—3+
22 t=—2
Dit t = :>t2+6t+8:04:>[
r+3 t = —4.
22
Vit = -2 = = -2 & 22 + 22+ 6 = 0 (v0 nghiem).
x —153
Véit=-4= — = 4 2%+ 42 + 12 = 0 (v nghicm).
x 41— 3
@® Dicu kien = # —5 Phuong trinh tuong duong véi
2 2 4 2
x 2z dx 2z
— =0« 5=0.
<:13 21’—1—1) —{_2:15—1-1jL (2x+1)2+2x+1+
22
Dat t = 521 = 4t + 2t + 5 = 0 (vo nghiém).
U
N . a b
BAI 9. Cho phuong trinh —— + =2(1).
r—b x—a
@ Tim a,b dé phuong trinh c¢6 hai nghiem phan biét.
@® Tim a,b dé phuong trinh c¢6 nghiem.
# LOT GIAL
x#a
Dieu kién 7
x #b.
Khi d6 (1) & a(x —a) + b(x —b) = 2(z — a)(z — b) & 222 — 3(a + b)x + (a + b)* = 0(2).
Taco A=9(a+0b)?*—8a+0b)?=(a+0b)?>0,Va,beR.
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@ (1) c6 hai nghiém phan biét khi v& chi khi (2) c6 hai nghiem phan biét khac a, b

A >0 (a+b)?*>0 a#0
S —ab#0 S bb—a)#0 < (b#0
a* —ab#0 ala—b) #0 a # %b.
@ (1) c6 nghiém khi va chi khi (2) c6 nghiém kép khac a, b hodic (2) c¢6 hai nghiem phan biét trong

d6 ¢6 mot nghiém khac a, b.

((a+0)*>=0
3(a +b (a=—
(a;— )7&@ {a b
b
3(atd) ,, af
< | Uy b o a# —b sat+ b #£0.
((a+0)>>0 b(b — a) # 0
[bz—ab#o ala—b) #0
L a*>—ab#0
U
BAI 10. Giéi cac phuong trinh sau.
a) 43 — 922 + 62 — 1 = 0. b) 223 + 2% — bx +2 = 0.
c) 228 +x+3=0. d) 223 + 72? + Tz +2 = 0.
e) 22° —9x +2 = 0. f) 8% — 4x? + 102 — 5 = 0.
# LOI GIAL
r=1
@ 412922 +62-1=0s (z— 142?52 +1)=0 1
=1
@20+ —5r+2=0(z—1)(22+32—-2)=0& |T=—2
1
. z=-—1
Q27 +2+3=0@+1)(22*-22+3)=0&
27% — 21 + 3 = 0 (v0 nghiém).
r=—1
O 2 72+ T +2=0c (z+ )20 +52+2)=0& |T= 2
1
r=—=.
2
T =2
@23 - 9+2=05(r-2)2*+42-1)=0& 246
- 12
@81’3—4:152—{—101'—5:0(:)(2x—1)(4x2+5)20(:)x:5.
U
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BAI 11. Giai phuong trinh sau, biét ring phuong trinh ¢6 mot nghiem khong phu thuoc vao a,b va
b>0:2%— (2a+1)2* + (a®* + 2a — b)x — (a®* — b) = 0.
# LOI GIAL
r=1
Phuong trinh tuong duong véi (z — 1)(2? — 2ax + a®> —b) =0 & O
z=a+Vb.
BAI 12. Cho phuong trinh ma?® + (3m — 4)x% 4 (3m — 7). +m — 3 = 0(1).
@ Giai phuong trinh v6i m = 3.
@® Xic dinh m dé phuong trinh c6 3 nghiém phan biét khong duong.
# LOI GIAL
Phuong trinh tuong duong véi
r=—1

(et e 2m = Bodm=3 =0 | s et m—3=0(2)

r=-1
r=-1
@ Véim=3th (1) < o |z=0
37° + 21 =0 9

@ Phuong trinh (1) ¢6 3 nghiem phan biét khong duong < (2) ¢6 2 nghiém phan bigt khong duong
([L’l < a9 < 0) khac —1

ra 7£ 0 m 7é 0
A> 0 4—m>0
m—3
S{{P>0 =N — >0 o3<m<4
-2
1) £0 "
Lg( 120
O
BAI 13. Cho phuong trinh 2% — 2ma? + ma +m — 1 = 0(1). Xéac dinh m dé
@ Phuong trinh c¢6 ding 1 nghiém.
@ Phuong trinh c6 2 nghiém phan biét.
@ Phuong trinh ¢6 3 nghiém phan biét.
# LOI GIAL
r—1=0
Taco (1) (z—1)[z2—2m -1z +1-m]=0%
g@)=2*-2m -z +1—-m=0(2).
2) v6 nghiém
@ (1) c6 ding 1 nghiém khi va chi khi @) st .
(2) c6 nghiém kép bang 1.
3 3
— (2) v6nghiém<:>A:O<:>(2m—1)2—4(1—m):O<:>4m2—3<0<:>—§<m<\/7_.
. A=0 4m* -3 =0
— (2) ¢6 nghiem khép bang 1 < & & me .
g(1)=0 3—3m=0
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(2) c6 hai nghiém phan biét va nhan x = 1 la mot nghiém

(2) c6 nghiém kép khac 1.
— (2) ¢6 hai nghiém phan biét va nhan z = 1 1a mot nghiém

A>0 4m? —-3>0
= = =mo=1.
g(1) =0 3—3m=0

® (1) c6 ding 2 nghiem khi va chi khi [

— (2) ¢6 nghiém kép khéc 1 < { { V3

= .
g(1) #0 3—3m#0 2
® (1) c6 3 nghiém phan biét < (2) ¢6 hai nghiem phan bigt khac 1

([ V3

m > —

2
A>0 4m?—-3>0
= = o V3
g(1) #0 3—-3m#0 m< -5

(m # 1.

BAI 14. Cho phuong trinh 2% — 2ma? 4 (2m? — 1)z — m(m? — 1) = 0(1). Xéc dinh m dé
@ Phuong trinh c6 3 nghiém phan biét.
@ Phuong trinh c6 3 nghiém phan bict duong.
@ Phuong trinh c6 3 nghiém phan biét am.

# LOI GIAL

r=m
Taco (1) & (z—m)(z? —mz+m?*—1)=0<
g(x) =2 —mz +m? - 1=0(2).

@ (1) c6 ba nghiém phan biét khi va chi (2) c6 hai nghiém phan biét khac m

2 2

A>0 m?—4(m?—-1) >0 4—3m?>>0 ——=<m< —

@{ @{ , ( ) @{ PN V3 V3
gm)#0  (m”—1#0 m# +1 m # +1.

@ (1) c6 ba nghiém phan biét duong khi va chi (2) c6 hai nghiém phan biét duong khac m va m > 0

(A >0 (4 — 3m2 >0

S >0 m > 0 9
& Slim< —
P>0 m?2—1>0 V3.

m >0 \m>0

® (1) c6 ba nghiém phan biét am khi va chi (2) ¢6 hai nghiém phan biét am khac m va m < 0

(A>0  (4-3m>>0
S <0 m <0 2
= S —<m< —1.
P>0 m? —1>0 V3
(m <0 (m <0
U
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BAI 15. Xac dinh m dé phuong trinh 2% — (m + 1)22 — (2m? — 3m + 2)z + 2m(2m — 1) = 0(1) ¢6 2
nghiém phan biét.
# LOI GIAL

r=-—-m
2> — (2m+ 1)z +2m —2=0(2)

(2) ¢6 hai nghiém phan biét va ¢6 mot nghiém x = —m

Phuong trinh tuong duong v6i (z+m) [22 — 2m + 1)z +2m — 2] =0 & [

Phuong trinh (1) ¢6 2 nghiém phan biét <
(2) ¢6 nghiém kép khac — m.
A>0
— (2) ¢6 hai nghiém phan biét va nhan x = —m lam nghiém <
m® +m@2m+1)+2m—2=0

2 e
{(2m—|—1)2—8(m—1) >0 4m* — 4m + 9 > 0 (luon ding)

=
3m2 4 3m —2 =0 m:%\/ﬁ.
. A=0 4m? — 4m + 9 = 0 (vo nghiem)
— (2) ¢6 nghiém kép khiac —m < &
3m?+3m—2+#40 3m?+3m—2=0.

O

BAI 16. Cho phuong trinh 2z° 4+ 2(6m — 1)z — 3(2m — 1)z — 3(1 + 2m) = 0(1). Tim m dé phuong
trinh c6 ba nghiém phan biét c6 tong binh phuong bing 28.

# LOI GIAL

Phuong trinh tuong duong vé6i

r=1

(. —1) [2¢° + 12mx + 3(1+2m)] =0 &
227 + 12mzx + 3(1 + 2m) = 0(2).

Phuong trinh (1) ¢6 3 nghiém phan biét < (2) c¢6 hai nghiém phan bi¢t khac 1

1+/7
A>0 36m”> —12m—-6=0 |M> "¢
<~ =

F)£0 17+ 6m # 0 _1_77&m<1—\/7
6 6

T+ x9 = —6m
Khi d6 (2) ¢6 hai nghiém zy, x5 théa méan 3(1 + 2m)
Ty Xy = ———

2

Theo gid thiét suy ra
m = 1 (théa méan)
x%+x§+12 =2 (1’14—1’2)2_2371552 :27<:>36m2—3(1+2m) =21

m=-1; (loai).
Vay m = 1 thdéa méan bai. O
BAI 17. Giai cac phuong trinh sau.
a) xt — 1023 + 3522 — 50z + 24 = 0. b) 2t — 623 — 2% + 5dx — 72 = 0.
) x* — 22% — 62? 4+ 8z + 8. d) 22* — 132% + 202? — 32 — 2 = 0.
# LOI GIAL
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@ Phuong trinh tuong duong véi

ot —102° + 922 + 262° — 50z +24 =0
& 2z —1)(z—9)+ (z—1)(262 —24) =0
& (v—1)(z* —92* — 262 — 24) =0

rz=1
=2
S (r—-1D@-2)(z—-3)(r—4) =0«
r=3
|z = 4.
uong trinh tuong duong véi
@ Phuong trinh tuong duong
(z* — 92%) — (62° — 5dx) + (82 —72) =0
r = +3
2 2 2 =9
& (27 -9)(z*—62+8) =0« & |z=2

22—6x+8=0
xr =4.

@ Phuong trinh tuong duong véi

r =12

(" —42") — (22° = 8z) — (22" —8) =0 (2 —4) (2" -2 —-2) =0 & e 143

@ Phuong trinh da cho tuong duong véi

(22" — 527 + 22%) — (82* — 202% + 8x) — (22° — 5x +2) =0

r =2
& (20 -5+ 2)(a* —dr—-1)=0% x:%
x =2+ 5.
U
BAI 18. Giéi cac phuong trinh sau.
a) xt —32? — 42 —3=0. b) a* — 423 +32? — 22 — 1 =0.
# LOI GIAL
@ Phuong trinh tuong duong véi
2
¥ —x—-3=0 14+ 13
(* =1 - (r+2?>=0% Sr=——.
2* + 2 + 1 = 0 (vo nghiém) 2
@® Phuong trinh tuong duong véi
2
2 =3r—-1=0 3Ev13
(2 =22 — (2 + 1)’ =0% Sr=—"+—.
2* — x4+ 1 = 0(vd nghiém) 2
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U
BAI 19. Cho phuong trinh ma* — (m + 2)a® + 2(1 — 2m)z® + 4(2 + m)z — 8 = 0(1).
@ Ciai phuong trinh véi m = 2.
@® Xaic dinh m dé phuong trinh c6 ding 3 nghiém phan biét.
@ Xic dinh m dé phuong trinh c6 ding 4 nghiem phan biét.
# LGOI GIAL
(1) & ma®(2®—4) — (m+2)x (2 —4) +2(2*—4)=0
& (27 —4) [ma® — (m+2)z+2] =0
[z =2
T = —2
s (-4 -Dmr—-2) =0«
r=1
|mz —2=0(2).
r =2
@ Véim=2thi(l) & |z=-2
r = 1.
® (1) c6 3 nghiém phan biét < (2) vo nghiem hoiic ¢6 nghiem duy nhat thuoc {—2;1;2}.
— (2) v6 nghiém < m = 0.
(m #0
-E — _2 m = —1
— (2) ¢6 nghiem duy nhat thuoc {—2;1;2} < ZL S |m=
Z _9
m m =2
2
Z 1
{ Lm )
m # 0
9 (m #0
242
P m m # —1
® (1) c6 4 nghiem phan biét < (2) c6 nghiem duy nhat khac —2;1;2 < < o &
— #1 m # 2
2 1
=49 ([ #
\m
U
BAI 20. Cho phuong trinh ma* — 6ma® + (2 4+ 1lm)x? — 6(m + 1)z +4 = 0(1).
@ Ciai phuong trinh véi m = 1.
@® Xaic dinh m dé phuong trinh c6 ding 2 nghiem phan biét.
@ Xic dinh m dé phuong trinh c6 ding 3 nghiéem phan biét.
@ Xic dinh m dé phuong trinh c6 4 nghiém phan biét.
« LOI GIAL
r=1
Phuong trinh tuong duong véi (x — 1)(z — 2)(ma? —3mz +2) =0& |z =2
ma® — 3mz +2 = 0(2).
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r=1
O Vsim=1thi (1)< |z=2 @[le
? —3x+2=0
(2) vo nghiém
@® Phuong trinh (1) c6 ding 2 nghiém phan bigt < (2) ¢6 nghiém kép x = 1 hodc z = 2

(2) ¢6 hai nghiém phan biét z = 1 va x = 2.

m=20 m=20
m =0
— (2) vo nghiém < m#0 & m # 0 & ]
O0<m< —.
A<0 Im* — 8m < 0 9
A=0 9m?* —8m =0
— (2) ¢6 nghiém kép z =1 hodc z =2 < & & me .
2—2m m =1
A>0
— (2) ¢6 2 nghiém phan bict z =1 vazr =2 & & m=1.
2—-2m =0

2) c¢6 nghiém kép khac 1;2
® (1) c6 3 nghiem phan biet < [( ) B P

(2) ¢6 hai nghiém phan biét trong d6 c6 nghiém bang 1 hodc 2.
A=0

3 ,
— (2) c6 nghiem kép khac 1;2 & § 5 # 1( luon ding) & 9m? —8m =0 &

©oloo ©

3
Il

3
B # 2( luon dang)
— (2) ¢6 hai nghiém phan biét trong d6 c6 nghiém bang 1 hoiic 2

A >0 O9m? —8m >0
= = = m=1.
2—2m =20 m=1

@ (1) c6 4 nghiem phan biét < (2) ¢6 2 nghieém phan biét khac 1;2

A >0 9m2 — 8m > 0 m <0
& & &g
2-2m#0 m # 1 §<m7é1.

BAI 21. Cho phuong trinh z* — 4ma® + 4(m? — 1)2% 4+ 122 — 9 = 0 (x).
@ Xic dinh m dé phuong trinh c¢6 ding 1 nghiem.
@ Xac dinh m dé phuong trinh c6 ding 2 nghiém phan biét.
@ Xic dinh m dé phuong trinh c6 ding 3 nghiem phan biét.
@ Xic dinh m dé phuong trinh c6 4 nghiem phan biét.
# LOI GIAL
22 —2(m+ 1)z +3=0(1)
2 —2(m — 1)z —3=0(2).
Nhan xét. Xét phuong trinh (2), A= (m —1)>+3 >0, Vm € R = (2) luon cé 2 nghiém phan biét.

(x) & (22 —2mx)* — 2z -3)’ =0 & [

2
3 zi—2(m+1)xg+3 =0 3
Néu xq la nghiém chung cia (1) va (2) th o~ A )70 = 19 = —.
22 —2(m—1Dag—3=0 2
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r=2
3 3 20> =Tz +6=0
Vdi mo = = = m = >. Khi do (x) < =S
2 4 22+ —6=0 2
r=—2.

@ Khong ton tai m dé () c6 ding 1 nghiém.

(1) vo nghiém
@® (%) c6 ding hai nghiem phan biét <
(1) ¢6 nghiém va nghiém dé la nghiém cia (2).
— (1) vonghiem & A <0 (m+1)2-3<0& —1-V3<m< —1+3,
3
— (1) ¢6 nghiém va nghiém doé la nghiém cia (2) = m = 1 (loai).
® () c6 ding ba nghiém phan biét < (1) c6 hai nghiém phan biét va c6 ding mot nghiem chung
(m+1)>=3>0 3
voi (2) =4 3 &S m=—.
m=— 4
y 3
@ (+) c6 ding bon nghiem phan biét < (1) ¢6 hai nghigm phan bigt va m # 2

( 1)2 __ m>—-1++3
m + —o >
m# - 3
4 e
m;é4.
O
BAI 22. Giai cac phuong trinh sau.
a) xt —a? —2=0. b) 4z* — 5% +1 = 0.
c) xt =322 +2=0. d) 2t — 42> +1=0.
# LOI GIAL
@ D:t ¢t = 2%, ¢t > 0. Phuong trinh tré thanh
= —1 (loai
—t—2=0¢e ( )=>x2:2<:>x:i\/§.
t=2
@® Dit t = 22, ¢t > 0. Phuong trinh tré thanh
t=1 2? =1 r=+1
42 —5t+1=0< 1 = ) 1< 1
t= - 7= = r=x—.
4 2
att =22t >0. uong trinh tro than
®D 2 0. Phuong trinh trd thanh
) t=1 2> =1 z==+1
t*—-3t+2=0¢« = =
t=2 |(22=2 |z=+V2
O D:t t = 2%, ¢t > 0. Phuong trinh tré thanh
2 10 t=2-v3 [22=2-V3 |z=+V2-V3
—4t+1=0«& = =
TSRV I PN 2l Y v
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l

BAI 23. Cho phuong trinh z* —2(m +1)x? +2m+1 = 0(1). Tim m dé phuong trinh ¢6 4 nghiem phan
biét.

# LOI GIAL

Dat ¢ = 22, t > 0. Khi d6 phuong trinh tré thanh 2 — 2(m + 1)t +2m + 1 = 0(2).

Phuong trinh (1) ¢6 4 nghiém phan biét < (2) c¢6 hai nghiém phan biét duong 0 < t; < ty

A'>0 (m+1)?*-2m—-1=0

1
S¢5>0 & 2(m+1)>0 <:>—§<m7£0.
P>0 2m+1>0
0
BAI 24. Giéi cac phuong trinh sau.
a) r —+/2x +3=0. b) V3x+4—+2r+1=+x+3.
¢) Vhr—1—+3r—-2=+z—1.
# LGOI GIAL
x>0
x>0 x>0
O Tac6 V22 +3=2% & & r=—-1z=3.
21 + 3 = 22 =22 —-3=0
r=3
3r+42>0
N 1
@ Dicukien {20 +1>0 1> —5 Phuong trinh tuong duong véi
x+32>0
\/x+3+\/2:c—|—1:\/3x—|—4<:>(1:+3)+2:c+1+2\/(a:+3)(2x+1):356—1—4
x = —3 (loai)
& JE+3)@2r+1)=0s
r=-3 (théa man).
50 —12>0
@ Dicukien {3z —2>0 x> 1.
r—1>0
Phuong trinh tuong duong véi
Vor —1=vVz—1+V8r -2 r+2=2\/(z—1)(3z - 2)
x = 2 (théa méan)
& (r+2°=4r-1)Br-2) e 1l -2 +4=0&
r = — (loai).
11
0
BAI 25. Giéi cac phuong trinh sau.
™= Suu tam & bién soan Trang 101/280 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

a) x? + 22 + 11 = 31. b) (z+5)(2 — z) = 3vx? + 3z.
¢)V(@+1)(2—2)=1+2z— 2%
# LOI GIAL

@ Dit t = 22+ 11, t > /11. Khi d6 phuong trinh tré thanh
t=4

24+t—-20=0<
t = —5(loai).

Voit=4= V2 +1l=4&2?=51==25
@ Dit t = V2 + 3z, t > 0. Khi d6 phuong trinh tré thanh
t=2

?2+3t—-10=0<
t = —5(loai).

r=1
T = —4.
® Ditt =1+ 2 — 22 ¢t > 0. Khi dé phuong trinh tré thanh

V(jit:2:>\/:c2+3x:2<:>:c2+3:c—4:0<:>[

t=1
200 —t—1=0¢
t = —— (loai)
Tr =
Véit:1:>\/1+x—x2:1:>—3:2+x20<:>[
xz=0.
0
BAI 26. Giai cac phuong trinh sau.
a) Va2 — 3z + 3+ Va2 -3z +6=3. b) V222 + 5x + 2 — 2222 + 51 — 6 = 1.
# LOI GIAL
@ Dit ¢t = 2% — 3z + 3 v6it > 0. Khi d6 phuong trinh c¢6 dang
VE+VE+3=3at+t+3+2\/t(t+3) =9 V2 +3t=3—t
3—1t>0 t<3
= St=1
t*+3t=(3—1) t=1
& 2 -30+2=0& |
T =2
@ Dit t = 222 + 52 + 2 vé6i t > 8. Khi d6 phuong trinh c6 dang
Vi—2/t—8=1Vi=2/t—8+1et=4(t—8)+4/t —8+1.
31 31
t< — 1< —
& 4W/t-8=31-3t< 3 & 3
16(t — 8) = (31 — 3t)? 9t* — 202t + 1089 = 0.
t=9
= 21
t:§(loai).
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Vit=9=22+50-7T=0% 7

BAI 27. Giéi cac phuong trinh sau.

a) Va2 + 3z +2 — 2222 + 62+ 2 = —/2. b) vV —+vVa—1+vVr+vVa2—-1=2.

# LOI GIAL
@ Diat ¢t = 2% + 32+ 1 v6i t > 0, phuong trinh tré thanh

Vit 1l —2V2t = V2 Vi+1+V2=2V2
S t+3+42/20t+1)=8t=2/2A+2="Tt—3

t>1 t>1
= <~ s t=1.
4(2t +2) = (Tt — 3)? 49> — 50t +1=0

=0
Véit=1=22+3r=0&
r=-3

@ Dit Ve + Va2 —1=¢tt>0. Vi \/x—\/xQ—l-\/x+\/x2—1:1nénphu’0ngtrinhtr6thanh

1
¥+t:2(:)t2—2t—|—1:0@t:1.Khidé

r <1 r <1
Ve+val—-l=1levil-1=1-zr& N & <2 =1 (théa man).
?—1=(1—-2x)? r=1
U
5 . r+1
BAI 28. Giai phuong trinh (z — 3)(z + 1) + 4(x — 3)4/ 3= -3.
x_
# LOI GIAL
N 1 x> 3
Ditu kien “—— > 0 <
z—3 r < -1
< r+1 2 Ter: 44 S
bat t = (z — 3) = (z — 3)(x + 1) = t*. Khi d6 phuong trinh c6 dang

r—3

t=—3
t=—1.

1 r—3<0 r<3
Vﬁt:—s:wx—awm+ = 3& & sr=1-+13.
=3 (z—3)(z+1)=9 22— 22 —12=0

1 r—3<0 r<3
Vit = —1= (2 —3)/ 2= — 1o & sr=1-5
=3 (z—3)(z+1)=1 2> =20 —4=0

Vay phuong trinh c¢6 hai nghiem la z =1 — 13 vaz =1 — /5. U

BAI 29. Giai phuong trinh 23/(1 + )2 — 33/1 — 22 + /(1 — 2)? = 0 v6i n chin.
# LOT GIAL

Nhan xét. © = +1 khong phdi la nghiém cia phuong trinh, chia cd hai vé ciia phuong trinh cho

V(1 —x)2#0, ta duoge
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/1 /1 —
9 —|—x_3n x+1:0
11—z 1+z
1 = ) ‘i/l T— 1
WQ/li_i.K/l_i_i:lnénnéudatt: 1i_iv61t20,suyra 1+i=?Khidéphu’dng

t=1
3
trinh tré thanh 2t — - +1=0&22+t -3 =0 & 3
t t= —3 (loai).
1 1
Véit=1taco {/r b =16 L =lez=0. O
1—x 1—2z
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BA 0 GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

@ TOM TAT Li THUYET

Trude hét cac em can 6n lai kién thiic clia phuong phap giai toan bang cach:
1. Lap phuong trinh bac nhat mot an.
2. Lap hé phuong trinh bac nhét hai an.
Dé giai bai toan bing cach lap phuong trinh bac hai mot an, ta thuc hién cac budc sau:
Buéce 1: Lap phuong trinh.
— Chon an va xéc dinh diéu kién thich hop cho an. Chu ¥ phai ghi 16 don vi ctia an.
— Biéu thi cac dai lugng chua biét khac theo an.
— Dua vao cac dit kien va diéu kien clia bai toan dé lap phuong trinh.
Bué6ce 2: Giai phuong trinh.
Bué6e 3: Thit lai, nhan dinh két qua va tra 10i.
Céc bai toan dua ra thuong thuéc mot trong 5 dang sau:
Dang 1: Bai toan chuyén dong.
Dang 2: Bai toan vé sd va chit sb.
Dang 3: Bai toan voi nudc.
Dang 4: Bai toan c6 noi dung hinh hoc.

Dang 5: Bai toan vé phan tram - ning suit.

( PHUONG PHAP GIAI TOAN

(O DANG 1. Bai toan chuyén dong

Phuong phap gidi:

VI DU 1. Mot doan xe van tai du dinh diéu sb xe cing loai dé van chuyén 40 tAn hang. Lic sip
khdi hanh, doan xe dugc giao thém 14 tan nita. Do d6 phai diéu thém 2 xe cling loai va méi xe

ban dau phai chd thém nita tan nita. Tinh s6 xe phai diéu theo duy dinh.

# LOI GIAL

1. Lap phuong trinh.
Goi z 1a s6 xe phai dieu theo du dinh, diéu kien 0 < 2 € N.
V6i = xe van chuyén 40 tan hang, suy ra mdi xe phai chd sé tan hang theo du dinh la @
Vi doan xe phai nhan thém 14 tin hang nén s6 hang lac sau 1a 40 + 14 = 54. )

Vi doan xe phai diéu thém 2 xe nén so xe ldc sau 1a z 4 2 chiéc, va mdi xe phai chd s6 hang lic sau

N 54
bang )
x4+ 2
x. e 1 L ) ., 40 1 54
Vi moi xe phai ché thém nita tan nén ta ¢6 phuong trinh — 4 = = .
T 2 x+2
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2. Giai phuong trinh.
40 1 54

r 2 x+2
80(z +2)+z(x+2)— 108z =0

& 22— 262+ 160 =0
x =10

r =16

(3

=

3. Két luan. Vay s6 xe du dinh phai diéu la 10 xe hosc 16 xe.

Nhan xét. Nhu vay trong loi gidi ciia vi du trén ta thay:
— Chaing ta lua chon an x cho gid tri can tim la s6 ze phdi diéu.
— Viée thiét lap phuong trinh dua trén phép so sanh khoi lugng moi xe phdi chd.
— Loi gidi duoge trinh bay thanh ba phan doc lap vdi nhau vdi muc dich minh hoa dé giup cac em hoc
sinh hiéu dugc cdch trinh bay bai toan theo thuat toan da chi ra. Tuy nhién, ké ti cdc vi du sau
chiing ta khong can phan tach nhu vay ma chi yéu cau cdc em hoc sinh khi doc phdi biét minh

dang ¢ budc nao.

VI DU 2 (Bai 65/tr65-SGK). Mot xe lita di tit Ha Noi vao Binh Son (Quéng Ngai). Sau 1 gio,
mot xe Itta khéac di tit Binh Son ra Ha Noi v6i van toc 16n hon van téc ciia xe Itta thit nhat 14 5
km/h. Hai xe gap nhau tai mot ga chinh gitta quang duong. Tim van toc moi xe, gid thiét rang

quang duong Ha Noi - Binh Son dai 900 km.

« LOI GIAL

Goi z 1a van toc cia xe ltta di tit Ha Noi (z > 0, don vi km/h).

Van toc xe Ita di tit Binh Son 1a x + 5.

Hai xe gap nhau tai mot ga ¢ chinh gitta quang duong nén ta c6 phuong trinh

450 450

T T +5
& 450(z + 5) = 450z + x(x + 5)

& 22— 5r — 2250

r =45
=
r = —50 loai
Vay van toc hai xe Itta 14 45 km/h va 50 km/h. O

VI DU 3 (Bai 52/tr60 - SGK). Khoang céch giita hai bén song A va B 13 30 km. Mot cano di tir
bén A dén bén B, nghi 40 phit 6 bén B rdi quay lai bén A. Ké tit lic khéi hanh dén khi vé lai
bén A hét tat ca 6 gis. Hay tim van toc clia cand trong nude yén lang, biét rang van toc clia nude
chay la 3 km/h.

# LOI GIAL
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2
bai 40 phat = 3 gio.
Goi x 1a van toc clia cand trong nude yen ling (z > 3, don vi km/h).
Suy ra, van toc ciia cand di xuoi theo dong nuée 1a x + 3 va di ngude dong 1a x — 3.

Ta ¢6 phuong trinh

=12
30 30 2 X
+ +-=6&4’ -4 -36=0¢« 3
xr+3 x—3 3 r=— (loai).
Vay van toc thuce clia cano 1a 12 km. O

VI DU 4 (Bai 43/tr58-GGK). Mot xudng du lich di tit thanh phé Ca Mau dén DAt Mii theo mot
duong song dai 120 km. Trén duong di, xuéng nghi lai 1 gio tai thi trin Nam Can. Khi vé, xuong
di theo dudng khac dai hon duong lac di 1a 5 km véi van t6¢ nhd hon van toc lae di la 5 km/h.

Tinh van toc clia xudng lac di, biét rang thoi gian vé bang thoi gian di.

# LOT GIAL
Goi van toc lac xuong di la z (x > 5, don vi: km/h).

Suy ra, van toc luc xuong vé la x — 5 (km/h).

N . 120
Thai gian chay xuong luc di (khong ké thai gian nghi) 1la —.
x
N N 125
Thoi gian xuong liac ve la £
:L' p—
Ta ¢6 phuong trinh
125 120 x =30
= — +1¢ 1250 = 120(z — 5) + z(z — 5) & 2> — 10z — 600 <
T =95 xr xr = —20 loai.
Vay van toc ctia xuong lac di 1a 30 km/h. O

VI DU 5. Hai bén séng A va B cach nhau 40 km. Ciing mot lic véi cano di xudi tit A ¢6 mot
chiéc be troi tit A v6i van téc 3 km/h. Sau khi di dén B cand tré vé bén A ngay va gip be khi da

troi duge 8 km. Tinh van tdc riéng clia cand. Biét van toéc clia cand khong thay doi.

# LOI GIAL
Mot chiée be troi véi van tde 3 km/h, titc 1a van téc dong nude 1a 3 km/h. Goi van toc rieng clia cand
la x (x >0, km/h).
T gid thiét, suy ra:
— Van t6c cano di xuoi dong 1a z + 3.
— Van toc cano di nguge dong 1a x — 3.
Vay thoi gian cano di xuoi tit A dén B 1a xéfg.
Khi di tit B tré vé A, cano gap be da troi duge 8 km, suy ra:

. 8
— Thoi gian de be troi duge 8 km 1a 3"
— Quang duong tu B dén cho gap be 1a 40 — 8 km.

Vay thoi gian cand di tit B dén ché gap be 1a 3
I _—

Nhan thay ring, cano va be cling khéi hanh mot lac va thoi gian chuyén dong ctia hai vat dén chd gip
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nhau 14 nhu nhau.

Vay ta c6 phuong trinh

40 32 8
x_i_g—l—m_g:g<:>120(x—3)+96(3:+3)—8(x+3)(x—3)(:)8:152—2161':O:>x:27.

Vay van toc thue ctia cand la 27 km/h. O

VI DU 6. Mot ngudi di xe may trén quang dudng AB dai 120 km véi van téc dinh truée. Sau
khi di ducc % quang dudng v6i van toc do6, ngudi 14i xe ting van toc them 10 km/h trén quang
duong con lai. Tim van téc du dinh va thoi gian xe lan banh trén dudng, biét ngusi d6 dén B
sém hon du dinh 24 phit.

# LOI GIAL o
D6i 24 phit = — = = gio.

ST T8 ®
Goi van toc dy dinh ctia ngusi di xe may 1a z (x > 0, don vi: km/h).

) . 0
Suy ra, thoi gian du dinh de di hét quang duong AB la — gio.
x
V6i gié thiét:
e Lo . . .. 120 .40
— Thoi gian ngusi di xe may di het 3 quang duong (tuong tng voi = = 40 km) la — gio.
x

2 . .
— 3 quang dudng con lai ngudi d6 ting van toc them 10 km/h nén thoi gian ngusi di xe may di hét

2 s .
3 quang duong la gia.

x4+ 10
— Do ngudi d6 dén B sém hon dy dinh 24 phit nén ta c6 phuong trinh

120_40+ 80 +2
v r x+10 5
& 120 - 5(z 4+ 10) = 40 - 5(z + 10) + 80 - 5z + 2z(z + 10)
< 222 + 202 4+ 4000 =0
x =40

x = —50 (loai).

=

Vay ta dugc:
P 120
— Van toc du dinh 1a 40 km/h va thoi gian dy dinh 1a 0 3 gio.

. . 2
— Thoi gian xe lan banh trén duong la thaoi gian dy dinh trit di thoi gian dén sém bang: 3 — E = 2
gio 36 phut.
O

(O DANG 2. Bai toan vé sb va chit sb6

Phuong phap gidi:

VI DU 1 (Bai 41/tr58-SGK). Trong ltc hoc nhém, ban Hing yeéu cau ban Minh va ban Lan méi
ngudi chon mot s6 sao cho hai s6 nay hon kém nhau 1a 5 va tich clia chiing phai bang 150. Vay

hai ban Minh va Lan phai chon nhiing s6 nao?
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# LOT GIAL
Goi x 1a 86 Minh chon, thi s6 Lan chon la z — 5 (z € R).

r=-—10
Ta c6 phuong trinh z(z — 5) = 150 & 2? — 5xr — 150 =0 & :
r =15
Vay Lan v& Minh c6 thé chon mot trong hai cap s6 (10;15) hosic (—10; —15). O

~ < 2 . < £ X N N N
/N Tq cung co thé goi cic so can tim la x va x + 5.

Két qud ta ciing c6 hai cap (10;15) hodc (—10; —15) théa man cdc diéu kién dé bai.

VI DU 2. Tim hai s6 biét hiéu ctia ching bing béng 8 va téng cac binh phuong ciia ching bing
424.

# LOI GIAL
Goi s6 thit nhat 1a x.
V6i gia thiét:
— Hiéu ctia chiing bang 8 nén ta c6 s6 thit hai 1a z + 8.

— Tong binh phuong ctia hai s6 bing 424 nén ta c6 phuong trinh

22+ (x+8)2 =424 & 222 + 162 — 360 = 0 <
r = —18.
Vay ta dugc:
— Néu s6 thit nhat 13 10 thi s6 tht hai bang 18.
— Néu s6 tht nhat 13 —18 thi s6 tht hai bang —10.
O

/N Nhy vay, trong 100 gidi ctia vi du trén ta thay:

1. Cho du bai todn yéu cau ching ta di tim hai so (diéu nay cé thé khién hoc sinh hiéu theo hudng can
hai an) nhung can hiéu rang, s6 thit hai dugc wdc dinh thong qua so thit nhat (bdi hiéu gitta chiing
bang 8). Do dé chiing ta lua chon an x cho s6 thit nhat va dé thay so thit hai la x + 8.

2. Viéc thiét lap phuong trinh la don gidn, khi da cé dugc hai so can tim.

3. Vdi nhan dinh trong 1, bai todn cé thé dugc gidi thong qua hé hai an x, y (vdi x la s6 that nhat va y
la 56 thit hai), cu thé:

— Hiéu ciia ching bing 8 nén x —y = 8.
— Tong binh phuong ciia hai s6 bang 424 nén x* + y?> = 424.

r—y=2~8

x? P = 424.

Hoc sinh tu gidi bang cach chuyén vé phuong trinh bac hai.

— Twu day ta co hé phuong trinh {

VI DU 3 (Bai 64/tr64-SGK). Bai toan yéu cau tim tich ctia mot s6 duong véi mot sé 16n hon né
2 don vi nhung ban Quan nham dau bai lai tinh tich ctia mot s6 duong v6i mot sdé bé hon né 2
don vi. Két qua ctia ban Quan la 120. Ho6i néu lam ding dau bai da cho thi két qua phai 1a bao

nhiéu?

# LOT GIAL
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Goi x 1a s6 duong can tim.

Theo Quan thi z théa man phuong trinh

r =12
2(r—-2)=1200 2 - 20 -120=0 <
r = —10 (loai).
Vay s6 duong can tim dé 1a 12 va néu lam ding thi két qua 1a 12 - (12 + 2) = 168. O

VI DU 4 (Bai 44/tr59-SGK). D6 em tim duge mot s6 ma mot nita clia né trit di mot nita don vi

roi nhan v6i mot nita clia n6é bang mot nita don vi.

« LOI GIAL
Goi z 1 s6 phai tim. Ta c6 phuong trinh

1 1 r=-—1
(E——>£——<:>x2—x—2—0<:>
2 22 2 r=2.

Vay c6 hai s6 théa man dieu kien. O

VI DU 5 (Bai 45/tr59-SGK). Tich ctia hai s6 tu nhien lien tiép 16n hon téng ctia ching 1a 109.

Tim hai s6 dé.

# LOI GIAL
Goi x 1a 86 tit nhien thi sb ké tiép cia n6 la x + 1 (z € N).
Ta c6 phuong trinh
r =11

rz+1)=z+2+1+109<2° -2 —-110=0&
r = —10 (loai).

Vay hai s6 tif nhién lien tiép can tim 1a 11 va 12. 0

VI DU 6. Mot 16p hoc duge nha trudng phéat phan thudng ba lan va chia déu cho céc em hoc
sinh. Lan thi nhéat chia hét 66 quyén vé nhung ving 5 em, lan thi hai chia hét 125 quyén vé
nhung ving 2 em, con lan thit ba thi khong ving em nio va chia hét 216 quyén vé. Biét mot hoc
sinh c6 mat ci ba lan da nhan dude s6 v6 (trong lan ba) bing tong sb v6 da nhan trong hai lan

dau. Tinh sb hoc sinh.

# LOI GIAL
Goi s6 hoc sinh 1a z (z > 0, don vi: em). Trong lan phat thudng thit nhat:
— S6 hoc sinh duge nhan vé 1a x — 5.

— Va moi em dugc nhan 3
:L' p—

Trong lan phat thuéng thit hai:
— S6 hoc sinh dudce nhan vé la x — 2.

— Va moi em dugc nhan 5
l’ —_—

Trong lan phat thudng thit ba:

— S6 hoc sinh duge nhan vé 1a .
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- 216
— Va moi em dugc nhan —.
T

Biét mot hoc sinh ¢6 mit ca ba lan da nhan duge s6 v6 (trong lan ba) bing tong s6 vé da nhan trong
hai lan dau nén ta c6 phuong trinh

66 125 _ 216
r—5 -2
& 66x(r — 2) + 125z(x — 5) — 216(x — 2)(x — 5)

& 2522 — 755 + 2160 =0

1
x = 16 (loai)

5
T = 27.

Vay trong 16p c6 27 hoc sinh.

(O DANG 3. Bai toan voi nuéc

Phuong phap gidi:

VI DU 1. C6 hai voi nudc. Ngudi ta mé voi thit nhét cho voi chiy day mot bé nude can roi khoa
lai. Sau d6 md voi thit hai cho nuéc chay ra hét v6i thoi gian lau hon so véi thoi gian voi mot

chay 1a 4 gio. Néu ciing md ca hai voi thi bé day sau 19 gio 15 phat. Héi voi thit nhat chay trong

bao lau mdi day bé khi voi thit hai khéa lai.

# LOI GIAL

Ta, thyc hien déi don vi 19 gio 15 phit = g gio.

Goi thoi gian voi thit nhat chay day bé la z gio, diéu kien x > 0.
Suy ra, mdi gio voi mot chay vao bé duge — be.

Vi gia thiét: )

. . 1 .
— Thoi gian voi thit hai chay can beé la z + 4, suy ra moi gio voi thit hai chay ra duge 1 be.
x

— Néu mé ci hai voi thi sau 19 gio 15 phit méi day bé, suy ra mdi gid ca hai voi cling chay thi duge

4 2
— be.
77 ¢
Twu do6 ta c6 phuong trinh
11 4
r x4 77

& Tl(x+4)—TTr—4x(z+4)=0
& 422+ 162 —308 =0

x=17
54
r = —11 (loai).
Vay sau 7 gio thi voi thit nhat chay day bé khi voi thit hai khoéa. O

/\ Trong bai todan trén, cac em can luu ij:
— Vi thit nhdt chdy dé cho nude vao bé.
— Voi thit hai chdy dé lay nudc tu bé ra.
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Do dé khi lap phuong trinh ta phdi lay thoi gian ctia voi thit nhat trw thoi gian cia voi thi hai:
1 1 4

T $+4:ﬁ'
1 4

v . , 1
Con trong truong hop ca hai voi cung chday vao bé thi ta co — + = —.
x x+4 07

(0O DANG 4. Bai toan ¢6 néi dung hinh hoc

Phuong phap giai:

Vi DU 1 (Bai 46/tr59-SGK). Mot manh dat hinh chi nhat c6 dien tich 240 m?. Néu tang chiéu
rong 3 m va giam chiéu dai 4 m thi dién tich manh dat khong ddi. Tinh kich thude ctia manh
dat.

# LOI GIAL
Goi z 1a chiéu dai hinh ch nhat (z > 4, don vi: m).
240

Suy ra, chiéu rong hinh chit nhat 1a —.
x

Ta ¢6 phuong trinh

240
(z —4) (—+3) = 240
X
& (r—4)(240 + 3z) = 240x
s 32— 120 —-960=0

=20
<~
r = —16 (loai).
Vay hinh chit nhat c¢6 chiéu dai 14 20 m va chiéu rong 14 12 m. O

VI DU 2. Tinh chiéu dai v chiéu rong ctia mot hinh ch@ nhat. Biét hinh chi nhat ¢6 chu vi bing
340 m va dién tich bang 7200 m?.

# LOI GIAL

Goi chiéu dai ctia hinh chi nhat 14 z (z > 0, don vi: m).

Goi chiéu rong ctia hinh chi nhat 1a y (0 < y < z, don vi: m).

Do hinh chit nhat c¢6 chu vi 340 m va dién tich 7200 m? nén ta c6 hé phuong trinh

2(x +y) = 340 r+y =170
4
xy = 7200 xy = 7200.

Theo dinh li Vi-ét z, y la nghiém ctia phuong trinh

X =80

X? — 170X + 7200 = 0 &
X =90.

Vay hinh chit nhat c6 chiéu dai bing 90 m va chiéu rong bang 80 m. O
/N Nhy vay, trong 100 gidi ctia vi du trén ta thay:
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— Vi hai gid tri phdi tim ching ta lua chon nd cho hai an tuong wng. T dé, can di thiét lap mot
hé hai phuong trinh theo hai an do.
— Heé phuong trinh dugc gidi nho hé thic Vi-ét

Vi DU 3 (Bai 66/tr64-SGK). Cho tam giac ABC ¢6 BC' = 16 cm, dudng cao AH = 12 cm. Mot
hinh chit nhat M N P(Q c¢6 dinh M thudc canh AB, dinh N thudc canh AC' con hai dinh P va @)
thuoc canh BC. Xéc dinh vi tri ctia diém M trén canh AB sao cho dién tich ctia hinh chit nhat
d6 bang 36 cm?.

# LOI GIAL

TaC(/)S]\/[NPQ:MNNP:MN(AH—AK) A
= MN(AH — AK) = 36. (1)
AM MN AK
Lai c6 AAMN «~ AABC nén = = =k K
BC AH M
= MN =Fk-NC =16k; AK =k-AH = 12k.
1
[
Thay vao (1) ta duge 16k(12 — 12k) = 36 < 4 B c
g3 Q H P
4
) R AM 1 AM
Vay diem M can chon trén canh AB sao cho A5 — 1 hoac A5 = 2 O

VI DU 4. Mot thita ruong hinh chi nhat, mot ngudi di theo chidu dai hét 1 phat 5 giay, di theo
chiéu rong hét 39 giay. Nguoi ta lam mot 161 di xung quanh thita ruong rong 1,5 m thi dién tich
con lai 1& 5529 m?. Tinh kich thuéc ctia thita dat.

# L,OT GIAL
Dai 1 phiit 5 giay = 65 giay.
Goi chiéu dai ctia thita ruong 1a = (z > 0, don vi: m).

Goi chiéu rong cta thita ruong 1la y (y > 0, don vi: m).

N . R . . 65 5
Di bo theo chieu dai hét 65 giay, theo chieu rong hét 39 giay nén ta c6 ti so - /=3 (1)
Y
Ngudi ta lam mot 16i di xung quanh thita ruong rong 1,5 m do do:
— Chiéu dai con lai 1a z — 3.
— Chiéu rong con lai 1a y — 3.
Biét dién tich con lai 1a 5529 m? nén ta c6 phuong trinh (x — 3)(y — 3) = 5529. (2)
T (1) va (2) ta ¢6 hé phuong trinh
X 5 5y
= = = 3
(x —3)(y — 3) = 5529 (x —3)(y — 3) = 5529 (4).
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Thay (3) vao (4) ta duge

(%y - 3) (y — 3) = 5529
& (5y—9)(y —3) = 16587

& by? — 24y — 16560 = 0

y = 60
& 276 =T = 100.
v= -2 (loai)
)
Vay thita ruong c6 chiéu rong bang 60 m va chiéu dai bang 100 m. O

(0O DANG 5. Bai toan vé phan tram - ning suét

Phuong phdp gidi:

Vi DU 1 (Bai 63/tr64-SGK). Sau hai nam, s6 dan ctia mot thanh phd tang tir 2000000 ngudi lén
2020050 nguoi. Héi trung binh mdi nam dan sé clia thanh phd dé tang bao nhiéu phan tram?

# LOI GIAL

Goi x 1a ti I¢ tdng dan s6 hang nam cta thanh phd (z > 0, don vi: %).

Suy ra, s6 dan tang sau nam thit nhat 1a 2000000z .

Do d6, sau nam thit nhat s6 dan thanh pho 1a 2000000 + 20000002 = 2000000(1 + ).

Sau nam thit hai s6 dan ctia thanh pho 1a 2000000(1 + x)z.

Ta ¢6 phuong trinh 2000000(1 4 x) 4+ 2000000(1 + x)z = 2020050 < = = 0,5.

Vay trung binh méi nam dan s6 ctia thanh phé d6 tang them 0,5%. O

VI DU 2 (Bai 49/tr59-SGK). Hai doi tho quét son mot ngoi nha. Néu ho cuing lam thi trong 4
ngay xong cong viec. Néu ho lam rieng thi méi doi phai lam trong bao nhiéu ngay dé xong cong

viec?

# LOI GIAL

Goi x la thoi gian riéng doi [ hoan thanh cong viéc (z > 0, don vi: ngay).
Do do, thai gian doi IT lam riéng 1a x + 6 ngay.

Trong 1 ngay:

— Doi [ hoan thanh — cong viéc.

— Dai I hoan thanh

cong viec.

T+
1
— (4 hai do6i cung lam thi hoan thanh 1 cong viéc.
e ) o1 1 1 2 z=6
Tu d6 ta c6 phuong trinh —+ —— =-©2°-21 -24=0%& .
v r+6 4 r = —4 (loai).

Vay néu lam riéng thi doi I hoan thanh cong viéc trong 6 ngay va doi IT hoan thanh trong 12 ngay. [0

VI DU 3. Mudn lam xong cong viec can 480 cong thg. Ngusi ta ¢ thé thué mot trong hai nhém
tho A hodc B. Biét nhém A it hon nhém B 1a 4 ngudi va néu giao cho nhém B thi cong viéc hoan
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thanh s6m hon 10 ngay so v6i nhom A. Héi s6 nguoi clia moi nhom.

# LOI GIAL

Goi 86 ngudi ctia nhom A la z (z > 0, don vi: ngudi).
Suy ra, s6 nguoi clia nhém B 1a x + 4 nguoi.

Véi gia thiét:

. 480
— Neéu thué nhém A thi thoi gian hoan thanh cong viéc la —.
x

480
x+4

— Néu thué nhom B thi thoi gian hoan thanh cong viec 1a

— Do nhém B hoan thanh s6m hon so v6i nhém A la 10 ngay nén ta c6 phuong trinh

4
B0 %0
x x+4
& 48(x+4) —z(x+4) =48z

s 224+ 4r—192=0

r =12
=

r = —16 (loai).

Vay nhom A ¢6 12 ngusi va nhém B ¢6 16 ngudi.
]
I\ Véi vi du trén, ta cé thé goi x la s6 nguoi nhom A va y la s6 ngudi nhém B. Sau dé ta thiét lap
duogc hé phuong trinh:

y—w=4 r =12
480 4 &

80 480 _

Yy T

y = 16.

VI DU 4 (Bai 42/tr58-SGK). Béc Thai vay 2000000 dong dé lam kinh té gia dinh trong thai han
1 nam. L& ra cudi ndm bac phai tra ca von lan 1ai. Song bac da duge ngan hang cho kéo dai thoi
han thém mot nam nita, s6 1ai ctia nam dau dudce gop vao véi von dé tinh 1ai nam sau va lai sult
van nhu cfi. Hét hai ndm phai tra tat ca 1a 2420000 dong. Héi 1ai suat cho vay 1a bao nhiéu phan

tram trong mot nam?

# LOI GIAL

Goi x 1a 1ai suat vay ngan hang trong 1 nam (z > 0, don vi: %).

Béc Thai vay 2000000 dong ctia ngan hang dé lam kinh té gia dinh trong 1 nam. Do dé tién 1ai clia
nam thi nhat 1a 2000000z .

Vay ca tién vay va tién 1ai phai trd sau nam thi nhat 1a
2000000 + 2000000z = 2000000(x + 1).
S6 tien ca von 1an 1ai sau nam thi hai 13

2000000(z + 1) + 2000000(z + 1)z = 2000000(z + 1)>.
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Do dé, ta c6 phuong trinh

10
2 2 21 “ 7 100
2000000(x + 1)* = 2420000 < 2° 4+ 2z — — =0 &
100 xr = _ 1o (loai)
100t
Vay béac Thoi vay von véi 1ai sua 10%. O

VI DU 5. Mot t6 san xuét theo ké hoach phai lam duge 720 sén pham. Néu tiang nang sut len
10 san pham mdi ngay thi so v6i gidm nang suat di 20 san pham mdi ngay thoi gian hoan thanh

ngan hon 4 ngay. Tinh nang suat dy dinh

# LOT GIAL
Goi nang suat dy dinh 1a z (z > 0, don vi: sdn pham /ngay).

. . ; . 720
Néu tang nang suat lén 10 san pham moi ngay thi thoi gian hoan thanh cong viéc la 10
x
. . . . 720
Néu giam niang suat di 20 san pham moi ngay thi thoi gian hoan thanh cong viéc 1a 20"
x _
Do thai gian chénh léch 1a 4 ngay nén ta c6 phuong trinh
720 720
14 =
x4+ 10 x— 20
& T20(z — 20) 4+ 4(x + 10)(z — 20) = 720(z + 10)
& 4a® — 402 — 22400 = 0
x =80
54
x = —70 (loai).
Vay ning suat du dinh 1a 80 san pham mot ngay. O

(® BAI TAP LUYEN TAP

BAI 1. Tim hai s6 biét hiéu ctia ching bang 5 va tdng céc binh phuong ciia ching bang 125.
# LOI GIAL

Goi 2 s6 can tim 1a a va b.

a—b=5 (1)

a®+b* =125 (2).

Tu (1) = a =5+ b, thé vao (2) ta dugc

Theo dé bai ta ¢ {

(5+b)°+b* =125 < b+ 5b— 50 = 0.
Giai phuong trinh trén ta dugc

b1:5:>a1:10

b2: —1O:>a2:—5.

Vay hai s6 can tim 1& 10 va 5, hosic —5 va —10. U
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BAI 2. Tim hai sb biét téng ciia ching bing 25 va hiéu cic binh phuong ctia ching ciing bing 25.
# LOI GIAL

Goi 2 s6 can tim 14 a va b. Theo dé bai ta co

a+b=25 a+b=25 a+b=25 a=13
= = =

a® —b* =25 (a+0b)(a—0b) =25 a—b=1 b=12.

Vay hai s6 can tim 1a 13 va 12. O
R . s 2

BAI 3. Luc 7 gio sang mot 6to khéi hanh tit A de den B cach A 120 km. Sau khi di dugc 3 quang
duong 6to dimg lai 20 phit dé nghi rdi di cham hon truée 8 km/h. Oto dén B lac 10 gic. Héi 6t6 nghi
lac may gio?
« LOI GIAL
Gol van toc oto di trén doan duong dau 1a z (km/h), z > 8.
Van t6c oto di trén doan duong sau la x — 8 (km/h).
Thoi gian 6to di trén doan duong dau la — (h).

40
Thai gian 6to di trén doan duong sau la 3 (h).
N 80 1 40
Theo de bai ta ¢6 phuong trinh — + - + =3.
r 3 x-38

Giai phuong trinh ta dugc z; = 48 (nhan) ;x5 =5 (loai).
. . ,.. 80 5
Thoi gian 6t6 di tit A dén chd nghi la B gh = 1h40ph.
Vay 6t6 nghi lac 7h 4+ 1h40ph = 8h40ph. O

BAI 4. Mot ngudi di tit A dén B rdi lai tr6 vé A. Lic vé di dude 30 km ngudi dé nghi 20 phat. Sau

khi nghi xong, nguoi d6 di véi van toc nhanh hon truée 6 km/h. Tinh van toc luc di. Biét quiang duong

AB dai 90 km va thai gian di bang thoi gian vé ké ca nghi.

# LOI GIAL

Goi van toc lac di la z (km/h), z > 0.

Thoi gian di tit A dén B la 9x—0

ThéigiandivétfrBdénAléL@#—l—l— 60 .
A r 3 z+6

Vi thoi gian di bang thoi gian vé nén ta c6 phuong trinh:

30 1, 60 90

st T T o

Giéi phuong trinh ta duge nghiém z; = —36 (loai) va nghiém xs = 30 (nhan).
Vay van toc luc di ctia 6 t6 1a 30 kn/h. O

BAI 5. Mot ngusi di xe dap tit A dén B cach nhau 33 km véi van tdc xac dinh. Khi tit B vé A ngudi
d6 di bang duong khac dai hon duong trude 29 km nhung véi van toc 16n hon van toc liac di 3 km/h.
Tinh van toc lac di. Biét thoi giang vé nhiéu hon thoi gian di 1a 1 gio 30 phit.

# LOI GIAL

Goi van toc lac di 1a z (km/h), (x > 0).

Thoi gian di tit A dén B la ﬁ
x
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. 62
Thai gian di ve 15 )
i gian di ve la T3
Theo dé bai ta c6 phuong trinh
62 33 3
r+3 z 2
. . 22
Giai phuong trinh ta duge nghiém xy = 9,29 = 3

) 33
Vay van toc xe dap lac di 1a 9 km/h hoac 3 km /h.
O

BAI 6. Mot oto di tit A dén B roi quay vé A ngay. Sau khi 6 t0 di duoe 15 km thi mot ngudi di xe dap
tit B vé A. Tinh van tdc mdi xe. Biét:

- Quang duong AB dai 24 km.

- Van t6c 6t0 nhanh hon xe dap 37 km/h.

- Oto quay trd vé A sém hon xe dap dén B la 44 phit.

# LGOI GIAL

Goi van toc xe dap la = (km/h), (z > 0).

T gid thiét ta c6 van toc ctia 6 t6 1a x + 37.

. R . 48
Thai gian cia 0 t6 di tir A den B roi quay ve A la )
04 x + 37
Thoi gian ngudi di xe dap tit B ve A 1a —.
x

Theo gia thiét ta c6 phuong trinh

48 24 15 44

137 1z 2437 60

Giai phuong trinh ta duge nghiém thod méan la x = 18.
Vay van t6c ctia ngudi di xe dap 1a 18 km/h va ctia 6 t6 1a 55 km/h. d

BAI 7. Mot 6 to du dinh di quang duong AB dai 60 km. Trong thoi gian nhét dinh, trén nita quang
duong AB do duong xau nén 6 to chi di v6i van tdc it hon dy dinh 6 km/h. Dé dén B ding du dinh,
0 t0 phai di quang dudng con lai v6i van tdc nhanh hon van toc duy dinh 10 km/h. Tinh thoi gian duy
dinh di hét quang duong.

# LOI GIAL

Goi z 1a van téc dy dinh di hét quang duong AB (z > 0; don vi: km/h).

Thoi gian dit dinh di hét quang duong AB 1a 6—

Van toc thic té trén nita quang duong dau ABxla x — 6.

Thoi gian thuc té di nita quang duong dau AB 1a x?f) 5

Van toc thic té trén nita quang duong AB con lai 1a z + 10.
30

z+10°

Thoi gian thuc té di nita quang duong AB con lai 1a
Do d6

30 30 60 1 1 2

— Rt —
x—6+x+10 T LE—6+ZE+1O x

(« —%(Zi 10) % & w(z+2) = (= 6)(z +10)

& 2z =60 < z = 30 (théa man).

™= Suu tam & bién soan Trang 118/280 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

. . 60
Thoi gian du dinh di het quang ducng dau la ¢ = 3= 2 gio. U

BAI 8. Mot t6 lao dong hoan thanh dao didp 8000 m? dat trong mot thai gian nhat dinh. Néu mdi ngay
vuot mic 50 m? thi t6 lao dong hoan thanh ké hoach sém 8 ngay. Tinh thoi gian du dinh.

# LOT GIAL

Goi  1a nang suat dao dip mot ngay (z > 0; don vi: m?).

8000
Thoi gian duy dinh hoan thanh cong viéc la )
x

Néu mdi ngay vuot mitc 50 m? thi ning suat moi ngay la x + 50.

. 8000
Thoi gian lam theo nang suat vugt mic la .
x + 50
Vi hoan thanh ké hoach s6m 8 ngay nén
8000 8= 8000
x + 50 oz
1000 1000 x4 1050 1000
x + 50 x x + 50 x

& 2z + 1050) = 1000(z + 5) < 22 + 50z — 5000 = 0
x = 50 (théa man)
x = —100 (loai).

Thoi gian du dinh hoan thanh ké hoach 1a ¢t = % = 160 ngay. O
BAI 9. Mot nong trudng phéi trong 75 ha rimg véi nang suit da dinh tit trude. Nhung trong thuc té,
khi bat tay vao trong rimg thi méi tuan nong truong trong them dude 5 ha so véi ké hoach nén da trong
duge 80 ha. Do vay, ho da hoan thanh cong viéc sém hon dy dinh 1 tuan. Tinh ning suat du dinh cia
nong truong.

# LOI GIAL

Goi x 1a nang suat dy dinh mdi tuan cia nong truong (0 < x < 75; don vi ha).

Thoi gian du dinh trong 75 ha rimg 1a ?

Ning suat thyc té moi tuan trong dude 1a x + 5.

Thoi gian thic té hoan thanh viéc trong rimg la 5
T
Vi cong viéc hoan thanh sém hon dy dinh 1 tuan nén

80 75 80 Th—ux
) T r+5 T

& 80z = (r+5)(75—2) e 2>+ 10z —375 =0
x = 15 (théa méan)

x = —25 (loai).

=

Vay niang suat dy dinh clia nong truong 1a 15 ha. O

BAI 10. Mot khu vuon hinh chit nhat ¢6 chu vi 280 m. Ngudi ta lam mot 16i di xung quanh khu vuon
rong 2 m. Dién tich con lai 1a 4256. Tinh chiéu dai va chiéu rong ctia khu vuon.

# LOI GIAL

Goi chiéu dai ctia khu vuon 1a  (z > 0, don vi: m).

Goi chiéu rong ctia khu vuon 1a y (0 < z < y, don vi: m).
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Khu vuon ¢6 chu vi 280 m nén 2(z + y) = 280. (1)
Ngudi ta lam mot 16i di xung quanh khu vuon rong 2 m do do:
+ Chiéu dai con lai la x — 4.

+ Chiéu rong con lai la y — 4.

Biét dien tich con lai 1a 4256 m? nén ta c6 phuong trinh (x — 4)(y — 4) = 4256. (2)
T (1) va (2) ta c¢6 hé phuong trinh
r+y =140 r+y =140
=
(x —4)(y —4) = 4256 xy = 4800.

Theo dinh li Vi-ét z, y la nghiém ctia phuong trinh

X =60

X% - 140X + 4800 = 0 &
X = &0.

Vay manh vuon c6 chiéu dai bang 80 m va chiéu rong bang 60 m. O

BAI 11. Hai voi nuéc ciing chdy vio mot bé nude can néu ca hai voi ciing chdy mot lac thi sau 4 gio
méi day bé. Néu ting voi chdy mot thi thoi gian voi I chdy nhanh hon voi 11 1a 6 gic. Hoi mbi voi chay
mot minh thi sau bao lau day bé.

# LOI GIAL

Goi thoi gian voi I chdy mot minh day bé la z gis, diéu kien = > 0.

Suy ra, mdi gio voi I chay vao bé duge — bé.

X
Véi gia thiét:

7 X 2 . . . 9 1 d
— Thoi gian voi 1T chdy mot minh day bé la x + 6, suy ra moi gio voi II chay vao duge 5 be.
4 2 2 . N N RN 2,0 X 2 X IRN 2 . N N 2 N 1 X
— Néu mé ca hai voi thi sau 4 gio méi day beé, suy ra moi gid ca hai voi cung chay thi dugce 1 be.
T do ta c6 phuong trinh
1 1

r+6 4
& 4(r+6)+4r—z(x+6)=0

& 2220 —-24=0

1
x

r=06
<~
r = —4 (loai).
Vay thoi gian dé voi I, voi II chdy mot minh day bé lan luct 1a 4 gis va 10 gio. O

BAI 12. Hai voi nudc ciing chéy vao bé trong 6 gio 40 phit thi day. Néu chay rieng timg voi mot thi
mbi voi phai chay trong bao lau méi day bé. Biét rang voi thi hai chay lau hon voi thit nhat 3 gis.

# LOI GIAL

Dai 6 gio 40 phit = ? gic.

Goi thoi gian voi thit nhat chay rieng day bé la z gis, dicu kien = > 0.

Suy ra, mdi gio voi thit nhat chiy vao bé duge — be.

V6i gia thiét: )
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1
3 be.

— Thoi gian voi thit hai chay rieng day bé 1a z+3, suy ra mdi gio voi thit hai chay vao duge
x

— Néu ci hai voi ciing chay thi sau 6 gio 40 phit mdéi day bé, suy ra moi gio ca hai voi cling chay

3 .
thi dugec — be.
1 duge o be
T do ta c6 phuong trinh
1 3

z+3 20
< 20(x+3)+20z —3x(zr+3)=0

1
x

< 322 -3l —-60=0
xr =12

=
T = —g (loai).

Vay thoi gian dé voi thi nhat, voi thit hai chay rieng day bé lan luot 1a 12 gio va 15 gio
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CHUONG

3 GOC VOI DPUONG TRON

" 0 GOC & TAM - sO PO CUNG

@) TOM TAT Li THUYET
1. G6c ¢ tam duong tron
Dinh nghia 1. Gdéc d tam duong tron la goc ma dinh ciua noé la tam cua duong tron.

Mbi goc & tam cat duong tron tai hai diem, do dé xac dinh hai cung tron va cé thé xay ra hai trudsng
hop:

@ Mot cung nhé va mot cung 16n.

@® Hai cung déu bang nita dudng tron.

2. S0 do cua cung tron

Dinh nghia 2. s6 do ctia cung AB (ki hieu la sd @) duoc xac dinh nhu sau:
@ S6 do (dd) clia cung nhé AB biang s6 do (do) clia goc & tam chan cung do.
® S6 do (do) ctia cung lén AB bang 360° trit di s6 do do cung nhé AB.
® S6 do (do) clia ntta duong tron biang 180°.

Dinh nghia 3. Trong mot duong tron hay hai duong tron bang nhau:
@ Hai cung dugc goi 1 bing nhau néu ching c6 cting s6 do (do).
@® Trong hai cung khong bing nhau, cung 16n hon 14 cung c¢6 s6 do (do) 16n hon.
3. Piém nam trén cung tron
Dinh 1i 1. Néu diém C nam trén cung AB va chia cung nay thanh hai cung ki hiéu la AC va CB thi

ta co sd@ = sd‘@—l— sd@.

( PHUONG PHAP GIAI TOAN

VI DU 1. Kim gio va kim phit ciia ddng hd tao thanh mot géc & tam c6 sb do la bao nhicu do
vao nhing thoi diém sau:

a) 3 gio. b) 5 gio. c) 6 gio. d) 12 gio. e) 20 gio.

# LOT GIAL
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a) 90°. b) % -5 =150°. ¢) 180°. d) 0°. e) % -4 =120°.
U]

VI DU 2. Cho dudng tron (O; R), day AB = R. Tinh s6 do hai cung AB.

# LOI GIAL

Xét NOAB cb
OA=OB=AB = R < AOABdéu = AOB = 60°
Tu do ta duge
B A

— S6 do (do) ctia cung nho AB bang 60°.

— S5 do (do) clia cung 16n AB bing 360° — 60° = 300°. .

VI DU 3. Hai tiép tuyén ctia duong tron (O) tai A vi B cit nhau tai M. Biét AMB = 35°.
@ Tinh s6 do ciia goc G tam tao bdi hai ban kinh OA, OB.
@® Tinh s6 do mdi cung AB (cung 16n va cung nho).

# LOI GIAL

@ T2 c6 AOB + OBM + BMA + MAO = 360°. A
Do d6 AOB = 360° — 90° — 90° — 35° = 145°. o
@ Ta 6 sdAB,,, = 145° sdAB,,, = 360° — 145° = 215°.
B
0

VI DU 4. Cho dudng tron (O), goc 6 tam AOB = 120°, goc 6 tam AOC = 30°. Tinh s6 do cung
BC.

# LOI GIAL

Ta ¢6 hai truong hgp:

Trudng hop 1. Diém C nam trén cung 16n AB.
Khi d6 sdBC = sdAB + sdAC = 120° — 30° = 150°.
Trudng hop 2. Diém C nim trén cung nhé AB.
Khi d6 sdBC = sdAB — sdAC = 120° — 30° = 90°.

Nhan xét: Nhieu em hoc sinh khi thuc hién vi du trén chi xét mot trong hai

truong hop, dé tranh mdc phdi nhing thiéu sot kiéu nay can hoc thudc that ki

dinh nghia vé géc & tam.

Vi DU 5. Cho AABC ¢6 A = a, B = . Duong tron (O) noi tiép tam giac véi AB, AC, BC
theo thi tw 6 D, E, F.

@ Tinh s6 do cung nhé va cung 16n DE.

@® Tinh s6 do cung nhd va cung lén EF.
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# LOI GIAL
(1)

Xét tit gisc ADOE, ta c6 4
DOE = 360°-A-D-E D
— 360° — a — 90° — 90°
B - C
— 180° — a. F

Vay ta dugc:
— S6 do (dd) ciia cung nhé DE bing 180° — a.
— S6 do (do) ctia cung 16n DE bing 360° — (180° — o) = 180° + «.
@ Trong AABC, tacé O =180°— A — B = 180° — a — .
Xét ti giac CEOF ¢6

EOF =360°— C — F — E = 360° — (180° — a — ) — 90° — 90° = a + 3.

Vay ta dugc:
— S6 do (do) ctia cung nho EF bing o + 8.
— S6 do (do) ctia cung 16n EF bing 360° — (a+ B).

VI DU 6. Chimg minh réing néu mot tiép tuyén song song véi mot day thi tiép diém chia doi

cung cang day.

# LOI GIAL
Goi I 1a tiép diém, nbéi OI cit AB tai M, ta c6

OI L zy (tinh chét cla tiép tuyén)

Mat khéac AB || zy = OI L AB, suy ra y A

IA=1B (tinh chat duong kinh vuong goc véi mot day).
Nhan xét: Vi du trén la mot truong hop ddc biét cia dinh lj hai cung chdn gita hai day song song.
[l

VI DU 7. Cho dudng tron (O) dudng kinh AB va mot cung AC' ¢6 s6 do nhé hon 90°. Vé day
C'D vuong goc véi AB va day DE song song v6i AB. Chiing minh rang:

a) AC = BE. b) Ba diém C, O, E thing hang.

# LOI GIAL
(1)
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Ta ¢c6 AB vuong goc véi C'D nén ’
C
AC = AD = 30 — AD W ; }A

Ta c6 AB song song v6i DFE nén

AD = BE = AC = BE (2)

Tt (1) va (2) suy ra AC = BE.

@ Ta 6 O, + Os = 180° (hai goc ké bir); O1 = O, (vi AC = BE < 180°).
Suy ra (/)\1 + (/)\3 =180° = C, O, F thang hang.

(® BAI TAP TU LUYEN

BAI 1. Cho duong tron tam (O; R), day AB = R+/2. Tinh s6 do hai cung AB.
« LOI GIAL
Xét ANOAB ta co
OA* + OB* = R* + R* = AB?

Suy ra AOAB vuong can tai O = AOB = 90°.
Tu d6 ta duge

— S5 do (do) clia cung nhé AB bing 90°.

— S6 do (do) clia cung 16n AB bing 360° — 90° = 270°.

[

BAI 2. Cho AABC ¢6 A = 70°. Dudng tron (O) noi tiép tam giac tiép xtc véi AB, AC theo thi tu 6
D, E. Tinh s6 do cung nhé DE.
# LOI GIAL

Xét tit giagc ADOE, ta c6 4
DOE = 360°-A—D—FE D
= 360° — 70° — 90° = 110°. O
B C

Vay, s6 do (do) ctia cung nho DE bing 110°. -
BAI 3. Tir mot diém A 6 ngoai dudng tron (O) vé hai tiép tuyén AM va AN, ching tao véi nhau mot
gboc a.
@ Tinh s6 do (do) clia cung lén MN.
@® Tu mot diém [ trén cung nhd MN , vé& tiép tuyén véi duong tron cat AM va AN lan lugt tai B
va C. Tia OB va OC cat duong tron lan lugt tai D va E. Chitng minh ring s6 do clia cung nho
DE c6 gia tri khong doi khi diém I chay trén cung nhé MN.
# LOI GIAL
[ 1
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Xét tit giac AMON ta c6

— —~

MON = 360°—A—M—N
— 360° — a — 90° — 90° = 180° — «v

Khi dé, s6 do (do) ciia cung 16n MN bing

360° — (180° — o) = 180° + «

@ Nhan xét ring
L L —_— —_— —_— 1 —_—
— BM va BI la hai tiep tuyén nén BOM = BOI = BOI = §MOI.
» L —_— —_— —_— 1/\
— CN va CT 1a hai tiép tuyén nén CON = COI = COI = §NOI
Khi d6

POE = BOI +C01 = MOl + ;NOI = (MOT + NOT)

l—— 1

= SMON = 3 (180° — a) = 90° - % ¢6 gia tri khong déi.

\)

O

BAI 4. Cho duong tron (O) va day AB. Ly hai diém M va N nim trén cung nhé AB chia cung nay
thanh ba cung bing nhau AM = MN = NB. Cac ban kinh OM vi ON cét AB tai C' va D. Ching
minh ring AC = BD va AC > CD.

# LOI GIAL

@ Xét hai tam gisc AOAC va AOBD, ta ¢6 AOC = AOD, vi AM = NB

nén

OA = OB, ban kinh dudng tron B ‘A\ y
AOC = OBD, vi AOAD can tai O. S

Do d6 AOAC = AOBD = AC = BD, dpem. NoM

@® Trong AOAD c6 OC la tia phan giac, do d6

AC_OA>OA
CD OD  ON

=1= AC >CD, dpcm
O

BAI 5. Cho duong tron (O; R) va mot day AB sao cho s6 do clia cung 16n AB gép doi cung nhd AB.
Tinh dién tich AABC.

# LOI GIAL

V6i gia thiét “So do ciia cung lén AB gap doi cung nhé AB”, suy ra AOB = 120°.

Ha OH vudng goc véi AB.

Xét AOAH vuong tai H, ta cb
AN,

1 — _
AOH = §AOB =60° = OAH =90° — 60° = 30° v
Khi d6 OH = 1OA = E
2 2
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2 2
AHQ:OAQ—OHQ:RQ—R—:ﬁ(:)AH:R—\/g.
4 4 2
Xét ANOAB ta cé
RV3
0

1 1
SAOAB=§OH-AB:§OH-2AH:§.RT\/§

4

. . Rv3 ) ) .
BAI 6. Cho hai duong tron dong tam (O; R) va (O; T\/_> Tiép tuyén cua duong tron nho cat duong

tron 16n tai A va B. Tinh 86 do ctia hai cung AB.
# LOI GIAL

Nhan xét rang, trong AOAB can tai O c6

OA = 0B = R va duong cao OH = RT\/§

Suy ra AOAB deu = AOB = 60°.

Khi do

— 86 do cung nhd AB = 60°.
— 6 do cung 16n AB biing 360° — 60° = 300°.

BAI 7. Cho AABC. Goi O la tam ctia dudng tron di qua ba dinh A, B, C.
@ Tinh s6 do cac géc 6 tam tao bdi hai trong trong ba ban kinh OA, OB, OC.
@ Tinh s6 do cac cung tao bdi hai trong ba diem A, B, C.

# LOI GIAL
@ T: c6 AOB = 180° — (AOB + OBA) = 180° — (30° + 30°) = 120°.

A0C = BOC = 12(°.
(2]
Ta c6
— $dAB,,, = 120° sdAB,,, = 240°.
— sdAC,,, = 120° sdAC,,, = 240°.
— sdBC,,, = 120°; sdBC,,, = 240°.

oAl @ LIEN HE GI’A CUNG VA DAY

O TOM TAT Li THUYET

Dinh nghia 1. Ddi véi hai cung nhé trong mot duong tron:
@ Hai cung bing nhau khi va chi khi chiing ciang hai day bang nhau.
@ Cung 16n hon khi va chi khi n6é cang day 1én hon.

Trong duong tron (O), ta c¢6 minh hoa:
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—@:@@AB:CD@@:@.
—@>@@AB>0D@@>@.

( PHUONG PHAP GIAI TOAN

VI DU 1. Cho AABC vuong can tai A va noi tiép trong duong tron (O). Ching minh ring:

a) AB = AC. b) AB < BC.

# LOI GIAL
Xét AABC vuong can tai A, ta c¢6 ngay:
— AB = AC (hai canh bén clia tam giac can) < AB = AC.
— AB < BC (canh g6c vuong nhd hon canh huyén) < AB < BC.

Chu y:
@ Giita duong kinh v6i day va cung cang day cé sy lien hé nhu “Dudng kinh vuong géc véi day thi™
— Duong kinh di qua trung diém ctia day.
— Duong kinh di qua diém chinh gitta ctia cung.
@ Hai cung chin giita hai day song song thi bing nhau.

Vi DU 2.

@ Vé duong tron tam (O), ban kinh R = 2 cm. Néu cach vé cung AB 6 \ B
s6 do bang 60°. Héi day AB dai bao nhiéu xen-ti-mét?
@® Lam thé ndo dé chia duge duong tron thanh sau cung bing nhau nhu

trén hinh bén.

# LGOI GIAL
@ Cich ve:
— Léay diém A tuy ¥ trén duong tron.
— Vé duong tron tam A, ban kinh OA = 2 cm.
— Duong tron (A) ¢t (O) tai B.
— Cung AB = 60° cin dung vi AB = 2 cm.
Chtng minh:
Duong tron tam A, ban kinh OA = 2 cm cét (O) tai B = OA = AB.
Ngoai ra ta ¢c6 OA = OB.
Vay, AABC déu = AOB = 60° = AB = 60°.
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Dé chia hinh tron (O; R) thanh 6 cung bing nhau. Ta thic hién theo cac 4

) 5 v
budc sau: r \ B

— Tit diem A bat ki trén duong tron (O; R), vé dudng tron (A; R) cat
(O) tai B. E C

— T diem B vita vé, vé dudng tron (B; R) cat (O) tai C. i
— Tt diém C vita vé, vé dudng tron (C; R) cat (O) tai D.
— T diém D vita vé, vé duong tron (D; R) cat (O) tai E

— Tt diém F vita vé, vé dudng tron (E; R) cat (O) tai F.

Vay cac diem A, B, C, D, E, F chia duong tron thanh 6 cung bang nhau. -

VI DU 3. Cho duong tron (O), day AB. Goi M la diém chinh gitta ctia cung AB. Vé day MC
cat day AB tai D. Vé duong vuong goc véi AB tai D, cit OC ¢ K. Chitng minh rang AKCD la

tam giac can.

# LOI GIAL
Vi M la diém chinh gitta ctia cung AB nén

Q

]

OM 1L AB = OM || KD

L),
N

M
Nhan xét: Nhu viy, vi du trén da minh hoa cho ching ta thay viéc st dung tinh chat duong kinh

AN AT B

Suy ra KDC = OMC = OCM < AKCD la tam giac can.

vuong goc véi mot day dé gidi toan. Vi du tiép theo sé minh hoa st dung viéc sit dung tinh chat “Hai

cung chdn gitta hai day song song”. U

VI DU 4. Chimg minh ring hai cung chin gitta hai day song song thi bing nhau.

# LOI GIAL
Xét hai day song song AB va C'D, ké ban kinh ON 1 AB, khi d6 vi:

AB||CD = ON 1L CD 0
Do tinh déi xing truc NA = NBva NC = ND. BD CA
Suy ra NA— NC = NB - ND = AC = BD. IC
Nhan xét: Md rong, ching ta cé thém tinh chat: “Tiép tuyén song song vdi
mot day thi tiép diém chia doi cung cang day”. o
Tic la, theo hinh vé ta co:
2y | AB = AM = BM < AM = BM y M
O
VI DU 5. Cho AABC ¢6 ba géc nhon noi tiép dusng tron (O). Dudng cao AH clia tam gidc cit
duong tron ¢ D. Vé duong kinh AFE.
@ Ching minh ring BECD la hinh thang can.
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@® Coi M la diém chinh gitta ctia cung DE, OM cat BC tai I. Chting minh ring I la trung
diém ctia BC.
@ Tinh ban kinh ctia dudng tron biét BC' = 24 cm, IM = 8 cm.

# LOI GIAL
(1)

Ta c6 AD 1 BC (gia thiét) A

AD 1 DE (vi AE la dudng kinh).
Suy ra BC' || DE = BE =CD (hai cung chan gitta hai day 0
song song) I|H
Suy ra BE = CD (lién hé gitta cung va day). B \/ ¢
Mat khéc ta c¢é N—,
E py D

BE+ED=CD+ ED = BD = CE = BD = CE,
Vay, BEDC la hinh thang can.
® Taco BE+EM=CD+ DM = MB = MC.
Suy ra IB = IC (dudng kinh di qua diém chinh giita ciia cung).
® Taco BI = IC = OI L BC (duong kinh di qua trung diém ctia day).
biat OC = OM = R, xét AOIC vudng ta cb

OC?* =0I* +IC* & R* = (R —8)* + 122

Suy ra R? = R? — 16R + 64 + 144 = 16 R = 208 = R = 13 cm.
Nhan xét:
— Hinh thang ¢ hai canh bén bing nhau chua di la hinh thang can. Do dé khong thé ching minh
BDEC la hinh thang can bing cich chiing minh BD = CE dé suy ra BD = CFE.
— Cau c) la mot bai todn thuc té: “Biét do dai day BC va khodng cdch IM tu trung diém day dén
diém chinh gitta cung bi chdn, ta tim duoc ban kinh cia duong tron”.

O

VI DU 6. Cho hai duong tron biing nhau (O) va (O') cit nhau tai hai diém A va B. Ké céc duong
kinh AC, ctia duong tron (O) va dudng kinh AD ciia duong tron (O'). Goi E la giao diem tht
hai ctia AC' véi duong tron (O').
@ So sanh cac cung nho BC va BD.
@® Ching minh ring B la diém chinh gitta ctia cung EBD (ttic 1a diém B chia cung EBD
thanh hai cung biing nhau BE = BT))

# LOI GIAL
@ T gisc AOBO’ 1a hinh thoi do AO = OB = O'A = O'B.
Do d6 AOB = AO'B. Suyral?O\C:B/O’\D:sd@:sd@.
Do (O) va (O') 1a cac dudng tron bang nhau va sdBC = sdBD neén BC = BD.
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Goi I 1a giao diém ctia O'B va DE. E
Lai ¢6, OA || O'B o

DI D 1
Theo dinh ly Ta-1ét, fa co DE- DA 73
Suy ra, I la trung diém ctia DE.
Mat khac AEAD vuong tai E (vi EO'=0'A= 0'D)
Suy ra DE L AO = DE 1 BO' (vi AO || BO').
Xét ABED c6

BI vita la duong cao vita 1a trung tuyén = ABED la tam giac

can dinh B.
Do d6 BD = BE = BD = BE hay B la diém chinh giita cung
EBD.
O
(® BAI TAP TU LUYEN
BAI 1. Tt gidac ABCD c6 B = D = 90°. Biét AB < AD, chiing minh ring BC > CD.
# LOI GIAL
Véi gia thiét B = D = 90°, suy ra D
ABCD noi tiép duong tron duong kinh AC.
Taco6 AB < AD < AB < AD < —AB > —AD. A ¢
& 180°—AB > 180°~AD < AC—AB > AC—AD < BC > CD < BC > CD
(dpcm). b
O

BAI 2. Hai duong tron (O) va (O') ciing ban kinh cit nhau tai M va N.
@ Ching minh ring hai cung nhé MN ctia hai duong tron bang nhau.
@® Ve cac dudng kinh M A clia duong tron (O) va dudng kinh M B ctia dudng tron (O'). Chitng minh
ring NA = NB.
® Vé duong kinh NOC. Tia BM cat dudng tron (O) tai D. Chiing minh ring cic cung nhd J/\/[-N,
AC va CD bang nhau.
# LOT GIAL
@ Vi M N la day cung chung ctia hai dudng tron bing nhau nén hai cung nhé MN ciia hai duong

tron bang nhau.
@ Tac6 AM = MB, vi hai duong tron bang nhau

AN = AM — MN = MB -~ MN = NB (dpem).
®
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Tt gidc ACMN 1a hinh binh hanh vi ¢6 hai duong chéo cat nhau D
. . Y
tai trung diem moi duong, nén ¢ 0
CM | AN = AC = MN (1) . (

Mat khac, ta c6 A, N, B thang hang v AN = BN.
Suy ra ON la dusng trung binh cia AABD do do6

CN | DM = MN = CD. (2)

Tu (1) va (2), ta duge MN =AC =CD (dpcm).

BAI 3. Cho AABC. Trén tia déi cla tia AB lay mot diém D sao cho AD = AC. Vé dudng tron tam
O ngoai tiép ADBC. T O lan lugt ha cac dudng vuong goéc véi OH, OK véi BC va BD (H € BC,
K € BD).

@ Ching minh ring OH > OK.
@ So sanh hai cung nho BD va BC.

# 1LOI GIAL
(1)

Xét AOBD va AOBC can tai dinh O c6 cac dusng cao ké tir dinh
theo thit tu 1a OK va OH nén ching dong thoi 13 cac trung tuyén.
Do d6 KD = %BD; HC = %BC’.

Mat khac, trong ADBC ¢6 BD = BA+ AD = BA+ AC > BC.
Suy ra KD > HC.

Xét AOK D va AOHC vuong ta co:

OK =vVOD?2 — KD? =VOC? — KD? < VOC? — HC? = OH.

Vay, ta luon ¢6 OK < OH.
(9] Ta c6 BD > BC' = BD > BC.

BAI 4. Trén day cung AB ciia duong tron (O) lay hai diem C va D sao cho AC = CD = DB. Cac
ban kinh qua C' va qua D ct cung nhd AB lan lugt tai E va F. Chiing minh ring AE = BF < EF.

# LOI GIAL
@ Tam gidc can AOB ¢6 OAB = OBA.

Mat khac, AAOC = ABOD (c g.c) vi c6 OA = OB, OAB = OBA AC = BD. Tu dé suy ra
AOC = BOD suy ra AE = FB.
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Tam gidac OCD la tam giac can (OC = OD do AAOC = ABOD) nén
ODC < 90°, tit d6 suy ra CDF > 90°.
Mat khéc, trong tam giac CDF ¢6 CDF > CFD suy ra CF > CD hay

CF > CA. AB

Xét AAOC va ACOF ¢6 OA = OF, OC chung, nhing CF > AC suy ra "\v
COD > AOC'. Tu do suy ra EF > AE. E F -
BAI 5.

@ Ching minh ring dusng kinh di qua diém chinh gitta ctia mot cung thi di qua trung diém ctia
day cang cung ay. Ménh dé dao c6 ding khong? Hay néu them diéu kien dé meénh dé dao ding.

@® Chiing minh ring dudng kinh di qua diém chinh giita cia mot cung thi vuong géc véi day cang
cung ay va ngugc lai.

# LOI GIAL

o
Gia st dudng kinh CD ctia dudng tron (O) c¢6 C la diém chinh gitta ctia
cung AB.
Nghia la AC' = C'B. Suy ra 5\1 = 6\2

Goi I 1 giao diém ctia CD va AB, ta c6 B Ah A

OI vita la tia phan giac vita 1a trung tuyén cia AOAB.
Vay, I 1a trung diém ctia AB. c
Meénh dé dao khong ding, ta can bo sung thém “Dudng kinh di qua trung
diém mot day khong di qua tam clia dudng tron thi né vuong géc véi day

do”.
@® Duong kinh CD di qua C la diém chinh giita cung AB nén AC = CB.

Suy ra AOC = COB = OC la tia phan giac ctia goc AOB
Vi AOAB can tai O nén duong phan giac dong thoi 1a duong cao.
Vay, ta ¢c6 OC L. AB < CD 1 AB.
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BA 9 GAOC NOI TIEP

O TOM TAT Li THUYET

Dinh nghia 1. Gé6c nai tiép la géc ¢6 dinh nam trén mot dudng tron va hai canh ciia né cat dudng
tron.

Trong hinh minh hoa bén, ta thay ABC I goc noi tiép chan cung AbC (viét A
t4t 1 AC va duoe hidu 1a cung AC khong chita diém B).

BOA I g6c 1oi tiép chin cung BA.

CAB I g6c noi tiép chén cung OB.

N P

Dinh 1i 1. Trong mot duong tron, so do ciua géc noi tiép bang nita so do cia cung bi chdn.

N P

Ta c6 minh hoa 1@ = %sd@ = %A/O\C

Hé qua 1. Céc goc noi tiép cling chan mot cung hoac hai cung bang nhau ctia mot dudng tron thi
bang nhau.

Ta c6 minh hoc v6i cac diem A, Ay, A; & cing mot phia véi BC.

—_—

—_— 1 —

1@ :@@@:@@AB:CD.
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A
Hé qua 2. Goéc noi tiép chic nita dudng tron la géc vuong.
Ta ¢6 minh hoa:
— @)
BAC = 90° ¢ B

BC 1a duong kinh (O € BC).

Hé qua 3. Trong mot dudng tron, moi goc noi tiép khong qua 90° c6
s6 do bang nita s6 do ciia goc & tam cing chan mot cung.

Ta ¢6 minh hoa sau

@:%@_

(® CAC DANG TOAN

00 DANG 1. Giai bai toan dinh ludng

Phuong phap gigi: Mudn tim giao tuyén ctia hai mat phéng, ta tim hai diém chung ctia ching

VI DU 1 (Bai 17/tr 75-Sgk). Muén xéc dinh tam ctia mot dudng tron ma chi ding eke thi phéai

lam nhw thé nao?

# LOI GIAL

Dé xac dinh tam ctia mot dusng tron ma chi diing éke, ta thyuc hién theo cac budc sau:
Buéc 1: Ké duong thing cit duong tron tai A va B.

Buéc 2: Qua B, dung éke ké dudong thing vuong goc véi AB 6 B va cit dudng tron tai C.
Buéc 3: Noi C véi A.

Budc 4: Qua A, dung éke ké duong thang vuong géc véi AB tai A va cit dudng tron tai D.
Buéc 5: Néi B véi D. Giao diém ctia AC va BD la tam ciia dudng tron.

O

VI DU 2. Dyng mot tam giac vuong, biét canh huyén dai 4 cm va mot canh goc vuong dai 2,5
cm.

# LOI GIAL

Gia st dung duge AABC vuong c6 canh huyén BC = 4 cm, canh gbc vuong AB = 2,5 cm.

Goi O la trung diém ctia BC. Ta c6: OB = OC = OA = 2 cm.

Vay AABC nai tiép duong tron duong kinh BC' ¢6 canh AB = 2,5 cm.

Cach duyng: Ta thuyc hién theo cac bude sau:

Buéce 1: Duyng duong tron ban kinh » = 2 cm.

Buée 2: Qua O ké duong thing d cit dudng tron tai hai diem B va C.

Budc 3: Dung duong tron tam B, ban kinh 2,5 cm va cit duong tron (O) tai A; va As.

Vay AABC va A, BC thoéa man dé bai.
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/\ Tai budc 3, ta ciing cé thé dung duong tron tam C, ban kinh 2,5 cm va cdat duong tron (O) tai As

va A4.

]
VI DU 3. Cho AABC. Dudng tron (I) ndi tiép tam giac tiép xic véi BC, AC, BA theo thit ty
tai D, E, F'. Cho biét BAC = EDF. Tinh s6 do ctia géc BAC.
# LOI GIAL ,
Ta c6 EDF = §E1F7 géc ndi tiép va goéc & tam. A
BAC = 5E[F<:> FEIF =2BAC.
1
Xét tu giac AETF, ta co:
C D B

AEI = AFT = 90°, vi (I) tiép xtic véi AB, AC
BAC + AET + EIF + AFI = 360°
& BAC +90° + 2BAC + 90° = 360° < BAC = 60°.

Nhan xét. Nhu vy, trong loi gidi clia vi du trén ching ta da st dung cic két qud dé gidi né, cu thé
— Moi lién hé gitta géc noi tiép vdi goc & tam.
— Tinh chat ciia duong tron noi tiép tam gidc.

— Tong cdc goc trong mot i gidc.

(0O DANG 2. Giai bai toan dinh tinh

Phuong phap gidi:

VI DU 4 (Bai 19/tr 75-Sgk). Cho dutng tron tam O, dudng kinh AB va S 1a mot diém nim bén
ngoai dudng tron. SA va SB lan luot cit dudng tron tai M, N. Goi H la giao diém ctia BM va
AN. Chitng minh ring SH vuong goc v6i AB.

# LGOI GIAL
Ta c6 AMB va AN B la cac goc noi tiép chan nita duong tron nén:

o —

BMA = ANB = 90°.

Do d6, BM 1. AS, AN 1 SB = H la tryc tam cua ASAB.

Vay, ta dugec AH | AB. O
Vi DU 5.
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Cho dudng tron (O), duong kinh AB, diém D thuoc dudng tron.
Goi E 1a diém déi xiing v6i A qua D. Goi K 1a giao diém cia EB
v6i dudng tron (O) va H la giao diém ctia BD va AK.

@ /L ABE la tam giac gi?

@® Ching minh ring EH vuong géc v6i AB.

® Ching minh ring OD vuong goc véi AK.

# LOI GIAL
— Xét AABE, ta co6:

ADB = 90°, goc ndi tiép chan nita duong tron < BD | AE. (1)
titc 1a BD la trung tuyén vita la dudng cao, do d6 AABE can tai B.
— Ta c6 ngay AKB = 90°, goc noi tiép chan nita duong tron < AK | BE. (2)

Tu (1) va (2) suy ra H la truc tam AABE, do d6 BE 1L AB.
— Nhan xét rang OD la duong trung binh cia AABE, do d6: OD || BE < OD 1 AK, dpem.
Nhan xét. Nhu vy, trong l0i gidi clia vi du trén ching ta da st dung cac két qud vé s6 do ciia géc noi

tiép chdn nita duong tron.

0

VI DU 6. Trén nita duong tron (O) dudng kinh AB, lay diém M (khac A va B). Vé tiép tuyén
ctia (O) tai A. Duong thang BM cat tiép tuyén d6 tai C. Chitng minh ring ta luon c6: M A% =
MB-MC.

# LOI GIAL

Ta c6 CA L AB (tinh chat ctia hai tiép tuyén).

Suy ra AABC vuong tai A.

Mat khac, AM B = 90° (goc noi tiép chic nita dudng tron) nén AM 1a duong cao ctia AABC.

Theo hé thitc lugng trong tam giac vuong, ta c6 MA? = MB - MC- dpcm. U

VI DU 7. Cho AABC c¢6 ba goc nhon. Dudng tron (O) c¢6 dudng kinh BC cit AB, AC tai D,
E. Goi I 1a giao diém ctia BE va CD.

@ Ching minh ring AI 1 BC.

@® Ching minh ring [AE = IDE.

@ Cho BAC = 60°, chiing minh ADOE la tam gidc déu.

# LOI GIAL

O Taco BDC = BEC- v gbc noi tiép chan nita dudng tron.
= BE, CD la duong cao cua AABC.
= ] 1a truc tam cia AABC = Al 1 BC.
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Ta c6 thé chon mot trong hai cach sau:
Cach 1: Ta c6:
[AE = CBE- vi gbéc nhon c¢6 canh tuong ting vudng goc
CB 1L IA BE | AE.
IDE = CBE-vi gbc noi tiép chan cung CF = [AE = IDE.
Cach 2: Ta ¢6 ADI = AET = 90° = D, E' thudc duong tron co
duong kinh T A.
Khi d6, céc goc TAE va IDE 1a goc noi tiép chin cung TE
cua duong tron nén [AE = IDE.
® Trong AACD vuong tai D c6 A= 60°, ta suy ra: ACD = 30° =
DOE = 2ACD = 60°.
Khi d6, ADOE ¢6 DOE = 60° nen 1a tam gidc déu.

0
VI DU 8 (Bai 26/tr 76-Sgk). Cho AB, BC, C'A 1a ba day ctia duong tron (O). Tit diém chinh
gitta M ctia cung AB vé day M N song song v6i day BC. Goi giao diém ciia MN va AC 1a S.
Chiing minh rang SM = SC va SN = SA.
# LOT GIAL
N6i AM va NC. Xét AAMS va ANSC, ta co:
MAS = m(géc noi tiép cting chan cung M BC)
AMS = ]VC'\S(g(’)c noi tiép cting chan cung AN)
Lai co6
MB = MA(M la dinh chinh gitta cung AB)
M B = MC(hai cung chin giita hai day song song).

Suy ra cung AM = NC' = MA=CN.

Vay, ta c6 AAMS = ANCS(g.c.g)= SM = SC,SN = SA. O
VI DU 9. Cho duong tron (O) va (O’) bing nhau, cit nhau tai A va B. Qua B vé mot cat tuyén
cat duong tron (O) va (O') lan lugt tai C va D.

@ Ching minh AC = AD.
® Tim quy tich trung diém M ctia C'D khi cat tuyén CBD quay quanh B.
# LOT GIAL
@ Tii gia thiét "hai duong tron (O) va (O') bang nhau", nén hai cung nhé AB ciia chting bing nhau,
do doé:
ACB = ADB < AACD can tai A < AC = AD,ddpcm.
™= Suu tam & bién soan Trang 141/280 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

(9 C
Ta lan luot thuc hién:
Phan thuan: Véi M 1a trung diém cia CD, suy ra: AM 1 CD, vi AACD can tai A & AMB =
90° < M € AB.
Vay, diem M thudc duong tron dusng kinh (AB).
Phan dao: Lay diem M € (AB) va gid st duong thang BM cat (O) va (O') theo thi tu tai C' va
D, ta can di chiing minh M la trung diém ctia CD.
That vay, trong AAC'D can tai A,ta co:
AMB = 90°, gbéc noi tiép chian nita duong tron < AM L CD = CM = DM, vi tam giac
can duong cao 1a trung tuyén.
Két luan: Quy tich diém M la dudng tron duong kinh AB.

Nhan xét. Vdi cic dinh li vé goc noi tiép, géc J tam, khd nang ching minh cic géc bang nhau va tinh

56 do ctia géc duoc tang thém nhiéu.

U

VI DU 10 (Bai 23/tr 76-Sgk). Cho mot duong tron (O) va mot diém M cb dinh khong nim trén
duong tron. Qua M vé mot céat tuyén cat du’@ng tron 6 A va B. Ching minh rang tich MA-MB

khong phu thudc vao vi tri ctia cat

# LOI GIAL / \

Néi MO cat (O) 6 C va D.
Ta ¢6 hai truong hgp:
— Truong hgp 1:Hai tam giac AAMD va ACMB c6:

M chung

ADM = ABM-gbéc noi tiép cing chan mot cung.

MA MD ~ 2.
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— Truong hop 2: Hai tam giac AAMD va ACMB c6:

AMD = CBM — déi dinh

ADM = CBM — gbc noi tiép cing chan mot cung
MA MD

——=——& MA-MB=MC-MD, kho Ol.
AC =~ MB & C , khong doi

= ANAMD -~ ACMB =

1. Bai tap tu luyén

@ Xét AABC, ta co:
ANB = 90°, gbc noi tiép chan nita duong tron

& AN 1 BC. (1)
AM B = 90°, gbc noi tiép chan nita duong tron
& BM 1 AC. (2)

BAI 1. Cho niia dudng tron (O) ¢6 dudng kinh AB va C' 1a mot diém ben ngoai dudng tron. Néi C A,
T (1),(2) suy ra: H la truc tam AABC = CH 1 AB, dpcm.
@® Xét ABMC vuong tai M, ta co:

CB gap duong tron theo thit tu ¢ M, N. Goi H la giao diém ctia BM va AN.
@ Ching minh ring AH | AB.
® Cho ACB = 60°, chiitng minh AOMN 1a tam giac deu.
« LOI GIAL
C
ACB = 60° < MBC = 30° < sd = 60°. Y \‘\B
Mat khac ,ta co: ]\707\7 — sdMN = 60°. 0
Vay, AOMN can (vi OM = ON) va ¢6 mot géc MON = 60° nen
1a tam gidc deu. v
O
BAI 2. Cho hai dudng tron bing nhau (O) va (O’) cit nhau tai A va B. Vé duong thing qua A cit
(O) tai M va (O') tai N (A nam gitta M va N). H6i M BN la tam giac gi? Tai sao?
# LOT GIAL
Hai duong tron (O) va (O') bang nhau nén AOBO'’ 1a hinh thoi.
Do d6 AOB = AO'B. Theo tinh cht ciia gbc noi tiép, ta co:

NMB = AMB = JA0B = L A0'B = ANB = MNB.
Vay, ta duong ABMN la tam giac can tai B. O

BAI 3. Hai duong tron (O; R) va (O';r) cit nhau tai A va B. Tit A vé dudng kinh AOC va AO'D.
@ Ching minh ba diém B, C, D thang hang va AB vuong géc véi CD.
® Biét R > r va CD = a, hay tinh BC va BD.

# LOI GIAL
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b D

@ Ta c6 nhan xét: ABC = 90°, goc noi tiép chan nita dusng tron (O).
ABD = 90°, gbc noi tiép chan nita duong tron (O).
— OBD = 180° © ba diém B, C, D thing hang.
Ta ciing thay ngay AB vuong goc véi CD.
@® Dit BC = ¢, khi d6 BD = a — x.
— Trong AABC vuong tai B ¢6 AB? = AC* — BC? = 4R* — 2. (1)
— Trong AABD vuong tai B ¢6 AB> = AD?* — BD? = 4r? — (a — )% (2)
Tu (1) va (2) suy ra:

AR? — 2 =4r® — (a —2)® & 4R* — 2* = 4r* — ® + 2ax —

4R2_42 2
& 2qr=4R?> —4r’+d®> = x = r—l—a_
2a
Vay, ta dugc:
BC:4R2_4r2+a2,BD:a—4R2_4T2+a2 _ a2—4R2+4r2.
2a 2a 2a

BAI 4. Cho AABC. Hai dudng tron dudng kinh AB vi AC' c&t nhau tai mot diém thi hai la D.
@ Ching minh ba diém B, D, C thang hang.
@® Duong thing AC cat dudng tron duong kinh AB tai £, duong thang AB cit dudng tron dudng
kinh AC tai F. Chting minh ring ba dudng thing AD, BE, CF cung di qua mot diém.
# LOI GIAL

@ Ta c6 nhan xét:
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—

ADB = 90°, gbc noi tiép chan nita duong tron (O)
ADC = 90°, g6c noi tiép chin nita dwong tron (0)
— BDC = 180° © ba diém B, C, D thing hang.
Ta ciing thay ngay AD L BC.

@® Cia st BE cat COF tai M.
Xét AMBC ta co:

BEC = 90°, g6c noi tiép chin nita duong tron (0O) < CE 1L BM (1)
BFC = 90°, goc noi tiép chan nita duong tron (O) < BF L CM (2)

T (1),(2) suy ra A la truc tam AMBC = MA 1 BC, dpem.
Vay, ba dudng thing AD, BE, CF cung di qua diém M.
U

BAI 5. Cho dudng tron (O) va hai day AB, C'D bing nhau cit nhau tai M (diém C nim trén cung
nhé AB, diem B nam trén cung nhé (CD)).

@ Ching minh AC = DB.

@® Ching minh AMAC = AMDB.

@ T giac ACBD la hinh gi? Chitng minh.
« LOT GIAL

@ Tit gia thiét AB =CD < AB =CD.

Khi d6 AC = AB — BC = CD — BC = BD < AC = BD, dpem.
(2]

Xét hai tam gidc AMAC va AM DB, ta cé:

o —

MAC = M DB, gbc nai tiép cing chan cung BC

¢ B
=\
AC = BD, theo ké qua cau a) A U b

—_—

MCA = MBD = MDB, gbc ndgi tiép cting chan cungAD

do d6 AMAC = AMDB(g.c.g).
® Taco AC = BD < AD || BC. Vay, tit giac ACBD la hinh thang can.

]
BAI 6. Cho ntta dudng tron dudng kinh AB. Goi O la diém chinh gitaCua nita dudng trag va M la
mot diém bat ki clia nita duong tron d6. Tia AM cit duong tron (O; JA) tai diém thit hai 1a N\ Chiing
minh rang MN = M B.
# LOI GIAL
Tit gid thiét, ta c6 ngay AOB = 90° va AMB = 90° vi ching déu N

14 g6c nai tiép chan nita dudng tron duong kinh AB.
Mit khéc, ta cing ¢c6 OA = OB = B € (O;0A).

Do d6, ANB = AOB = 45°, A B
Khi d6 , ABM N vuodng tai M ¢6 M NB = 45° nén n6 la tam giac
vuong can, suy ra M N = NB, dpcm.
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O

BAI 7. Cho dudng tron (O) va hai day M A, MB vudng goc véi nhau. Goi I va K lan luot 1a diém
chinh gifta clia cac cung nhé M A va M B. Goi P la giao diém ctia AK va BI.

@ Ching minh ba diém A, O, B thang hang.
@® Ching minh ring P la tam duong tron noi tiép cia AMAB.
@ Giastt MA =12 cm, MB = 16 cm, tinh ban kinh ctia dudng tron noi tiép AMAB.

# LOI GIAL

@ Tir gid thiét AMB = 90° < AB 1a dudng kinh = ba diém A,
O, B thing hang.
@® Xét AMAB, ta co A B
— Vi I/IE diém/(gnh gitta nhé M A nén: - I
< ABI = MBI < BI la phan giac goc ABM.
— Vi K la diém chinh giita ctia cung nhé M B nén:
BK = MK < BAK = MAK
< AK la phan giac goc MAB.
T d6, suy ra P 1a tam dudng tron noi tiep AMAB (vi n6

I3 giao diém ctia hai dudng phan giac).
— Goi r, p theo thit ti 1a ban kinh dudng tron noi tiép va nia
chu vi AMAB, ta co:

1 1
SAMAB:p‘T ®§MA-MB:§(MA+MB+AB)T
 MA-MB MA-MB B
MA+MB+AB MA+ MB+VMA?2+ MB?

4 cm.

=T

Vay, ban kinh ctia duong tron noi tiép AM AB bang 4 cm.

BAI 8. Cho dudng tron tam O dudng kinh AB va mot diém C' chay trén mot nita dudng tron. V& mot
duong tron (I) tiép xic véi duong tron (O) tai C va tiép xtc v6i dudng kinh AB tai D, dudng tron nay
cit C'A va CB tai cac diém thit hai 1a M va N. Chting minh ring:

@ Ba diém M, I, N thang hang.

@ /DL MN.

@ Duong thang C'D di qua diém cb dinh.
@ Néu cach dyng duong tron (I) néi trén.

# LOI GIAL
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@ Taco ACB = 90°, g6c noi tiép chan nita dudong tron (O)
= MCN = 90° & MN la duong kinh (I).
Vay, ba diem M, I, N thang hang.
@ Tu gia thiét:
— Vi (1) tiép xtic v6i AB tai D nén ID 1 AB.
— Vi (I) tiép xtc v6i (O) tai C nén C, I, O thang hang.
Ta ¢6 INC = I/C’]\V, vi AICN can tai I, OBC = O/C’\B, vi AOBC' can tai O.
Suyram:@@MN | AB.
Tuwdo ID L MN, dpcm.
® Goi K 1a giao diém ctia CD véi (O), ta co:

ID L MN < MD=ND < MCD=NCD
& ACK = BOK & AK = BE © K la diém chinh gitta cuia cung

Do d6 K ¢6 dinh. Vay, C'D luon di qua diém c6 dinh K.
O Dé dung duong tron (1), ta thuyc hien:
— Dung OK vuong goc véi AB, véi K thuoc nita dudng tron khong chita diém C.
— No6i CK cét AB tai D.
— Dung dudng thang qua D vuong goc véi AB cat O'D tai 1.
— Dung duong ton (I, ID)-day chinh 14 dudng tron can duyng.

O
BAI 9. Cho AABC ¢6 ba goc nhon ndi tiép dudng tron (O), dudng cao AH. Ké dudng kinh AE.
@ Tinh ACE.
@® Ching minh ring BAH = OAC.
® Goi K 1a giao diém ctia AH véi duong tron (O). Tt giac BOEK 1a hinh gi?
# LOI GIAL
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A

O Ta co ngay ACE = 90°, gbc noi tiép chan nita duong tron.
® Taco ABC = 1@, gbéc noi tiép ciing chan cung AC

< BAH = @, ciing phu véi hai géc bang nhau & trén.
® Taco AKE = 90°, goc noi tiép chan nita dudng tron

I
I
I
I
I
1
1
1
1
1
I
I
Py
I
I
I

EK | AK < EK || BC, vi cung vudng goc véi AH (1)
- BK = CE. (2)

T (1) va (2), ta két luan BCFEK 1a hinh thang can.

BAI 10. Cho AABC nai tiép dudng tron (O). Tia phan giac goc A cit dudng tron tai M.
@ Ching minh ring ABMC la tam giac can.
@® Chiing minh ring BMC = ABC + ACB.
@ Coi D la giao diém ciia AM va BC. Chiing minh ring AB - AC = AD - AM.

# LGOI GIAL

@ Tt gia thiét "AM 1a tia phan gidc goc A", ta suy ra: A
BAM = CAM < BM = CM
< AMBC can tai M.
gTaCéB/]W\C:B/]\ﬂ—i-C’/]\ﬂ:A/C\BjLJTB\C,dpcm. O o
@ Xét hai tam giac AAMB va AACD ta co: D

BMA = ACD va MAB = CAD = AAMB «~ AACD. W
AM  AB
0

BAI 11. Cho AABC nai tiép dudng tron (O) va M la mot diém trén cung BC'. Trén tia AM lay diém
D sao cho MD = MB.

@ A MBD la hinh gi? So sanh hai tam giac ABDA va ABMC.

@® Ching minh ring MA = MB + MC.
# LOI GIAL

@ Xét AMBD, ta c6 MB = MD, gia thiést BMD = BMA = BCA =
60°.
Do d6, AMBD la tam giac deéu.
Xét hai tam giac ABDA va ABMC' ta co:
BD = BM, vi AMBD la tam giac déu.

ABD = C’BW, vi tong clia ching véi CBD bang 60°. B
AB = CB, vi AABC 1a tam gisic déu do c6 ABDA — ABMC(c.g.c). ‘C
@® Ta congay MA=MD + DA=MB + MC, dpcm. M
0
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BAI 12. Cho ntta dudng tron duong kinh AB, K la diém chinh gita ctia cung AB. Vé ban kinh OC
sao cho BOC' = 60°.

@ Coi M 1a giao diém ciia AC va OK. Chitng minh rang MO = MC.

@® Cho AB = 2R, tinh MC theo R.
# LOI GIAL

@ Vi LOAC can tai O (OA = OC) nén: ¢
1
OCA =0AC = §BAC =5 60° = 30°. (1)
Mit khéc, ta lai ¢c6 COM = BOK — BOC = 90° — 60° = 30°.
A B
(2) 9,
T (1) va (2) ta suy ra AMOC can tai M < MO = MC, dpcm.
@ Xét AOAM vuong tai O, ta co
MO = OA -tan A = R - tan30° = E
o V3
Vay, ta duge MC = —.
Ly /3
U
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A @ GOC TAO BOI TIEP TUYEN VA DAY CUNG
O TOM TAT Li THUYET

Dinh 1i 1. Trong mot duong tron, s6 do cia goc tao bdi mot tia tiép tuyén va
mot day cung di qua tiép diém biang nita so6 do cia cung bi chdn.

—_— 1 —
Ta c6 minh hoa: BAx = §sdAB

Nhan xét: Nhu vay, goc noi tiép va goc tao béi tiép tuyén va mot day cung cuing chin mot cung
thi bang nhau, cu thé BAx = AM B.

(® CAC DANG TOAN

(O DANG 1. Giai bai toan dinh tinh

Phuong phdp gidi:

VI DU 1 (Bai 34/tr80-SGK). Tit mot diém M beén ngoai duong tron (O) ta ké mot tiép tuyén
MT va mot cat tuyén MAB cia duong tron d6. Chitng minh rang MT? = MA - M B.

# LOI GIAL
Xét hai tam giac AM AT va AMTB co:

—

AN
M : chung I; AWE

ATM = MBT
~ MT MA )
Suy ra AMAT «~ AMTB. Nén VB~ MT hay MT* = MA- MB.

Nhan xét. Vi du tiép theo sé sit dung két qué M A - M B khong doi dé gidi bai todn quy tich.

4

VI DU 2. Cho dudng tron (O) va mot diem M nam bén ngoai duong tron. Tia M quay quanh M
va cat duong tron tai hai diem A va B. Goi I 1a mot diém thuoc tia Mz sao cho MI? = MA.MB.
Tim quy tich diém I.

# LOI GIAL

Phan thudn: Ké hai tiép tuyén ME, M F t6i duong tron (O). F

Taco ME? = MF?=MA-MB = MI? néen ME = MF = M]I. B
Suy ra [ thuoc duong tron (M, M E). M

Han ché qug tich: Vi A chi chay trén cung EF clia duong tron (O) nén

I chi chay trén cung EF cia duong tron (M, M E) ndm trong duong tron E

(0).
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Phan ddo: Lay diém I thuoc EF ciia duong tron (M, M E) ndm trong dudng tron (O). Noi M T cat
duong tron (O) tai A va B. Ta can chiing minh MA-MB = MI?. That vay, MI? = ME?> = MA-MB.
Két lugn: Vay quy tich diém I la cung EF ciia dudng tron (M, M E) nam trong duong tron (O).

L]
VI DU 3 (Bai 33/tr80-SGK). Cho A, B, C 13 ba diém ciing ndm trén mot dudng tron. At 1a tiép
tuyén ctia duong tron tai A. Dudng thang song song véi At cit AB tai M va cit AC tai N. Chiing
minh rang AB - AM = AC - AN.
# LOI GIAL
e — 1 — e —
Ta c6 CAt = ABC = _sd AC ; CAt = ANM (do MN || At) .
Suy ra ABC = AMN.
Xét AABC va AAMN c6 BAC chung; ABC = AMN. ¢
AB AC
Suy ra AABC ~ AAMN. Nén — a0~ A hay AB - AM = AC - AN
t A
[

VI DU 4 (Bai 29/tr79-SGK). Cho hai duong tron (O) va (O') cit nhau tai A va B. Tit A vé hai
tiép tuyén véi hai duong tron. Hai tiép tuyén nay gip duong tron O & C' va duong tron (0') & D.
Chiing minh rang ABC = ABD.

# LOI GIAL
Xét NABC va ANDBA c6

I0E - DB A
504 < 5D "
SuyraITB\C:/TBT).
B D

C
Nhan xét: Néu khai thac them syt bang nhau ctia hai cip goc dan t6i hai tam gidc dong dang chiing
ta sé nhan duge két qua khac, vi du
@ /B2 — BC.BD

AC BC
@5~ Vip
o AB BC AC
That vay, ta dugc AABC «~ ADAB suy ra DB~ BA- DA’
Tu doA c
B B ,
55 = 1 & AB =BC-BD.
AB TAC
o ﬁijAc AC  AB BC:><AC’>2_BC’:>AC’_ [BC
BC ~AC 7 AD AD BD AB AD/) ~ BD = AD V BD’
BA DA
O
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VI DU 5 (Bai 27/tr79-SGK). Cho dudng tron tam (O), dudng kinh AB. Liy diém P khac A va
B trén duong tron. Goi T 1a giao diém ctia AP véi tiép tuyén tai B ctia dudng tron. Chitng minh
rang APO = PBT.

# LOT GIAL ' X
Ta co @: 53(1@ véP/A\B: §sdf’-§ nénfﬁ:@.

Xét AOAP can tai O, ta co APO = PAB.
Két hop cac diéu vita chiing minh ta dugec APO = PBT.

T
liEPJ
A B
w

U

(0O DANG 2. Giai bai toan dinh lugng

Phuong phap giai:

VI DU 6 (Bai 11/tr72-SGK). Cho duong tron (O; R) va day cung BC' = R. Hai tiép tuyén ciia
duong tron (O) tai B vad C' cit nhau & A. Tinh s6 do cac goc ABC, BAC.

# LOI GIAL
Ta c6 BC = OB = OC = R. Suy ra AOBC déu va BOC = 60°. Nen
sd BC = BOC = 60°.

Q

—

ABC = %sd BC = 30°

X
b

Sy

—

ACB = %sd BC = 30°

BAC =180° — (ABC + ACB) = 120°
0

VI DU 7. Cho dudng tron (O) dudng kinh AB. Mot tiép tuyén ciia dudng tron tai P cit dudng
thang AB tai T (diém B nam gita O va T). Tinh BT P + 2T PB.

# LOI GIAL

Tacéﬁ:%sd@:%@:%ﬁnén .
POT — 9TPB.
T
A
UB

Do PT la tiép tuyén ctia duong tron (O) tai P nen OP L PT.
Lai c6 AOPT vuong tai P. Do dé

BTP +2TPB = POT + BTP = 90°.
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l

VI DU 8. Cho nita dudng tron (O) duong kinh AB. Trén tia dbi ciia tia AB ldy mot diém M. Vé
tiép tuyén MC vé6i nita duong tron. Goi H 1a hinh chiéu ctia C' trén AB.

@ Ching minh ring C A la tia phan giac ciia goc MCH.
® Gia st MA =a, MC = 2a, tinh AB va CH.

# LOI GIAL

@ Nhan xét riang ACB = 90° (goc noi tiép chan nita duong tron) nén AC L BC.
Suy ra ACH = ABC. Mat khac, ta lai co ABC = ACM.
Tit d6 ACH = ACM hay C'A la tia phan giac cia MCH.

@® Taco MC?=MA-MB < MB= ]\]\/[4(342
Xét AOCM, ta c6 OC L MC nén

=4a, AB=MB — MA =4a — a = 3a.

AB
oc-mc _ — M
- AB ~ o
OM T mas 52

1 1
SOCM:§OC'MC:§CH~OM<:>OH:

(® BAI TAP TU LUYEN

BAI 1. Tit mot diém M niim bén ngoai dudng tron (O) ta vé tiép tuyén MT va cat tuyén MAB. Vé

duong tron (O’) ngoai tiép AMAT. Tt M vé tiép tuyén xy ciia duong tron (O’). Chiing minh rang
@ VT — MA-MB.

@ BT | zy.
# LOT GIAL
o
Hai tam giac AM AT va AMTB c6
M : chung
ATM = MBT ) o'
_ MT MA Yy
Suy ra AMAT «~ AMTB. Nén VB~ MT hay
MT? = MA-MB. B A M
X
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0 - c6 AMz = ATM. SuyraAMx:ﬁB\T. Nén zy || BT.
O

BAI 2. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Trén dudng thing AB 1y mot diém M
(diém M khong thudc doan thang AB). Vé tiép tuyén MT ciia dudng tron (O) va cat tuyén MCD ciia
duong tron (O’). Chitng minh rang MT? = MC - M D.

# LOI GIAL

Xét AAMD va ACMB, ta c6 M

o~

M : chung T
ADM = CBM
SO
~ MA MD
Suy ra AAMD «~ ACMB. Nén Ve = B hay « .
MA-MB=MC-MD. (1)

Xét AMAT va AMTB, ta c¢6 B

]\/4\:chung
ATM = MBT
_ MT MA )
Suy ra AMAT «~ AMTB. Nenm—m,hay MT*=MA-MB. (2)
Tu (1) va (2) suy ra MT? = MC' - MD O

BAI 3. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Vé day BC clia dudng tron (O) tiép xtc
v6i dudng tron (O'). Vé day BD ctia dudng tron (O’) tiép xic véi duong tron (O). Chiing minh rang

@ AB*=AC - AD.
BC AC
® 55 Vap
# LOI GIAL
Xét hai tam gidc AABC va AADB c6

ACB - ABD 5
ABC - ADB "\‘
~AB BC AC
Suy ra AABC «~ AADB. Nén 1D - DB~ AB —

AB AC
T =" = AB?= AC - AD.
AD AB C
AB ~ BC ,
AD DB B_C)_£
© £_B_C:><BD ~ 4D
AB DB
:>BC_ AC
BD V AD’

O

BAI 4. Cho AABC ngoai tiép duong tron (O). Goi D, E, F 1a cac tiép diém ctia dudng tron trén cac
canh AB, BC, CA. Goi M, N, P lan lugt 1 giao diém ctia dudng tron (O) véi cac tia OA, OB, OC.

™ Suu tam & bién soan Trang 154/280 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

Ching minh ring cac diém M, N, P lan luct la tam duong tron noi tiép cac tam giac AADF, ABDE,
ACFEF.
# LOI GIAL

Dé chiing minh M 1a tam duong tron noi tiép cac tam giac AADF, ta chiimg minh M la giao diém ciia

hai tia phan giac trong cia AADF'.

AD, la tiép tuyén ctia duong tron (O) nén AM la tia phan gidc cla DAF. (1)
Lai c6 MDF = MFD = MDA. nén DM la tia phan giac cia ADF. (2)

Tu (1) va (2) suy ra M 1a tam dudng tron noi tiép cac tam giac AADF.
Chitng minh tuong tu véi cac diem N va P. O
BAI 5. Cho hai dudng tron (O) va (O’) c&t nhau tai A va B. Mot dudng thing tiép xic véi dudng tron
(O) tai C va tiép xtic v6i duong tron (O') tai D. Vé duong tron (I) qua ba diem A, C, D cat dudng
thang AB tai diém thit hai 13 £. Chitng minh ring

@ CAD + CBD = 180°.
@® Tt giac BCED la hinh binh hanh.
# LOI GIAL
@ S dung tinh chat géc noi tiép va géc tao bdi
tiép tuyén va day cung, ta co CAB = BCD wa
DAB = BDC.
Trong ABCD c6

N

180° =BCD + BDC + CBD

—CAB + DAB + CBD /

—~CAD + CBD. C
E
@® Trong duong tron (ACD), ta co
EDC = CAB = BCD = BC'| DE
ECD = DAB = BDC = BD || CE.
Vay tit gidc BODE Ia hinh binh hanh.
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O

BAI 6. Cho nita dudng tron (O) dudng kinh BC. Diém A thude nita duong tron (AB < AC). Tiép
tuyén tai A cit duong thing BC' ¢ I. Ké AH 1 BC. Chitng minh ring

@ AB la tia phan giac cla TAH.

@ A22=IB.IC.
« LOI GIAL

A
I B H 0 c
@ BAC = 90° nen AC L AB = ACH = BAH. (1)
Mat khéc, ta lai c6 ACH = BAI (2)

T (1) va (2) suy ra BAH = BAI. Nen AB la tia phan giac cia TAH.
@® Ching minh tuong tit nhu cac bai toan trén ta c6 ATAB «~ AICA = IA? = 1B - 1C.
U

BAI 7. Cho nita dudng tron (O) dudng kinh BC. Diém A thuoc niia dudng tron (AB < AC). Goi E
la diém déi xtng véi B qua A.
@ A BCE la tam giac gi?
@® Goi D la giao diém ctia CE véi nita dudng tron. Ké tiép tuyén Bz véi ntia duong tron (Bz va A
cuing phia v6i BC). Chitng minh rang BA 1a tia phan giac ctia goc D Bz.
® CA cit BD, Bx theo thtt tuy 6 I, K. Tt gidc BKET 1a hinh gi?
# LOI GIAL

B (0] C

@ Xét ABCOE, ta ¢ BAC = 90° (g6c noi tiép chan nita duong tron). Suy ra CA | BE.
ABCE c6 CE vita la duong trung tuyén, vita la duong cao nén ABCE can tai C.

(0] KBA = BCA=ECA = DCA= DBA nén BA la tia phan giac ciua goc DBzx.

® A BKI c6 BA viala dudsng trung tuyén, vira la duong cao nén ABKI can tai B. Suyra KA = T A
va BK = BI.
Xét t1it giac BK ET c6 hai dudng chéo K1 va BE cit nhau tai trung diém méi duong va BK = BI
né tit giac BK ET 1a hinh thoi.

U
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BAI 8. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Tiép tuyén tai A ctia duong tron (O') cit
dudng tron (O) tai diém thit P. Tia PB cit dudng tron (O') tai Q. Chitng minh AQ song song véi tiép
tuyén tai P ctia duong tron (O).

# LOI GIAL

Xét duong tron (O) ta co

—

1 — P , —_—
PAB = §Sd PB (gbc ndi tiép chan cung PB)

—_— 1 — P L ——
PBy = §sd PB (gbc tao béi tiép tuyén Py va day cung PB)

Suy ra FB\y — PAB. (1)
Xét dusng tron (0’) ta ¢

—

1 —— P P e
AQB = §Sd AmB (gbc noi tiep chan cung AmB)

— 1 — L . —
PAB = §sd AmB (goc tao bdi tiep tuyen AP va day cung AB)

Suy ra 1@\3 — PAB. (2)
T (1) va (2) suy ra 1@ = ]gB\y Nén AQ || zy. O

BAI 9. Cho tam gidgc ABC vuong tai A, dudng cao AH. Vé dudng tron tam I c6 dudng kinh BH, né
cat AB & M. Vé duong tron tam K c6 duong kinh CH, n6 cat AC 6 N.

@ T giac AMHN la hinh gi?

@® Ching minh riang M N la tiép tuyén chung ctia hai duong tron (I) va (K).

@ Ve tiép tuyét Az clia dudng tron ngoai tiép AABC. Chitng minh ring Az song song v6i MN.
# LOI GIAL
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@ T gisac AMHN la hinh chit nhat vi c6 ba géc vuong.

@ NMI=NMH+IMH=AHM + THM = AHI = 90° nén MN 1 M.
Chtng minh tuong tw cé MN L NK.

@® :AC = ABC = MBH = NMH = MNA nen Az || MN.
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BA @ cOC cO PiNH & BEN TRONG DUONG TRON, GOC cO
DINH & BEN NGOAI PUONG TRON

@ TOM TAT LY THUYET
1. G6c c6 dinh & bén trong ducong tron

Dinh 1i 1. Géc co dinh ¢ bén trong duong tron cé s6 do bing niia tong ctia s6 do hai cung bi chin

gitta hai canh cilia géc va cdc tia doi cia hai canh ay.

Ta c6 minh hoa g g D A
A/E\C' _ @ _ SdAC + SdBD
@:ﬁzsdAD;SdBC' c
B

2. G6c c6 dinh & bén ngoai dudng tron
Dinh 1i 2. Géc c6 dinh & bén ngoai dudong tron cé so do bang nia hiéu cia so do hai cung bi chdn
gitta hai canh ciua goc.
Ta co minh hoa

sdAmD — sdBnC
5 .

AED =

( PHUONG PHAP GIAI TOAN

Vi DU 1. Mot duong tron (O) va hai ddy AB, AC. Goi M, N lan lugt 1a diém chinh gitta clia cac
cung AB va AC. Duong thang M N cit day AB tai E va cit day AC tai H. Chitng minh AAEH

la tam giac can.

# 1LOI GIAL

Ta co -
M
AEH = (sdAN +sdBM ) = 5 (sdCN +sdAM) = AHE. TN
Vay, ta duge AAEH can tai A.
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O

VI DU 2. Cho hinh thang ABCD c¢6 AB || CD va AD = DC = C'B ndi tiép trong dudng tron
duong kinh AB. Tinh s6 do ctia géc AIB véi I 1a giao diém ctia AC va BD.

# LOI GIAL

Tt gid thiét, ta nhan dudc: D c
sdAB = 180°

sdAD = sdDC = sdCB = %sd@ = 60° I

S6 do ciia goc A/I\B duge cho béi: A B

— 1 —_—— —_——
AIB = 3 (SAAB +sdDC) = = (180° + 60°) = 120°.

N | —

O
Nhan xét. Cdch lam trong loi gidi cia vi du trén duge hiéu la “Dé chiing minh mot tam gidc la tam

gidc deu ta di ching minh cé la tam gidc can va cé6 mot goc bang 60°7.

VI DU 3. Tit mot diém M & bén ngoai duong tron (O) ké hai tiép tuyén M B, MC. Vé dudng
kinh BOD. Hai duong thing CD va M B cét nhau tai A. Chiing minh ring M la trung diém ciia
AB.

« LOI GIAL
Vi tinh chét ctia hai tiép tuyén nen M B = MC. (1)
Vi BAD la géc & dinh bén ngoai duong tron nén:

sdBmD — sdBnC B sdBnD — sdBnC

BAD —
2 2
_sdOD _ on AT

Vay AMAC can tai M, suy ra MA=MC. (2)
Tit (1) va (2) suy ra MA = M B, titc M 1a trung diém ctia AB. O
Nhan xét. Trong vi du trén, ta phdi chimg minh MA = M B nhung MB = MC' (tinh chat cia hai
tiép tuyén) mén ta can ching minh MA = MC, tic la ta phdi ching minh AMAC' can.

Khi tinh s6 do cua géc A ta da thay thé cung BmD bdi cung BnD 6 cung so do. Néi chung khi
phdi tinh tong (hay hiéu) s6 do ciia hai cung nao dé, ta thuong dung phuong phdp thay thé mot cung bdi
mot cung khdc bing né dé duoc hai cung lién nhau (néu tinh tong) hodc hai cung c6 mot phan chung

(néu tinh hiéu).

VI DU 4. Cho dudng tron (O) va hai day cung bing nhau AB, AC. Trén cung nhé AC lay diém

—

M. Goi I 1a giao diém ctia AM vi BC. Chiing minh ring ATC = ACM.

# LOI GIAL
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Ta c6 ngay: AB = ;16’, vi AB = AC.

—_— — —_ —_— A
AIC=ATB =1 (sdAB — sdMC)
=3 (SAAC — sdMC) = SAM (1)
— — I
Lai ¢c6: ACM = AM ()goc noi tiép). (2)
Tu (1) va (2) suy ra AIC = ACM, dpem.

O
Nhan xét. Ta c6 hai truong hop ddac biét cia géc c¢é dinh ¢ bén ngodi duong tron, cu thé:
Tmmng hdp 1: Voi MT la tiép tuyén va AB la duong kinh. Khi dé: T
— (sd@ — sdﬂ)
T2
1 = —
=3 [(180° — sdTA) — sdT A] M A O B
— 90° — sdT A
1 — o —— — °
=3 sdTB — (180° — sdT B)| = sdT' B — 90°.
Trua’ng hop 2: Vo ]\/[T MT'" la hai tiép tuyén. 7
TMT' = 180° — sdTmT’
= sdTnT’ — 180°. M
n
T
Vi DU 5. Trén mot dudng tron, lay lien tiép ba cung AC, CD, DB sao cho sdAC = sdCD =
sdDB = 60°. Hai duong thang AC va BD cét nhau tai E. Hai tiép tuyén ctia dudng tron tai B
va C' cit nhau tai 7. Chitng minh rang:
® AEB=BIC.
@ CD la tia phan giac cta BCT.
“ LOT GIAL
™= Suu tam & bién soan Trang 161/280 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

@ Taco E T
SdAB = 360° — (sdAC + sdCD + sdDB) = 180°;
B I |
AEB = [SdAB — sdCD| = 5 [180° — 60°] = 60°; c
— 1 - — — —
BTC = [SAAB + sdAC — (sdC'D +sdDB)]
1
=3 [180° + 60° — (60° + 60°)] = 60°. A B
— — O
Vay, ta duoc AEB = BTC.
® Taco

BOD — %Sd@ _ gsc@ _ DOT.

Vay, ta duge C'D la tia phan giac ctia goc BCT.

(® BAI TAP LUYEN TAP

BAI 1. Cho AB va CD la hai dudng kinh vuéng goc clia dudng tron (O). Trén cung nhé BD iy mot
diém M. Tiép tuyén tai M cét tia AB & E, doan thang CM cit AB & S. Chitng minh ES = EM.
« LOI GIAL

Ta c6

1 1

ESM = 5 [sdAC + saBM| = 5 [sdCB +sdBM| = EMS.

S

S

A
. 0/ )
Suy ra AESM can tai £ = ES = EM. E

B

E
U

BAI 2. Tit mot diém M & bén ngoai dudng tron (O) ta vé tiép tuyén MT va cat tuyén MAB di qua
tam (A nam gitta M va B). Gia st s6 do cia cung nhé AT bang 60°. Tinh s6 do ctia goc TMB.

« LOT GIAL

Ta co T

ﬂ/[\B (sd@ — sdﬁ) m
[(Sd@ — sdﬁ) — sdﬁ] M A 0O B
(180° — 60° — 60°) = 30°. \_/

O

(NSRRI NG R

BAI 3. Qua diém A nim ngoai duong tron (O) vé hai cat tuyén ABC va AM N sao cho hai duong thing
BN va CM cét nhau tai mot diém S ndm bén trong duong tron. Chiing minh A— BSM =2CMN.
# LOI GIAL
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Ta co

A= L [sdé’]\\f—sdﬁ\\ﬂ

N |

—— 1 _—

MSB =3 [sdch 4 sd@] — A+ BSM

— sdCN = 2CMN.

BAI 4. Cho duong tron (O) va mot day AB. Vé duong kinh C'D vuong goc véi AB (D thuoc cung nhod
AB). Trén cung nhé BC' lay mot diem N. Cac dudng thing CN va DN lan lugt cit dudng thang AB
tai £ va F. Tiép tuyén ciia dudng tron tai N cit dudng thing Al tai I. Chiing minh ring:

@ Cic tam gidc AINE va AINF la tam giac can.
1

# 1L,OI GIAL

@ Tir gia thiét CD L AB va CD la dudng kinh = AC = BC va AD = BD.

Ta ¢co €z 9
AEC = - (sdA(J — sdBN) - - (sdB(J — sdBN)
2 2 N
1 — —_— —_—
= AINFE can tai I.
E B A
NFI = (saAD +saBN) “ﬁ/

]_ —_ —_—— 1 —— —_—
=3 (sdBD + sdBN) = 5sdND = IND

= AINF can tai I.
@® Tir két qua cau a) Taco [E=IN = IF.

. 1
Nhan xét rang: AI:AE—IEVQAI:AF+IF:>2AI:AE+AF<:>AI:§(AE+AF).
U

BAI 5. Cho dudng tron (O, R) va hai dutng kinh AB,C'D vuong géc véi nhau Trén tia AB lay diém
M sao cho AM = Rv/?2. Vé day CN di qua diém M. Tit N vé tiép tuyén zy v6i dudng tron. Chiing

minh rang:

@ x| AC -
@® CN la tia phan giac clia goc BOD.

# LOI GIAL
(1]
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Ta ¢6 AC = BC. Va AC = VOC? + OA? = R\2. Suy ra ¢
ACAM can tai A. Nén

A/C’ﬂ:m:%(sd@jLsdE—]\\f)

1, — = 1 = 1
=3 (sdBC T sdBN) = 58dCN = SCNu.

Suy ra zy || AC. N

Dy
@® Taco BD || AC nén zy || BD. Ma ON L xy nén ON L BD.

Mit khéac tam giac OBD can tai O nén ON la phan giac géc BOD. Suy ra N la diém chinh gitta
cung BD. Vay C'N la tia phan giac cua goc BCD.
O

BAI 6. Tit mot diém A & bén ngoai dudng tron (O) ta vé tiép tuyén AB va cat tuyén ACD. Vé day
BM vuoéng goc v6i tia phan giac ctia goc @, day nay cat C'D tai E. Chiing minh ring:

@ B/ 1a tia phan giac cia goc CBD.

® MD?>=ME -MB.
# LOI GIAL

0

Xét AABE, ta nhan thay:

AH vira la phan giac, vita 1la duong cao

@AABEcantaiA@A/B\E:A/E\B

1 —_— 1 —_— ——
& 5sdBM = 5 (sdBC T sdDM)

& sd/B?’jLsd(/ﬁ\j = sd@%—sdl/)-]\\/[
@sda\\i:sd@@@:ﬁ/[

< BM la tia phan giac ctia goc CBD.
@® Xét hai tam giac ABDM va ADEM, Ta c¢6 M chung, DBM = EDM.
MD MB
Do d6: ABDM ~ ADEM = —— = —— & MD?=ME-MB, d .
o do = WE - MD - , dpcin
0
BAI 7. Cho AABC can tai A noi tiép dudng tron (O). Dudng phan giac cita hai géc B va C cit nhau
& E va cat duong tron ¢ F va D. Ching minh rang t giac EDAF 1a mot hinh thoi.

# LOI GIAL

@ Chimg minh EDAF 13 hinh binh hanh do ¢6 céc cip canh déi song
song.

® Ching minh AE | DF béi DF || BC.
Vay, EDAF la mot hinh thoi.
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BAI 8. Cho AABC noi tiép dudng tron. P,Q, R theo thit tu la cac diém chinh gifta clia cac cung bi
chan BC,CA, AB béi cac goc A, B, C.

@ Ching minh AP L QR.

@ AP cit CR tai I. Ching minh ACPI 1a tam giac can.
# LOT GIAL

@ Goi K 1a giao diém ctia AP va RQ. Ta c6 4
—_— 1 —_— — —
AKR =g (SAAR +sdCQ +sdCP) R
= = ( =sdAB + =sdAC + -sdB ) Q
2(25(1 +2sd C+28d C
1 — — —_——
=7 (SAAB + sdAC +sdBC) = 90°. T
Vay, ta dugec AP 1 QR. X z
@ Taco \%
P
CIP = (SIAR +sdCP) = 5 (s4BR +sdBP) = ICP.

Vay, ta duge ACPI can tai P.
O

BAI 9. Cho AABC nhon va AB < AC noi tiép duong tron tam O. Goi D, E, F lan lugt 1a diém chinh
gitta ctia cac cung nhé AB, BC,CA. Tiép tuyén tai A ciia duong tron cit cac dudong thang BC va DF
lan luot tai M va N. Goi P va @ lan lugt 1a giao diém ctia duong thiang BC véi duong thing DF va
AFE.

@ Ching minh ring AE 1 DF.

@® Ching minh réing MA = MQ,MN = MP.
# LOT GIAL
Trude hét, tir gia thiét ” D, E, F lan luot la diém chinh giita ctia cac cung nhé AB, BC, CA”, ta dugc:

AD = BD,BE = CE,CF = AF.

@ Coi I 1a giao diém ciia AE va DF, ta c6 ngay:
AID = - (sdAD + sdEF) = — (sdAD + sdEC + sdCF )

2 2
5 <2S + 2sd C+ 2st

- }1 (SAAB +sdBC +sdCA) = i £360° = 90°.
< AE 1 DF, dpcm.
@ Xét AMAQ st dung dinh 1i vé géc tao bdi tia tiép tuyén véi mot day va géc c6 dinh & bén trong
duong tron ta co

— 1 — 1, =~ = 1, = = ——
MAQ = SsdAE = o (sd4AB + sdBE) = 5 (sdAB +sdCE) = AQM
AMAQ can tai M < MA = M@, dpcm.
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Xét AMNP, stt dung dinh 1 vé géc ¢6 dinh & bén ngoai dudong tron va hai géc déi dinh Ta co

MPN = 2 (stF — sdBD) =3 (sdAF - sdAD) — ANF = MNP
AMNP can tai M < MN = M P, dpcm.

0

BAI 10. Cho dudng tron (O) dudng kinh AB, cung C'D = 80° nim ciing phia déi v6i AB (D thuoc
cung BC). Goi E la giao diém ctia AC va BD, F 1a giao diém ctia AD va BC. Tinh AEB, AFB.

# 1L,OI GIAL

E
— 1 o — 1 o __ o
AEB = (sdAB _ stD) _ 180T =80T e
1, — = 180° + 80° )
AFB = (sdAB T stD) — 2 T 130, 5
C
A @) E

0

BAI 11. Cho tam gidgc ABC can tai A noi tiép dudng tron (O). Lay diém M thuoc tia déi ciia tia BC.
Goi I 13 giao diém ciia M A v6i dudng tron Chiing minh ring:

® A1MC = ACI.

@ Al AM — AC?.
# LOI GIAL
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@ Tam gidc ABC can tai A nén AB = AC
= AB = AC.

AMC = (sAC — aBT) = ; (s1AB — sdBT)

N | —

:%Sdﬁ:AfC\].

@ Titya) tasuy ra AAMC «~ AACT (g-g).

_AM AT AL = Acn,

O

BAI 12. Cho dudng tron (O), dudng kinh AB vuong goc véi day CD. Qua diém M thudc cung AD,
ké tiép tuyén v6i duong tron, cat CD 6 I. Goi E la giao diém ctia BM va CD.

@ Ching minh ring IM = IE.

@ Coi F la giao diém ctia AM va C'D. Chitng minh ring AFC = ABM.
# LGOI GIAL

@ Vi AB L CD nén AB la trung tryc ctia CD,
suy ra BC' = BD. Dan dén BC = BD.

/_\C
_— ]_ —_—— —
MEI = (saMD + sdBC) A 5 E
1 —_—— —_—— 1 —— _
=3 (sdMD +sdBD) = 55dMB = EMI. E
Suy ra tam gidc AIMFE can tai I. M D
@® )M thuoc duong tron dusng kinh AB nén AM B = 90°. I
Twu d6 suy ra ABM = AFC, vi cung phu v6i goc BAM.

F
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BAI @ CUNG CHUA GOC

@ TOM TAT LY THUYET
1. CACH GIAI BAI TOAN QUY TICH

Mubn chitng minh quy tich cac diem M thoa man tinh chat 7" 1a mot hinh H nao do, ta trinh bay nhu
sau:

Phan thudn: (Moi diém cé tinh chat T déu thuoc hinh H): Goi M 1a mot diém bat ki c6 tinh chat T,
ta chiing minh M thuoc H. Gidi han (néu co).

Phan ddo: (Moi diém thuoc hinh H déu cé tinh chat T): Goi M 1a mot diém bat ki thuoc hinh #, ta
di chiing minh M c6 tinh chat T

Két luan: Quy tich cac diém M c6 tinh chét T 13 hinh .

/N Tu da hoc ba qug tich co ban ¢ Hinh hoc 7 va mot quy tich co ban ¢ Hinh hoc 8, cu thé:

~ . . - 2 N N A~ 2 £ . N < X . » < N ~ . .
©® Quj tich cic diem nam trong ciing mot goc c¢o dinh va cic déu hai canh cia goc la tia phan gidc

ctia goc ay.
® Quy tich cic diém cach déu hai diém A, B c6 dinh la duong trung truc cia AB.

M M
| T y
i h

A T B Y

@ Quy tich cic diém cich déu duong thang xy c6 dinh mot khodng h khong doi la hai duong thdng

song song vdi xy va co khodng cdch dén xy bang h.

™= Suu tam & bién soan Trang 168/280 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

2. CACH GIAI BAI TOAN DUNG HINH

Mudn dung duge diém M thod man tinh chat T, ta da biét rang can trinh bay du bén budc:
Phan tich.

Cach dung.

Ching minh.

Bién luan.

( PHUONG PHAP GIAI TOAN

0O DANG 1. TIM QUY TiCH CAC DIEM M TAO THANH VOI HAI MUT CUA

DOAN THANG AB CHO TRUGC MOT GOC AMB cO sO PO KHONG DOI
BANG o (0° < o < 180°)

Phuong phap gidi:

Phuong phap
Dé don gian, trudc hét ta chi xét mot nita mit phing c6 bs AB.

Phan thudan: Goi M la mot diém thudc nita mit phing dang xét thoa
man AMB = a.

Vach dudng tron (O) ngoai tiép tam gidac AM BA, thi moi diém N nam
trén cung AB chita dinh M cia goc m\B, ta ki hieu la AmB (cung
con lai ki hiéu 1a Zn\B) luon coé: m = A/]\/E = «. Ta can di chiing
minh dudng tron (O) la xac dinh khéng phu thude vao vi tri ctia diém
M.

That vay, trong nita mat phang doéi clia nita mit phang dang xét dung

tia Az sao cho 7AB = a, suy ra Az 1a tiép tuyén ctia duong tron
(O) = Az L AO.
Vay, tam la giao diém ciia dudng trung triuc AB véi tia Ay vuong goc
véi Ax.
Phan ddo: Véi diem M bat ki thuoc cung an—"L\B, ta c6: AMB = 2AB = a. Trén M
mat phang déi clia nita mit phéng dang xét, ta c6 mot cung déi xing déi véi cung
AmB qua AB.
G0t han:

— Khi M trung véi A thi goc AM B dudc thay boi zAB.

— Khi M trung vé6i B thi goc AMB duge thay bai ABz.
Két luan: Quy tich cac diém M tao thanh véi hai ntt ctia doan théng AB cho trude
mot goc AMB c6 56 do khong dbi bang a (0° < a < 180°), 1a hai cung tron ddi xing
nhau qua AB goi la cung chita géc a dung trén doan thing AB. M
Nhan xét. Ta co:

® Hui diem A va B dugc coi la thuoe quy tich, vi:

— Khi M trung vdi A thi goc AMB duoc thay bdi 7AB.
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— Khi M trung vdi B thi goc AMB dugc thay boi ABz.
©® Quj tich cic diém M tao thanh vdi hai mait cia doan thing AB cho trude mot goc vuong la duong
tron duong kinh AB.

Vi DU 1 (Bai 44/tr 86 - Sgk). Cho AABC vuong & A, c6 canh BC ¢b dinh. Goi I 1a giao diém
cia ba duong phan giac trong. Tim quy tich I khi A thay déi.

# 1L,OI GIAL

Phan thudn: Ta c6

—_— — — '/B\ -~
BIC :1800—(IBC+[CB):180°—(_+€>
S
o lim o S0
— 180 —§(B+C):180 - = 135"

Vi B, C cb dinh, A thay doi, I luon nhin canh BC' duéi mot
goc 135° nén I di chuyén trén cung chita géc 135° dung trén
BC.

Phan ddo: Lay diém I 1a giao ctia cung chita goc 135° dung
trén BC' va tia phan giac trong goc A/C\B, ta ching minh [
ciing thudc tia phan giac trong ctia goc ABC.

Xét tam giac IBC, ta ¢6

BIC + ICB + IBC = 180°
1 —_— —_—
& 135+ 5 - ACB+IBC = 180°

o %-(900—@)+@:45°

& ABC=2.1BC

Nén BI la phan giac trong cia AABC. Hay I 1a tam dudng tron noi tiep AABC (I 1a giao diém clia
ba duong phan giéc trong).
G101t han:

— Khi I = B thi ba diém A, B, C thang hang (trai gia thiét).

— Khi I = C thi ba diém A, B, C thang hang (trai gia thiét).
Vay Quy tich diém I 1a cung chia géc 135° dung trén canh BC déi xtng nhau qua BC, bé di diém B
va C.
Két luan: Quy tich diém I la cung chita goc 135° dyng trén canh BC ddi xting nhau qua BC, bd di
diém B va C. O

VI DU 2 (Bai 48/tr 87 - Sgk). Cho hai diém A, B ¢6 dinh. Tit A vé cac tiép tuyén véi dusng
tron tam B c¢6 ban kinh khong 16n hon AB. Tim quy tich cac tiép diém.

# LOI GIAL
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Phan thudn: Theo tinh chét clia tiép tuyén ta c6: AT L BT

Do d6, A, B ¢6 dinh. T nhin AB du6i mot géc vuong nén T di chuyén trén
duong tron dusng kinh AB.

Phan ddo: Lay di¢cm T thuoc dudng tron duong kinh AB.

Khi d6 AT L BT tai T nén AT la tiép tuyén ctia dudng tron tam B, ban
kinh BT < AB.
G0t han:
— Khi 7' = B thi ban kinh dudng tron tam B thod yéu cau dé bai 1a 0
(vo 1y).

— Khi T = A thi ban kinh duong tron tam B thoa yéu cau dé bai 1a AB.
Vay quy tich tiép diém T la duong tron duong kinh AB bé di diém B.
Két luan: Quy tich tiép diém T la duong tron dudng kinh AB bé di diém
B.

VI DU 3. Xét cac AABC ¢6 BC = 6 cm, ¢b dinh, A = 120°.
@ Tim quy tich cac diém A
@® Diém A 6 vi trf nao thi AABC c6 dién tich 16n nhat? Tinh gia tri 16n nhét do.

# LOI GIAL

Ta thuc hién theo cac phan:
Phan thudn: Do BC c¢b dinh, BAC = 120° nén A di chuyén trén
hai cung chita goc 120° dung trén BC. B

Phan ddo: Lay diém A thuoc cung chita géc 120° dung tréen BC, ta

thay ngay BAC = 120°. -

Gidi han: Khi A tring v6i B, C thi ba diém A, B, C thang hang
(trai gia thiét).

Vay quy tich cac diém A la hai cung chia goc 120° dung trén doan
BC, b6 di diéem B, C.

Két luan: Quy tich cac diém A 1a hai cung chita goc 120° dung trén
doan BC, bé di diém B, C.
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Ha AH vuong goc véi BC, ta c6 ngay: A
SaaBc = % -AH - BC

Do d6, Saapc c6 gia tri nhé nhat khi AH 16n nhat

& A la diém 6 chinh giita cung chita géc. H
Khi d6, xét AABH vuong tai H, ta co

BAH = 60° = ABH = 30° = AB = 2AH

Xét tam giac ABH ta c¢6 AB;2 = AH? + BH?

& (2AH)” = AH? + (BTC> & 3AH? =9

& AH = /3.

Do d6 Saapc = %\/§ 6 = 3v/3 cm?.

O
Nhan xét. Trong vi du trén, viéc chi ra qug tich cia diém A dude suy ra ngay ti gid thiét, do dé cdc
budc thuce hién la rat don gidn. Tuy nhién, trong nhiéu trudng hop ching ta can chi ra dudc cung chita

goc trong hinh vé.

VI DU 4. Cho nita dudng tron duong kinh AB va cung EF ciia niia dudng tron (E nim trén
cung AF sao cho sd EF = 60°. Hai tia AF vi BF cit nhau tai M. Tim quy tich cac diém M khi
cung EF chuyén dong trén nita dudng tron.

# 1L,OI GIAL

Phan thudan: Gia sit c6 diém M sao cho EF = 60°, ta co:

sd AB —sd EF _ 180° — 60°

AMB =
2 2

= 60°.

Vay diém M nim trén cung chiia géc 60° dyng trén doan théng AB (cung nay thudc mit phing bo
AB ¢6 chia nita dusng tron cho trude).

.. z Yy
G161 han: Ta co:
Z . . . 2 ? 7, Z M
— Neu F = A= M = M,, v6i My la giao diem cia cung chita goc —
v6i tiép tuyén Az clia nita duong tron duong kinh AB. o
Myt E M,

— Néu F = B = M = M,, véi M, la giao diém ctia cung chtta géc f )
v6i tiép tuyén By cla nia duong tron duong kinh AB. Do do, :

diém M chi ndm trén cung MyM;. A\\ /B

Phan ddo: Lay diém M nim trén cung MoM,. N&i M A, M B cat nita duong tron dudng kinh AB lan

lugt tai £ va F. Ta phai chiing minh s6 do EF = 60°.

sd AB —sd EF
2 —

Két luan: Quy tich cac diém M la cung MyM, clia cung chita goc 60° dung trén doan thing AB (cung

That vay: AMB = — sd EF =sd AB — 2AMB = 180° — 2 - 60° = 60°.

nay thuoc nita mat phang bd AB c6 chita nita dudng tron da cho). O

Nhan xét. Phuong phdp gidi bai todn trén dugc tong qudt cho yéu cau sd EF = o, vd1 0° < a < 180°.
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(O DANG 2. DUNG CUNG CHUA GOC a (0° < a < 180°) TREN DOAN THANG

AB = a CHO TRUGC

Phuong phdp gidi:

Phuwong phap 77”\

Ta lan luct thuc hién: / . \
— Dung doan AB = a va dudng trung tryc [z cia AB.
— Dung tia Az sao cho 7AB = a. ; oxY
— Dung tia Ay vuong goc vdi tia Az cat Iz tai O.
— Dung du’/ﬁm\g tron (O, 0A) va chi lay phan cung cung phia véi O, ki " . / é

hiéu 14 AmB. NG B \
— Lay dbi xting cung AmB qua AB dugc cung Am, B. |
Vay, hai cung AmB va fTTfTB 1a cung chita géc can dyng. | . }
//‘

\ /

Nhan xét. @ Nhu vy, néu chi vdi yéu cau dung cung chita géc ching ta chi can trinh bay phan
ciach dung. Tuy nhién vdi bai todn st dung cung chita géc dé dung hinh (vi du nhu dung tam
gidc...) ching ta can trinh bay di bon budc.

©® Trong truong hop dic biét véi o = 90°, ching ta da biét duge cach dung don gidn hon nhiéu, dé
la duong tron duong kinh AB.

VI DU 1. Dyng cung chita géc 60° trén doan AB = 4 cm

# LOI GIAL
Ta lan luct thuc hién: 7
— Dung doan AB = 4c¢m va duong trung tryc Iz cia AB. / 5 \
— Dung tia Az sao cho 2AB = 60°. /
— Dung tia Ay vuong goc v6i Ax cat Iz tai O. f ox’Y
— Dung duong tron (O,0A) va chi lay phan cung cung phia véi O, ki
hiéu la AmB. - - A . ,/ B
— Lay ddi xting cung AmB qua AB dugc cung Am, B. /N I B

Vay, hai cung AmB va Am, B 1a cung chita géc can duyng.

VI DU 2 (Bai 49/tr 87 - Sgk). Dung AABC, biét BC = 6 cm, A = 40° va duong cao AH = 4

cim.
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# 1LOI GIAL

Phan tich:
— Gi4 stt dung dude AABC thod man didu kien: BC' = 6 cm, A = 40°, AH = 4 cm.

— Khi do6, diém A ndm ngoai dudng thang d song song véi duong tron BC' va cach BC 4 cm.

— Mat khac, BAC = 40° nén A nim tren cung chita géc 40° dung trén BC.

Cach dung:
— Dung doan thezxng BC = 6 cm.
— Dung cung chita géc 40° trén doan thang BC.

— Dung duong thang d song song véi BC va cach BC
mot khodng bang 4 ¢cm, nhu sau: Dyng duong trung
triuc (A) ctia BC, goi I 1a giao diém ctia (A) véi BC,
tren (A) lay diém K sao cho IK = 4 cm.

Dung dudng théng d vuong géc véi (A) tai K.
— Goi giao diém ctia (d) va cung chita géc la A va A’
Khi d6, hai tam giac ABC va A’BC déu thoia man

yéu cau bai toan.

Ching minh:
— Ta ¢6 ngay BC = 6 cm vi theo cach dung.

— Céc goc A va A’ déu biing 40° do A, A’ niim tren cung chita géc 40° dung trén doan BC.

— Céac hinh AHIK va A/HIK la cac hinh cht nhat néen AH = AH = IK = 4 cm.
Bién luan: Ta dung dudc hai tam giac ABC va A’BC thoa diéu kién dé bai nhung hai tam giac nay

bang nhau (déi xting nhau qua IK) nén bai toan chi c6 mot nghiém hinh.

O

Vi DU 3. Dung AABC biét BC =a, A=« (0° < o < 180°) va duong cao BH = h v6i h < a.

# LOI GIAL
Phan tich: Gia st da dyng dugc AABC thoi man diéu kién dau bai, ta thay:

@ Canh BC = a dung dugce ngay.
@ Diém H thod méan hai diéu kién:
— H nam trén duong tron duong kinh BC.
— H nam trén duong tron (B, h).
Vay H 1a giao diém ctia hai dudng tron do.

@ Diém A thoi man hai diéu kien:
— A nim trén cung chita géc o dung trén doan thing

BC.
— A nim trén tia CH.
Vay A la giao diém ctlia tia CH v6i cung chita goc a.

El GeoGebraPro
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Cdch dwng: Ta lan luot thic hién:
— Dung doan BC' = a.
— Dung cung chita géc o dung trén doan thang BC.
— Dung duong tron duong kinh BC.
— Dung duong tron (B, h) cat duong tron duong kinh BC
tai H.
— Tia CH cat cung chiia goc a tai A.
— No6i AB ta duge AABC phai dyng.

Ching minh: Ta c6 ngay:

— BC = a theo céach dung.

— A=avi 4 nim trén cung chita géc o dung trén doan thang BC.
— BH = h vi H thudc dusng tron (B, h).

— BHC =90° = BH =h I duong cao cia AABC.

Vay, AABC thoa méan diéu kien dau bai. O

Bién luan: Ta dung dugc hai AABC va AA’BC thao man diéu kién dé bai, nhung hai tam giac nay
bang nhau (d6i xting qua BC) nén bai toan chi c6 mot nghiém hinh (bai toan nay 1a bai toan dung
hinh vé kich thuéc).

Nhan xét. @ Qua vi du trén ta thay gidi mot bai todn dung hinh thuong dude quy vé viéc xdac dinh
mot diém thod man hai diéu kien. Diém can wdc dinh la giao ciia hai quyj tich (ciing cé khi la giao
clia mot quy tich vdi mot duong thang hodc mot duong tron cho trude). S6 nghiém hinh ciia bai
todn phu thudc vao s6 giao diém cta hai quy tich. Phuong phdp dung hinh nhu vay goi la phuong

phap quy tich tuong giao. Ay
/ o \ \ A S A
® Néu thay gid thiét duong cao BH = h bing duong cao AH = h, khi dé . s 2
A thude duong thing song song vdi BC va cach BC' mot khodng bang b, /¢ L . ‘\ ai
va trong truong hop nay bai todn ¢ thé vo nghiém hinh, c6 mot nghiem ‘J’ / :/," :\ . \\ L
hinh hodc hai nghiém hinh, vi né phu thudc vao so giao diém cia duong \ ,”: P . N \\J
2 Z - 2, , Bl/1 1 i\\ic
thang vdi cung chia goc. i, H, ,
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® Néu thay gid thiét duong cao BH = h bang duong trung tuyén
AM = m, khi dé A thuoc duong tron (M, m) vdi M la trung
diém BC, va trong truong hop nay bai todn cé thé vo nghiem
Ranh, vi né phu thudc vao so giao diém cia duong tron vdi

cung chia goc. ¥

(O DANG 3. SU DUNG QUY TIiCH CUNG CHUA GOC CHUNG MINH NHIEU

DIEM CUNG NAM TREN MOT PUGNG TRON

Phuong phdp giai:

Phuwong phap M
Viéc st dung quy tich cung chia goc a dé chiing minh nhiéu diém ciing ‘
nam trén mot duong tron, dya trén nhan xét:

"Néu cic diem M, N ndm cing phia doi vdi AB va AMB = ANB th
bon diem A, M, N, B cung thuoc mot duong tron".

/\ Diéu kién cung phia cia cic diém M, N doi vdi AB la bdt budc,
bdi trong cdc truong hop khac chi dung vdi

AMB = ANB = 90°.

VI DU 1 (Bai 51/tr 87 - Sgk). Cho I, O lan lugt la tam dudng tron noi tiép, tam dudng tron
ngoai tiép clia tam giac ABC' vdi A =60°. Goi H la giao diém ciia cac duong cao BB’ va CC'.
Chitng minh céac diém B, C, O, H, I cuing thuoc mot duong tron.

# LOI GIAL
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Xét ti giac AB'HC', ta ¢6 A
B'HC" = 360° — (A+B+C) =360°— (60° + 90° + 60°) = 120°.
— BHC = B'HC' = 120°.
Xét ABIC, ta c¢b :»3
v
=~ 4 0

e = B C
BIC' =180° — (BIC +ICB) = 180° — (5 + 5)

— 180° — % (180° - 21) — 120°.

Nhu vay, H va I déu nam trén cung chita goc 120° dyng trén BC. \ !
Mat khac, AABC noi tiép trong duong tron tam O nén goc noi tiép N /
BAC trong dudng tron (0) c6 s6 do 1a N -
60°=§R*=%-sd23?:%@¢3/0\0=1200.

Vay, O nam trén cung chita géc 120° dyng trén BC.

Nghia 1a 5 diém B, C, O, I, H nim trén cling mot dudng tron chita

cung chita goc 120° dung trén BC.

VI DU 2. Cho hinh thang can ABCD (AB || CD). Ching minh réing bén diém A, B, C, D cing
thuéc mot duong tron.

# LOI GIAL
Ta c6 thé trinh bay theo cac cach sau:

Cach 1: Xét hai tam giac AABD va ABAC, ta c6:

AB chung

BAD = 1@, vi ABC'D la hinh thang can

AD = BC, vi ABCD la hinh thang can

Do do:

AABD = ABAC (c.g.c) = ADB = ACB.

Vay, cac diém C, D nim ciing phia déi véi AB va thoa méan

ADB = ACB nén bén diém A, B, C, D cung thuoc mot dusng tron.
Cach 2: Xét hai tam giac AACD va ABDC, ta co:

CD chung

ADC = BCD, vi ABCD 1a hinh thang can

AD = BC, vi ABCD la hinh thang can

Do doé:

NACD = ABDC (c.g.c) = CAD = CBD.

Vay, cac diem A, B ndm cung phia déi v6i C'D va thoa méan CAD = CBD nén bén diém A, B,C, D
cung thuéc mot duong tron. O

Nhan zét: Duong tron di qua bén dinh ctia hinh thang ABCD dudc goi 1a "Duong tron ngoai tiép
ABCD " hoac "Hinh thang ABCD noi tiép duong tron nay'.
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Vi DU 3. Cho AABC can tai A. Lay hai diém E, F theo thtt tu thuoc AB, AC sao cho AE = AF.
Chitng minh riang bén diém B, C, E, F cing thudoc mot dusng tron.

# LOI GIAL
Ta c6 thé trinh bay theo céac cach sau:

Cach 1:Xét hai tam giac AABF va AACE, ta co:

AB = AC, vi AABC can tai A

A chung

AE = AF, gi4 thiét

Do d6: AABF = AACFE (c.g.c) = ABF = ACE < EBF = FCE.

Vay céc diem B, C nam phia duéi déi véi FF va thod méan EBF = FCE
nén bén diém B, C, E, F cung thuoc mot dudng tron.

Cach 2: Ching minh nhu trong cach 1, ta duge:

AABF = AACE (c.g.c) = AFB = AEC

& 180° — AFB = 180° — AEC < CFB = BEC.

Vay, céc diém B, C' niim cing phia déi véi EF va thoa man EBF = FCE nén bén diém B, C, E, F
thudc cuing mot duong tron.

Cach 3: Xét hai tam giac AEBC va AFCB, ta c6:

EB=AB = AF = AC — AF = FC, vi AABC can tai A

EBC = FOB, vi AABC can tai A

BC' chung

Do d6: AEBC = AFCB (c.g.c) = BEC = CFB.

Vay, cac diém E, F nim ciing phia déi v6i BC va thoad man BEC = CFB nén bén diém B,C,E, F
cung thuéc mot duong tron. O

0O DANG 4. TOAN TONG HOP

Phuong phap giai:

VI DU 1 (Bai 47/tr 86 - Sgk). Goi cung chita géc 55° & bai tap 46 1a AmB. Lay diém M, nim
bén trong va diém M, ndm bén ngoai dugng tron chita cung nay sao cho M;, M, va cung AmB
nim ciing mot phia déi véi duong thing AB. Chiing minh ring:

@ AV B> 55

@ AM,B < 55°

# LOI GIAL
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@ Diém M, nim trong dudng tron chia cung AmB.
Duong thing AM; cit cung AmB tai C.
N6i B va C.

Ta c6 AM,B = ACB + CBM, > ACB = 55°.
@® Diém M, nim ngoai dudng tron chia cung AmB.
Goi D la giao diém ctia M, B véi cung AmB.

Né6i A véi D.
Ta c6 AMyB + MyAD = ADB = 55°
= 1@ < 59°.

(® BAI TAP TU LUYEN
BAI 1. Cho céc hinh thoi ABCD ¢6 canh AB ¢6 dinh. Tim quy tich giao diém O ctia hai dudng chéo
ctia hinh thoi do.
D C
A B

0
BAI 2. Xét cac tam gide ABC ¢6 BC = 2 cm ¢b dinh va A = 60°.
@ Tim quy tich cac diém A.

# LOI GIAL
Vi ABCD 1a hinh thoi nén AOB = 90°. Do AB ¢6 dinh nén O chay trén duong

@® Diém A & vi trf nao thi dien tich AABC c6 dién tich 16n nhat? Tinh gia tri l6n nhat dé.
# LOI GIAL

tron duong kinh AB.

O Vi BC =2cmva BAC = 60° nén quy tich cac diém A la cung chita

- A
gbéc nhin BC' du6i mot goc 60°.
@ Coi AF 1a dudng cao ha tit A xuéng BC va H la trung diém BC. Khi / \
do j
AF.BC _ AH-BC \ /
Saapc = < : B C
2 2 | H F o\
| |
\ /

\\

Vay dién tich AABC 16n nhét khi A la diém chinh gitta cung BC. Khi
d6 AABC la tam giac déu c6 canh bang 2 cm, do d6 dién tich tam
V3.2
4

gidc ABC' 16n nhat bang = /3 cm?.

O
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BAI 3. Cho ntta dudng tron dudng kinh AB va cung EF cia nita dudng tron (E nam trén cung AF
sao cho sdEF = 30°). Hai tia AE va BF cit nhau tai M. Tim quy tich diém M khi cung EF chuyén
dong trén nita duong tron.
# LOI GIAL
— Phan thuan: T Yy
Gia sit ¢6 diém M sao cho sdEF = 30°, khi do M

sdAB —sdEF _ 180° =30° _

AMB = 5 7

Vay diém M nim trén cung chita géc 75° dung trén doan

AB (cung nay thuoc nita mat phang b AB c6 chita niia A B
duong tron cho truége).
— Gié6i han:
Goi P, @ lan lugt 1 giao diém ctia tiép tuyén Az, By (cta nita dudng tron dudng kinh AB véi
cung chita géc chita diém M).
— Néu E=Athi M = P;
~ Néu F=Bthi M=Q.
Vay diém M chi ndm trén cung f’a

— Phan dao:
LAy diém M trén cung /P@ N6i M A, MB cat nita duong tron duong kinh AB lan luot tai B, F.
Ta c6

sd@ — sdE-}\?

AMB = = sdBF = sdAB — 2AM B = 30°.

— Két luan: quy tich diém M chi ndm trén cung PQ (cung nay thudc nita mit phang bd AB c6
chtta nita dudng tron cho truéce).
U

BAI 4. Cho hinh vuong ABCD. Trén canh BC lay diém E, tren tia déi cta tia C'D lay diém F sao
cho CE = CF. Goi M la giao diém ctia hai dusng thing DE va BF. Tim quy tich diém M khi E di
dong trén canh BC.
“ LOT GIAL
— Phan thuan: D
Xét hai tam gidc vuong ABCF va ADCFE ¢6
BC = CD (do ABCD la hinh vuéng) va CE = CF (gt) nén
ABCF = ADCE, do d6 CBF = CDE.
Ma BEM = CED (d6i dinh) nén

90° = CDE + CED = CBF + BEM = BMD = 90°. A

Vay diém M nam trén dudng tron dusng kinh BD.
— (@idi han:
— Néu £ = B thi M = B;
— Néu £E=C thi M =C.
Vay diém M chi ndm trén cung nhé BC clia duong tron duong kinh BD.
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— Phan dao:
Lay diém M trén cung nhé BC clia duong tron duong kinh BD. N6i M B, MD lan lugt cit
CD, BC tai F, F.
Ta c6 BMD = 90° (goc noi tiép chdn nita dudng tron) nén ABCF = ADCE (g.c.g), do do6
CF=CE.

— Két luan: quy tich diém M nim trén cung nhé BC clia duong tron duong kinh BD.

4

BAI 5. Cho tam gidgc ABC vuong & A. Vé hai nita dudng tron dusng kinh AB va AC ra phia ngoai clia
tam gidc. Qua A vé cat tuyén M AN (M thudc nita duong tron duong kinh AB, N thudc nita dudng
tron duong kinh AC).

@ T gisc BONM la hinh gi?
@® Tim quy tich trung diém I ctia doan MN khi cat tuyén M AN quay quanh A.

# LOI GIAL

@ Vi M, N lan lugt ndm trén nita duong tron duong kinh AB, AC
nen BMA = CNA = 90°.
Do dé BM L MN, CN L MN = BCNM la hinh thang vuong
(tai M, N).

@® Tim quy tich trung diém I ctia doan MN:

— Phan thuan:
Goi F la trung diém BC = IE la dudng trung binh ctia hinh thang BONM = EI 1 MN, do
d6 AIC = 90°.
Vay diém M nam trén dudng tron duong kinh AFE.

— Gidi han:
Goi P, @Q lan lugt la trung diém ctia AB, AC. Ta c6 APEQ la hinh chit nhat nén P, @ clng
nam trén duong tron dudng kinh AFE.

— Neu M =Bthi I =P
—NeuM=Cthil=C.

Vay diém M chi nim trén cung PQ ctia duong tron dusng kinh AE.

— Phan ddo:
Léy diém I tren cung PQ ctia dudng tron duong kinh AE. Néi AT 1an luot cit AB, AC tai M, N.
Ta c6 ATE = 90° (goc noi tiép chén nita duong tron) nén EI L MN = EI || BM, do d6 EI 1a
duong trung binh cia hinh thang BOCNM = MI = N1.

— Két luan: quy tich diém I ndm trén cung 13?2 cua duong tron dusng kinh AFE.

4

BAI 6. Cho nita dudng tron dudng kinh AB ¢6 dinh va diém C' di chuyén trén nita dudng tron. O phia
ngoai tam gidc ABC, vé tam giac BC'D vuong can tai C. Tim quy tich diém D.

# LOT GIAL

™= Suu tam & bién soan Trang 181/280 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

— Phan thuan: B
Ta c6 ACB = BCD = 90° nén A, C, D thang hang. ,
Vi tam gidc BOD vuong can tai C' nén ADB = 45°, do d6 diem D/ N\

nam trén cung chita goc 45° dyng trén doan AB (cung nay thuoc

nita mat phang bd AB c6 chita nita dudng tron cho trudc).
— (@idi han:
— NéuC=Bthi D= B;
— Néu C = A thi D = A.

Vay diém D nam trén cung chita géc 45° dyng trén doan AB.
— Phan ddo:

LAy diém D trén cung chita géc 45° dung trén doan AB. N6i AD ntia dudng tron AB tai C.
Ta c6 ACB = 90° (g6c noi tiép chan nita duong tron) va ADB = 45° néen ABCD vuong can tai
C,do d6 CB=CD.

— Két luan: quy tich diém D nam trén cung chita géc 45° dung trén day AB.

O

BAI 7. Cho tam gidc ABC' c6 A= 60°, noi tiép dudng tron (O). Trén cung nhé AC lay mot diém D,
tren day BD lay diém M sao cho DM = CD.

@ Ching minh tam gidac MCD la tam giac déu.

@® Tim quy tich diém M khi diém D di dong trén cung nhé AC.
# LOI GIAL

@ Vi BAC = 60° nen BDC = 60°.
Do d6 tam gidc M DC déu (vi DM = DC).
@® Tim quy tich diém M:

— Phan thuan:
Vi AMDC déu nen BMC = 180° — 60° = 120°, do dé diém M chay trén cung chita géc 120°
dung trén doan BC.
— Gid6i han:
Goi F la giao diém ctia AB va cung chita goc 120° dung trén doan BC.
—~ NeuD=Athi M =E;
—NeuD=CthiM=C.
Vay diém M chi ndm trén cung nhé CE cta cung chita gbc 120° dyng trén doan BC.
— Phan dao:
Lay di¢m M trén cung nhé BEC ciia cung chita géc 120° dyng trén doan BC. N6i BM cat (O) tai
D.
Ta c6 BMC = 120° (g6c noi tiép) nen CMD = 180° — 120° = 60°. Ma BDC' = 60° nen AMCD
déu, do d6 DC = DM.
— Két luan: quy tich diém M nim trén cung nhé C'E cita cung chita goc 120° dung trén doan BC.
O
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BAI 8. Cho cung mot phan tu dudng tron véi hai ban kinh OA, OB vuong géc véi nhau. Trén cung

nay lay mot diém C' tiy ¥ khong tring véi A va B. Vé CH vuéng goc véi OA. Goi I 1a tam duong tron

noi tiép tam giac HOC.

@ Ching minh ring AAIO = ACIO.

@® Tim quy tich diém I khi diém C di dong trén cung AB.

# LOI GIAL

@ Xét hai tam giac AIO va CIO c6
OA = 0C, OI chung va AOI = CTO
nén AAIO = ACIO (c.g.c).

@® Tim quy tich diém I khi diém C di dong trén cung AB.

— Phan thuan:

Ta c6

Vi A, O c¢b dinh nén quy tich diém I ndm trén cung 135° dung trén doan AO.

— Gié6i han:

@:1800—(10/\c*+1/c*?)):180°—%(f7()\0+ﬁ(7\())

180° — 45° = 135°.

Vi C chi chay trén cung AB nen diém T chi chay trén cung chita goc 135° dung trén doan AO

thuoc ntta mit phang bo AO c6 chia diém B.

— Phan dao:

Lay diém I trén cung chita goc 135° dung trén doan AO. Dung OC sao cho OI la tia phan giéc

goc AOC (C' nam trén cung 1/4\3), tiu C ha CH L OA.

Vi CTO = ATO = 135° nén CIA = 360° — 2-135° = 90°, do vay C, I, H, A cing niim trén mot
duong tron. T dé suy ra ICH = IAH = ICO = IC la tia phan giac goc OCH, vi vay [ la tam
duong tron noi tiép tam giac COH.

— K&ét luan: quy tich diém I 14 cung chita goc 135° dung trén doan AQO thuoc nita mat phéng bo

AO ¢6 chita diém B.

BAI 9. Dung tam gide ABC biét BC = 3 cm, A = 50° va AB = 2 cm.

# LOI GIAL
@ Phan tich:

Gia stt ta dung duge tam giac ABC théa man dé bai, ta c6

O
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— BC = 3 cm nén dung dudc ngay;
— Diém A théa man
+) Goe BAC = 50° nén A nim trén cung chita goc 50° dung trén canh BC'
+) Doan AB =2 cm nén A nam trén dudng tron (B;2 cm).
Do d6 diém A la giao diém ctia hai hinh tren.
@® Cach dung:

— Dung doan BC' = 3 cm;
— Dung cung chita goc 50° trén doan BC
— Dung duong tron (B;2 cm) cit cung chita goc & trén tai A;
— Néi AB, AC ta dugc tam giac ABC.
® Ching minh:
— Ta ¢6 BC' = 3 c¢m (céch dung);

— A =50%
— AB =2 cm (do A nam trén (B;2 cm)).
O Bicn luan:

Ta dyng dugc hai tam giac ABC va A'BC (ddi xing nhau qua BC) thdéa méan yeu cau dé bai.
Do hai tam giac nay bang nhau nén ta chi ¢6 mot nghiém hinh (do day 1a bai toan dung hinh vé
kich thuéce).

O
BAI 10. Dyng tam gidc ABC biét
® 5BC=4cm, A =60° va duong cao BH = 3 cm.
® BC =6cm, A =45° va duong cao BH = 4 cm.
# LOI GIAL
® 5BC=4cm, A =60° v duong cao BH = 3 cm.
1) Phan tich:
Gia stt ta dyng dugce tam giac ABC théa man dé bai, ta c6
— BC =4 c¢m nén duyng dugc ngay;
— Diém H théa méan
+) nam trén duong tron duong kinh BC;
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+) nam trén dudng tron (B;3 cm).
Do d6 diém H la giao diém ctia hai hinh trén.
— Diém A thdéa man
+) BAC = 60° nén A nim tren cung chita gbc 60° dyung trén canh BC,
+) A ndm trén tia CH.
Do d6 diém A la giao diém ctia tia CH va cung chita géc 60°.
2) Céch dung:

— Dung doan BC' = 4 cm;
— Dung cung chita goc 60° trén doan BC
— Dung dutng tron duong kinh BC';
— Dung duong tron (B;3 cm) cat duong tron duong kinh BC' tai H;
— Tia C'H cit cung chita goc 60° (& tren) tai A;
— Nbi AB ta dugc tam gidac ABC' can dung.

3) Ching minh:
Ta c6
— BC =4 cm (cach dung);
— A =60° vi niim trén cung chita goc 60° tren doan BC;
— BH =3 c¢m vi H nam trén dudng tron (B;3 cm);
— BHC = 90° vi Ia géc noi tiép chan nita duong tron.
Vay tam giac ABC théa man yéu cau bai toan.

4) Bién luan:
Ta dyng dugce hai tam gidc ABC va A’BC (d6i xitng nhau qua BC') thoa méan yéu cau dé bai.
Do hai tam gidc nay bang nhau nén ta chi c6 mot nghiém hinh (do day 1a bai toan dyng hinh
veé kich thuéc).

@® Tuong tu cau a).

O

BAI 11. Dyng tam gidc ABC biét

® 5BC=8cm, A =60° va duong cao AH = 6 cm.

@ BC =6cm, A=120° va duong cao AH = /3 cm.

® BC =4cm, A = 60° va duong cao AH =9 cm.
# LOI GIAL

@ BC =8cm, A = 60° va duong cao AH = 6 cm.

1) Phan tich:
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N

B C
H

Gia st ta dung dugc tam gidc ABC théa man dé bai, ta c6
— BC = 8 cm nén dung dugc ngay;
— Diém A théa man
+) BAC = 60° nén A nim trén cung chita géc 60° dung trén canh BC
+) AH = 6 cm nén diem A nam dudng thing d cach BC' mot khoang 6 cm.
Do d6 diém A la giao diém ctia d va cung chita géc 60°.
2) Céach dung:

— Dung doan BC' = 8 cm;
— Dung cung chita goc 60° trén doan BC
— Dung dudng thang d song song va cach BC mot khodng bang 6 cm;
— Dudng thang d cit cung chita géc 60° (G trén) tai A;
— Nb6i AB, AC ta dugc tam gidac ABC' can dyng.
3) Ching minh:
Ta co
— BC = 8 cm (céch dung);
— A =60° vi niim trén cung chtta géc 60° trén doan BC
— AH =6 cm vi H nam trén dudng thang d song song va cach BC mot khoang bang 6 cm.
Vay tam gidc ABC théa man yéu cau bai toan.
4) Bién luan:
Vi d cit cung chita géc 60° dung trén doan BC tai hai diém phan biét nén bai toan c6 hai
nghiém hinh.
Chu ¥: hai tam gidc ABC va A’BC (d6i xiing nhau qua BC) théa man yeéu cau dé bai. Do
hai tam giac nay bang nhau nén hai tam giac nay chi cho ta mot nghiém hinh (do day la bai
todn dung hinh vé kich thuéc).
@® Tuong tu cau a).
© Tuong ty cau a).

BAI 12. Dyng tam gidc ABC biét
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@ BC =6 cm, A=45° va trung tuyén AM =5 cm.

® BC =4cm, A =60° v trung tuyén AM = 2v/3 cm.
# LOI GIAL

® 5BC=6cm, A=45° v trung tuyén AM =5 cm.

1)

Phan tich:

B C
M

Gia stt ta dung duge tam giac ABC théa man dé bai, ta c6

— BC = 6 cm nén dung dugc ngay;

— Diém M la trung diém ctia BC nén dung dugc ngay;

— Diém A thdéa man
+) Géc BAC = 45° nén A nim tren cung chita goc 45° dung trén canh B
+) Doan AM =5 ¢cm nén A nam trén duong tron (M;5 cm).
Do d6 diém A la giao diém ctia hai hinh trén.

Cach dung:

— Dung doan BC = 6 cm va trung diém M ctia BC;

— Dung cung chita goc 45° trén doan BC

— Dung duong tron (M;5 cm) cit cung chita géc G trén tai A;

— Nbéi AB, AC ta dugc tam giac ABC.

Chting minh:

— Ta ¢6 BC' =6 cm (cach dung);

— A =45

— AM =5 cm (do A nam trén (M;5 cm)).

Bién luan:

Vi (M;5 cm) cat cung chita géc 45° dyng trén doan BC' tai hai diém phan biet nén bai toan

¢6 hai nghiém hinh.

@® Tuong ty cau a).

O
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BAI 13. Dung tam gidc vuong biét
@ canh huyen bing 6 cm, ban kinh dudng tron noi tiép bang 1 cm.
@ canh huyén bing 5 cm, ban kinh dudng tron noi tiép bang 1 cm.
# LOI GIAL
@ Canh huyén bing 6 cm, ban kinh duong tron noi tiép bing 1 cm.
1) Phan tich:
A

~

Gia st ta dyng dugce tam giac ABC vuong tai A thoa méan dé bai, ta c6

— BC = 6 c¢m nén duyng dugc ngay;

— Goi I 13 tam dudng tron noi tiép tam giac ABC, ta c6

BIC =180° — (IBC + ICB) = 180° — w = 135°.

Do d6 diém I nim trén cung chita géc 135° dung trén doan BC.
Ma ban kinh dudng tron noi tiép tam giac ABC bing 1 cm nén I nim trén dudng thing
d song song va cach BC' mot khoang 1a 1 em.
Do d6 I 1a giao diém ciia d vi cung chita géc 135° dung trén doan BC.

— Diém A thdéa man
+) N&m trén duong tron duong kinh BC;
+) Nam trén tia Bz sao cho BI la tia phan giac clia 2BC.
Do dé diém A la giao diém ctia Bz va duong tron dusng kinh BC.

2) Céach dung:

—

— Dung cung chita goc 135° trén doan BC'

— Dung doan BC' = 6 cm;

— Dung dudng thang d song song va cach BC mot khodng bang 1 cm;
— Dung duong tron duong kinh BC;
— Dung tia Bx sao cho BI la phan giac goc @, khi d6 Bz cat duong tron dudng kinh
BC tai A;
— Nb6i AB, AC ta dugc tam giac ABC.
3) Chiing minh:
— Ta ¢6 BC' =6 cm (cach dung);
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— A =90° (g6c noi tiép chén nita dudng tron);
— Khoang céch tit I dén BC bang 1 cm (do I ndm trén d). Ta c6

ICB = 180°— BIC — CBI = 180° — 135° — CBI = 45° — C'BI.
ICA = ACB—ICB=90°— ABC — 45° + CBI = 45° — 2CBI + CBI = ICB.

Do do6 CT la tia phan giac goc ACB.
Vay tam giac ABC' théa man deé bai.
4) Bién luan:
Vi d) cit cung chita géc 135° dung tréen doan BC tai hai diém phan biét nén bai toan c6 hai
nghiém hinh.
@® Tuong tu cau a).
O

BAI 14. Cho tam gidc ABC can tai A. Dudng thing d song song véi canh BC cit cac canh AB vi AC
theo thit tu tai £, F. Chiing minh ring bén diem B, C, E, F ciing nam trén mot duong tron.
# LOT GIAL

Vid || BC nén BCFE la hinh thang can, do dé A
BEC — BFC. i /\ i
d
Suy ra E, F cung nhin BC duéi mot goc khong doi, do vay B, C, E, F \
B C

cling nam trén mot dudng tron. -

BAI 15. Cho tam giac ABC ¢6 cac géc E\, C nhon va duong cao AH, duong trung tuyén AM thoa
man BAH = MAC. Goi E la trung diém ctia AB.

@ Hoi AAEH la tam giac gi?

@® Ching minh ring A, £, H, M ciung thuoc mot dudng tron.

® Ching minh ring AABC 1a tam gidc vuong.
# LOT GIAL

@ Vi AAHB vuong tai H va E la trung diem AB nén FA = A
FH = AFAH can tai F.
® Vi EM la dudng trung binh ctia tam giac ABC nén E
EM || AC = EMA = MAC = HAB = EHA. Do d6
A, E, H, M cung thuéc mot dusng tron. B H M C
¢) Vi A, E, H, M cing thuoc mot dwong tron nen MEA = MHA = 90° = EM 1 AB = AC 1
AB.
Vay tam giac ABC vuong tai A.
[
BA 0 TU GIAC NOI TIEP
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@ TOM TAT Li THUYET
1. Dinh nghia t& gidc noi tiép

Dinh nghia 1. Néu qua bon dinh ctia mot ti gidc (16i) ¢6 mot duong tron thi ti giac d6 goi la ti
giac noi tiép duong tron, con duong tron dé goi 1a duong tron ngoai tiép tit giac.

Ta c6 minh hoa véi tit gidc 16i ABC'D nhu sau
A, B,C,D € (O,R) & ABCD nai tiép trong (O, R) va khi do, ta
thay ngay
@ Theo dinh nghia duong tron thi B /
OA=0B=0C=0D=R
nhan xét do sé goi ¥ cho chung ta mdt phuong phap ching
minh ti gidc ABCD noi tiép mot duong tron (hodc néi ti 8.
gidc ABC'D nai tiép dugc).
@® Vi timg diéu kien
OA = OB < O thuoc duong trung triuc cua AB

OA = 0D < O thudc duong trung tryc cia AD
nhan xét dé sé goi ¥ cho chiing ta phuong phap xac dinh tam ctia mot ti giac noi tiép duge.

2. Tinh chét

Dinh Ii 1.
@ Thudn: Trong mot ti gidc noi tiép, tong sé do hai goc déi dién nhaw bing hai goc vuong.
©® Ddo: Néu mot ti gidc cé tong s6 do hai goc doi dién nhau bing 2v thi ti gidc dé noi tiép dugc

trong mot duong tron.

Ta c¢6 hinh minh hoa véi tt giac 16i ABC' D nhu sau

o A+C =180°
ABCD noi tiep & | . __
B+ D = 180°.
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( PHUONG PHAP GIAI TOAN

(O DANG 1. Chitng minh t& gidc ndi tiép dudng tron

Phuong phdp giai:  Phuong phap
Dé chitng minh ti giac noi tiép dudng tron ching ta c6 thé liya chon mot trong cac cach sau:
Cach 1: Chitng minh bén dinh ctia tit gidc cliing cach déu mot diém.

Ttc 13, néu ta co

OA= OB =0C = 0D B
thi tit gidc ABCD ngi tiép (O, OA).
"

Cédch 2: Chiing minh tong hai géc déi dién bing hai géc vuong.

A
C
A
BAD + BOD = 180° hose ABC + ADC = 180° =
thi t1 giac ABCD noi tiép mot duong tron.
— "

Ttc 13, néu ta co

C
Cach 3: Dung cung chita goc a.
Ttc 1a, néu ta co A
ACB = ADB va C, D cung phia véi AB e
thi tit gidc ABCD noi tiép.
D
C
Vi DU 1. Ching minh ring hinh ch@ nhat ABC'D noi tiép dugc.
# LOI GIAL
Goi O 1a giao diém hai dudng chéo AC va BD, ta c6 ngay B c
OA=0B=0C=0D < ABCD noi tiép trong (0O,0A).
A
D
O
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VI DU 2 (Bai 58/tr 90 - Sgk). Cho AABC déu. Trén nita mit phing b BC khong chita dinh
A, lay diéem D sao cho DB = DC va DCB = %A/C’T?

@ Ching minh ABDC la tit gidc noi tiép.

@® Xac dinh tam ctia duong tron di qua bén diem A, B, C, D.

# LOI GIAL

(1
] —
ADBC can dinh D nén DBC = DCB = §AC'B = 30°. A
Suy ra CDB = 180° — (lﬁ'+ 170\3) = 120°.
Tt gidc ABCD c6 tong hai goc dbi 0

A+ D = 60° + 120° = 180°.

’ AN O
Vay tit giac ABDC nai tiép. 5
@ Do dudng tron ngoai tiép AABC ciing dong thoi 1a duong tron ngoai tiép ti gidc ABC'D nén dé

xac dinh tam dudng tron qua A, B, C, D chi can tim giao diém O ctia AD véi duong cao BB’ clia
ANABC.
Duong tron (O,0A) di qua A, B,C, D.

O

VI DU 3. Cho hinh thoi ABC'D tam O, canh bang a. Goi M, N, P, Q theo thi tu 1a trung diém
cua AB,BC,CD,DA.

@ Ching minh ring AMNC 1a mot t1t gidc noi tiép.

@® Ching minh ring M NPQ la mot ti giac noi tiép.

# 1L,OI GIAL

0
Xét hai tam gidc AAMC va ACNA, ta co6 B
. ; M N
AC chung; MAC = NCA; AM =CN = —.
2 A @) C
Suy ra AAMC = ACNA (c.g.c) = CMA = ANC.
Vay tit gidc AMNC noi tiép duge mot dudng tron. Q P
D

@ Ta c6 thé luwa chon mot trong hai cach sau:
Cdch1: ViOM,ON, OP,OQ theo thit tu la dudng trung tuyén ctia cac tam gidc vuong AOAB, AOBC, AC
nén

1 1

Yap= % on=lpc-2 OP:%CD:E, 0Q=-DA="2.

M=z
OM =3 2 2 2 2 2 2

Suy ra OM = ON = OP = OQ = g = MNPQ noi tiép dudng tron (0, g)
Cach 2: Vi M N, PQ theo tht tu la duong trung binh ctia cac tam giac AABC, AADC nén

1 1
MNL SAC, PQ 1 SAC = MN L pQ = MNPQ 1a hinh binh hanh.
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Mat khac

—

MNP = BOC = 90° — +i I hai goc c6 canh tuong ing song song.

Suy ra M N PQ la hinh chit nhat, do d6 né nai tiép dugc mot duong tron.

(O DANG 2. Sit dung t1& giac noi tiép giai cac bai toan hinh hoc

Phuong phdp giai:  Phuong phap
Khi da c6 dudge mot t1i gide noi tiép hodc da chitng minh dude mot t gidc noi tiép ta cé thé suy
ra

— Cac cap goc doéi bu nhau.

— Cé4c cap goc noi tiép cing chic mot cung bang nhau.

D6 chinh 1a 1gi ich ctia ti gidc noi tiép dé thuc hién céc yeéu cau khac ctia bai toan hinh hoc.

Vi DU 1 (Bai 54/tr 89 - Sgk). Tt gidc ABCD ¢6 ABC + ADC = 180°. Chiing minh ring cic
dudng trung tryc ciia AC, BD, AB ciing di qua mot diem.

# LGOI GIAL

Tt giac ABC'D ¢6 téng hai goc déi ABC + ADC = 180° nén no I ti gidc
noi tiép duong tron tam O. /
Duong tron (O) ciing la dudng tron ngoai tiép AABC nén O la giao diém B

cac duong trung truc cia AB va AC.

Tuong tu, (O) la dudng tron ngoai tiép ABCD nén O nam trén duong

) D
trung truc cua BD.
q s—_

Vay cac trung truc cua AB, BD, AC' cung di qua diem O.

VI DU 2. Tim diéu kien dé hinh thang ABCD (AB || CD) noi tiép dugc.

# LOI GIAL
Vi ABCD la hinh thang, nén ta c6 A+ D = 180° (1).
D& ABCD noi tiép duge, didu kien 1a B + D = 180°  (2). D c

T (1) va (2) suy ra 7 \
A B

A =B < ABCD la hinh thang can.

(
VI DU 3 (Bai 55/tr 89 - Sgk). Cho ABCD la mot ti gidgc noi tiép dudng tron tam
M, biet DAB = 80°,DAM = 30°,BMC = 70°. Hay tinh s6 do cac goc
MAB,BCM,AMB,DMC,AMD, MCD, BC’D
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# 1LOI GIAL
Ta co o A

—

MAB = DAB — DAM = 80° — 30° = 50°.
BCD = 180° — DAB = 180° — 80° = 100°.

Ké dusng kinh C'C". D B
Ta c6
— 1 — — 1 C
BCM = BOC" = ¢ (sdCC" - sdBC) = 5 (180° = 70°) = 55°.
Suy ra
MCD = BCD — BOM = 100° — 55° = 45°.
AMD =180° — (DAM + ADM ) = 180° — (30° + 30°) = 120°.
DMC =sdCD = sdDB — sdBC = 160° — 70° = 90°.
AMB = 360° — (BMC + CMD + DMA) = 360° — (70° + 90° + 120°) = 80°. 0

VI DU 4. Cho nita dudng tron dudng kinh AB va mot day C'D. Qua C vé dudng thing vuong
goc v6i CD, cit AB tai I. Cac tiép tuyén tai A vd B ctia nita dudng tron cit duong thang C'D
theo thit ty tai E va F. Chting minh rang:

@ Cic tit giac AECT va BFCI noi tiép duge.

@® AIEF ~ ACAB, tit d6 suy ra AIEF vuong.

# LOI GIAL

@ Theo tinh chat cla tiép tuyén ta c6 AE 1. AB, BF 1 AB.
— Tt giac AECT ¢6

EAI + ECT = 90° + 90° = 180°.

Suy ra tit gidc AECT noi tiép duong tron (Oy).
— Tt giac BFCT c6

IBF + ICF = 90° + 90° = 180°.

Suy ra t1 gidc BFCT noi tiép duong tron (Oy).
@ Xét hai tam giac AIEF va ACAB, ta c6
[EF = CAB - vi hai goc noi tiép cing chan cung CT cia dudng tron (Oy).
[FE = CBA - vi hai goc noi tiép cling chan cung CT ciia dudng tron (O,).
Vay ATEF ~ ACAB suy ra EIF = ACB.
Mit khac ACB = 90° - vi géc noi tiép chan nita duong tron duong kinh AB nén EIF = 90°, suy ra
AITEF vudng. U

Nhan xét. Khi da ching minh duge mot ti gidc noi tiép ta cé thé vé duong tron di qua bon dinh cia

né, dé dé nhan ra cdc géc noi tiép cung chan mot cung thi bang nhau.
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VI DU 5. Cho AABC, céac dudng phan giac clia cac goc trong Bva 0 va gap nhau tai S, cac
duong phan giac ciia cac goc ngoai BvaC gap nhau tai £. Chiing minh réng:

@ BSCE la ti giac noi tiép.

@® Ba diém A, S, E thang hang.

® Trung diém M ctia SE thuoc duong tron ngoai tiép AABC.

“ LOT GIAL
@ Taco
— Vi BS, BE la cac tia phan giac cia hai goc ké bt nén BS 1 BE.
— Vi CS,CE la cac tia phan gidc ctia hai goc ke bu nen C'S L CF.
Suy ra SBE + SCE = 90° + 90° = 180°.
Do do, tit giac BSCE noi tiép (cu thé noi tiép duong tron duong kinh SE).
@® Vi AS va AE déu la tia phan giadc clia géc BAC nen A, S, E thing hang.
@ Ta c6 thé lya chon mot trong hai cach sau
Cédch 1: Vi M la tam duong tron ngoai tiép tit giac BSCE nén
SCB = JSMB.
Mat khdc SCB = L ACB = SMB = ACB (1),
Tuong tu ta cling c6 S/]\/RY ABC (2)
T (1) a (2 ) ta dugc BMC = SMB+SMC ACB + ABC.
— BMC + BAC = ACB + ABC + BAC = 18(°.
Do do6 tit gide ABMC noi tiép.
Vay diém M thuoc duong tron ngoai tiép AABC.

Cdch 2: Ching minh tuong ty nhu trong cach 1 ta dugc

SMB = ACB < AMB = ACB.

Suy ra M va C thuoc cling mot cung chita géc vé vé mot phia ctia AB.
Vay M thuoc duong tron ngoai tiép AABC.
U
Nhan xét. DE ching minh ABMC' la tii gidc noi tiép (cau b) trong cdch 1 ta sit dung dinh li ddo “Néu
mot ki gidc cé tong hai goc doi bang 180° thi i gidc dé noi tiép dude mot duong tron”, trong cich 2 ta
st dung cung chita goc “Néu cdac diém C, M ndm cing phia doi véi AB va AMB = ACB th C,M,A, B

thuoc cung mot duong tron”.

VI DU 6. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Vé mot dudng thdng qua A cit
dudng tron (O) tai C' va cat duong tron (O’) tai D. Vé mot dudng thing qua B cit duong tron
(O) tai E va duong tron (O') tai F. Hai duong thang C'D va EF khong cit nhau & bén trong hai
duong tron. Chiing minh rang CE || DF.

# LOT GIAL
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Vé day chung AB ta c6 DAB + CAB = 180° (1).

. D
T giac ABEC' la ti giac noi tiep nén
CEB + CAB = 180° (2). C
Tit (1),(2) = CEB = DAB  (3). 2
Tt gidc ABFD la tit gidc noi tiép nén B
DAB + DFB = 180°.
Két hop véi (3) ta c6 CEB + DFB = 180° = CE || DF.
O
Nhan xét. Trong vi du nay, ta da ching minh CEB = DAB.
Mot cdch tong qudt “Méi goc ciia ti gide noi tiép bing goc ngodi clia goc doi dién vdi né”.
(® BAI TAP LUYEN TAP
BAI 1. Chting minh réng ti gidc ABC'D noi tiép dugc, biét
@ ABCD la hinh thang can.
@® ABCD la hinh chit nhat.
« LOI GIAL
@ Ta c6 thé trinh bay theo cac cach sau
Cach 1: Vi ABC'D la hinh thang can, nén ta c6 D C
BAD + BCD = BAD + CDA = 180° (tong hai géc trong cling phia). Q
Vay hinh thang can ABCD noi tiép dudc. A B

Cach 2: Goi E, M, N theo thit tit 1a trung diém ctia AD, AB, CD.
Dung duong trung triyc Ez ctia AD cat MN tai O, ta c6
OA = 0B, vi O thuéoc M N la trung tryc cua AB
OC = 0D, vi O thuoc M N la trung truc cia CD
OA = 0D, vi O thudc Ex la trung truc ctia AD.
Suy ra OA =0B =0C = O0OD.
Vay hinh thang ABC'D noi tiép duge trong dudng tron (O, OA).

Cach 3: Xét hai tam giac AABD va ABAC, ta ¢
AB chung
BAD = A/B\C, vi ABC'D la hinh thang can
AD = BC, vi ABCD la hinh thang can
Do d6, AABD = ABAC (c.g.c) = ADB = ACB.
Vay cac diem C, D nam ciing phia déi véi AB va thda man ADB = ACB
nén bén diém A, B, C, D thuoc ciing mot dudng tron.
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Goi O la giao diém hai dudng chéo AC va BD. B —(C
Ta c6 OA=0B =0C = 0D < ABCD noi tiép trong (O, OA).

(@)

D
U

BAI 2. Cho nita dudng tron (O) dudng kinh AB va tia tiép tuyén Bz clia nita dudng tron. Trén tia Bz
lay hai diém C va D (C nam giita B va D). Cac tia AC va AD lan lugt cit dudng tron tai E va F. Hai
day AE va BF cat nhau tai M. Hai tia AF va BE cat nhau tai N. Chiing minh rang

® \/N | B

@® T giac CDFE noi tiép duge.
# LOI GIAL

0

Trong AABN, ta c6 x
AEB = 90°, goc ndi tiép chan ntta dudng tron D
= AE L BN (1) .
AFB = 90°, géc nodi tiép chan nita duong tron ,’/i /F
= BF LAN (2). L
Tir (1) va (2), suy ra M 1a tryc tam AABN. ¢ e
Suy ra MN 1 AB. B / TN A

Do d6 M N || Bx, dpcm.
@ Ta ¢6 thé lya chon mot trong hai cach sau

Céch 1: Nhan xét rang
CDF = A/BFW, gbc c6 canh tuong ting vudng goc.
ABF = AEF , g6C noi tiép cuing chan mot cung.
Khi d6, trong tit giac CDFE, ta nhan thay
CEF + CDF = CEF + AEF = 180° = Tit giac CDFE noi tiép dugc.
Céch 2: Nhan xét rang
90° = DFE + BFE = DFE + BAE,
BCA + BAC = BCA + BAE = 90°.
= DFE = BCA.
Khi d6, trong tit giac CDFE, ta nhan thay
DCE + DFE = DCE + BOA = 180° = Tt giac CDFE noi tiép dugc.

O

BAI 3. Cho AABC, cac dudng cao BE va CF c¢&t nhau tai H. Goi D 1a diém déi xting cia H qua
trung diém M cia BC.
@ Ching minh tii giac ABDC noi tiép dude trong mot dusng tron. Xac dinh tam O clia dudng tron
do.
@® Duong thing DH cat duong tron (O) tai diém thit hai 14 I. Chiing minh riang 5 diém A, I, F, H, E
cling nam trén mot dudng tron.
# LOI GIAL
@ Nhan xét ring, tit gisc CDBH c6 hai dudng chéo CB va DH cit nhau tai trung diém mdi duong
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nén noé la hinh binh hanh, suy ra
CD || BH vavi BH L AC = CD L AC & ACD = 90°.
BD | CH vavi CH L AB = BD 1 AB < ABD = 90°.
Vay tit giac ABDC noi tiép duong tron duong kinh AD.
Do d6, tam O la trung diém ctia AD.
@ Nhan xét rang:
AEH = 90°, vi BE 1a dudng cao
AFH = 90°, vi C'F la duong cao
ATH = AID = 90°, vi gbc noi tiép chian nita duong

tron.

Vay cac diém E,F,I cing nhin AH duéi mot goc
vuong, do d6 5 diem A, I, F, H, E ciing nam trén mot
duong tron duong kinh AH. -
BAI 4. Cho hai duong tron (O) va (O') cit nhau tai A va B. Tia OA cit dudng tron (O') tai C, tia
O'A cat duong tron (O) tai D. Chitng minh rang
@ T giac OO'CD nai tiép.
@® T gisc OBO'C noi tiép.
® Nim diém O,0’, B,C, D cing nam trén mot dudng tron.
# LOI GIAL
@ Nhan xét ring
O/DB = @, vi AOAD can tai O
OAD = CAO', vi déi dinh
CAO' = OCO', vi AO'AC can tai O/
T do, suy ra O/DB = @
Vay céac diem C,D nidm cung phia déi véi OO’ va thoa
méan ODO’ = OCO' nén bén diem O, O', C, D thudc ciing
mot duong tron, tic 1a ti giac OO’'C'D noi tiép.
@ Xét hai tam giac AAOO’ va ABOQ', ta c6
OO’ chung
OA = OB, vi cing bang ban kinh duong tron (O)
O'A = O'B, vi cing bang ban kinh dudng tron (O')
Do d6, AAOO" = ABOO' (c.c.c) = OAO' = OBO'.
Khi d6, ta dugc OBO' + OCO" = OAO' + CAO = 180°, tiic 1a tit giac OBO'C noi tiép.
@ Nhan thay ring:
— Tu két qué cau a), suy ra D thuoc duong tron ngoai tiécp ACOO'.

— Tu két qué cau b), ta suy ra B thuoc duong tron ngoai tiécp ACOO'.
Vay nam diem O, ', B, C, D ciing nam trén mot duong tron ngoai tiép ACOO'.
[

BAI 5. Cho ti gidc ABC'D noi tiép nita dudng tron duong kinh AD. Hai dudng chéo AC va BD cit
nhau tai £. Vé EF 1L AD. Goi M la trung diém ctia DE. Chiing minh ring
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@ Cic tt giac ABEF, DCEF noi tiép dugc.

@® Tia CA la tia phan giac ctia goc BOF.

@® T giac BOMF nai tiép dudgc.

# LOI GIAL

0 — —
Ta ¢c6 ABE = ABD = 90° (Go6c noi tiép chian nita dudng tron
duong kinh AD).
Ma AFE = 90° nén tit gidc ABEF noi tiép duong tron dudng

kinh AFE.

Ta c6 DCE = ACD = 90° (G6c noi tiép chan nita dudng tron C

duong kinh AD). B

Ma EFD = 90° nén tit giac CDFE noi tiép duong tron dudng

kinh ED. A , b

@® Trong dudng tron dudng kinh AD, ta c6
ACB = 14/D\B, g6c 1di tiép ciing chin cung AB (1).
Trong ducng tron duong kinh DFE, ta c6

ADB = XC\F, géc noi tiép cling chan cung EF (2).

Tu (1) va (2), suy ra ACB = ACF & CA la tia phan giac clia goc BCF.
® Trong dudng tron duong kinh ED ta c6 EMF = 2EDF.

Suy ra BMF = 9BDA.

Ma BOF = 2BCA (do C'A la tia phan giac ctia @)

Mat khac BCA = BDA

Nén BOF = BMF.

Do do6 tit gide BCMF noi tiép.

l

BAI 6. Ching minh ring trong mot dudng tron hai day khong di qua tam khong thé cit nhau tai trung
diém méi day.

# LOI GIAL

Ta di chiing minh bang phan ching. C

Gia st trai lai c6 hai day cung AC va BD cit nhau tai trung diém I cta B

moi duong va khong di qua tam O.

Khi d6 ti@ giac ABC'D 1a hinh binh hanh.
Do d6 ABCD la hinh chi nhat

— D
= BAD = 90° A
Vay BD la duong kinh

= O € BD, mau thuan.

O

BAI 7. Hai duong tron (O) va (O') cit nhau tai A va B. Trén dudng tron (O’) lay mot diém M. Céc
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duong thing M A, M B cat dudng tron (O) tai C va D. Tit M vé tiép tuyén zy véi dusng tron (O').
Chitng minh rang zy || CD.

# LOT GIAL
Veé day cung AB, ta c¢6 MAB + CAB = 180°.

C
Tt gidc ABCD la tit gidc noi tiép nén y
CDB + CAB = 180° = CDB = MAB. M
x
Mt khac trong dudng tron (O') ta c6
D

MAB::m\Béc{ITB:Jﬁ/[\BjCDHIy,dpcm.

BAI 8. Hai duong tron (O) va (O') cit nhau tai A va B. Mot duong thing qua A cit dudng tron (O)
va (O') tai C va D. Vé day C'E cia dusng tron (O) va day DF ctia dudng tron (O') song song véi nhau.
Chitng minh ring ba diém B, E, F' thang hang.

# LOI GIAL
Vé day chung AB, ta lan luct thay
— ViCE | DF nén ACE + ADF = 180°.
— Tt gidc ABEC noi tiép nén D
ABE + ACE = 180° (1).

— Tt gidc ABFD la tid giac noi tiép nén

ABF + ADF = 180° (2).
Cong theo vé (1) va (2) ta dugc
ABE+ACE+ABF+ADF — 360" < BBF+ (1CE + ADF) — 360"

— EBF = 180° < Ba diém B, E, F thing hang.

BAI 9. Cho hinh vuong ABC'D. Trén canh AB 1y mot diém M. Dudng thing qua C' vudng géc véi
CM cat cac tia AB, AD lan lugt tai E va F. Tia CM cat dudng thang AD tai N. Ching minh ring

@ T giac AMCF noi tiép duge.
@® T gisc ANEC nai tiép dugc.
® CM+CN = EF.

# 1L,OI GIAL

@ Ta lan luct thay
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—

MAF = 90°, vi ABCD la hinh vuong. E
MCF = 90°, theo gia thiét EF 1 CM.
Do do, tit gidc AMCF noi tiép duong tron dudng kinh MF.
@® Ta lan lugt thay
NAE = 90°, vi ABCD 1a hinh vuong. B
NCE = 90°, theo gi thiét EF 1 C'M.
Do do, tit gidc ANEC noi tiép duong tron duong kinh NE.

® Ta lan luot xét
— Xét ACMF vuong tai C, ta c¢b

CMF = CAF = 45° cung chin cung CF cia (MF).
= ACMF vudng can tai C = CM =CF (1).
— Xét ACNFE vuong tai C, ta ¢
CNE = CAE = 45°, ciing chén cung CE ciia (NE).
= ACNE vuong tai C = CN =CE (2).
Cong theo vé (1) va (2), ta duge CM + CN = CF + CFE = EF, dpem.

O

BAI 10. Cho hinh binh hainh ABCD. Dudng tron di qua ba dinh A, B, C' c&t dusng thing CD tai P
khac C'. Ching minh AP = AD.

# LOI GIAL

Ta c6 ABCP la t1t gidc noi tiép.

Suy ra B+ APC = 180°.

Ma ADC = B (do ABCD la hinh binh hanh)
Nen ADC + APC = 180°.

Mat khac ADP + ADC = 180° (hai géc ké bi).
Suy ra ADP = APD.

Vay AAPD can tai A

= AP = AD.

g

BAI 11. Tt mot diém M & bén ngoai dudng tron (O) ta vé hai tiép tuyén MA, M B véi dudng tron.
Trén cung nhé AB lay mot diem C. Vé CD 1L AB,CE 1. MA,CF L MB. Goi I la giao diém ctia AC
va DE, K 1a giao diém ctia BC va DF. Chting minh ring

@ T gisc AECD noi tiép duge.
@® T giac BFCD noi tiép duge.
® CD>’=CE.-CF.

O /K| AB.

# 1L,OI GIAL
(1)
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Xét tit giac AECD ta co
ADC + AEC = 90° + 90° = 180°.

Do d6, tit gidc AEC D noi tiép dugc.

@ Xét tit giac BFCD ta c6

BDC + BFC = 90° + 90° = 180°. M
Do d6, tit gidc BFCD noi tiép duge.
® Xét hai tam gidac ACDE va ACFD, ta c6 A
CED = CAD, gbc noi tiép cuing chin mot cung trong dudng tron ngoai tiép ti giac AECD.
CAD = C@ gbc noi tiép cling chin mot cung va géc tao bdi tiép tuyén véi day cung do.
CBF = C’DF goc noi tiép ciing chan mot cung trong dudng tron ngoai tiép ti giac BFCD.
—~ CED=CDF (1).
CDE = @, goc noi tiép cling chan mot cung trong dudng tron ngoai tiép ti giac AECD.
CAE = C/’B\D, gbc noi tiép cling chdn mot cung va goc tao bdi tiép tuyén véi day cung do.
CBD = Cﬁ, gbée noi tiép cling chan mot cung trong dudng tron ngoai tiép tit gidc BFCD.
= CDE=CFD (2).
Tu (1) va (2) suy ra ACDE ~ ACFD = ¢D _CE & CD*=CE-CF, dpem.
e CF _CD
@ T:c6 CED =CDF
CDF + BDF = BDC = 90°
CED + DEA = CEA = 90°.
Do d6 BDF = AED, hay BDK = AET.
Mat khac DBK = EAT nen AAET ~ ABDK.
Suy ra AIE = BKD.
Ma AIE = DIC (hai goc d6i dinh) nén DIC = BKD.
Do d6 tit gide DICK noi tiép = IDC = TKC.
Hay CDE = IKC.
Wﬁ:@(:m) nén IKC = ABC.
Ma hai goc nay ¢ vi tri dong vi nén AB || IK.
L]
™= Suu tam & bién soan Trang 202/280 K1 GeoGebraPro

Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tuw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

" PUONG TRON NGOAI TIEP - PUONG TRON NOI TIEP

@ TOM TAT Li THUYET
1. Dudng tron ngoai tiép va dudng tron noi tiép da giac déu

Dinh nghia 1. Duong tron di qua tat ci cac dinh ctia mot da gidc duge goi 1a dudng tron ngoai tiép
da giac d6 va khi dé6 da gidc dugc goi 1a noi tiép duong tron.

Dinh nghia 2. Dudng tron tiép xtc vdi tat cd cac canh clia mot da giac dude goi 1a duong tron noi
tiép da giac d6 va khi dé6 da giac dude goi 1a ngoai tiép duong tron.

Dinh li 1. Bat ki da gidc déu nao ciing cé6 mot dudng tron ngogi tiép va mot duong tron noi tiép.
Ta co:

— Tam chung ctia duong tron noi tiép va dudng tron ngoai tiép mot da gidc déu goi la tam cta da

giac deu do.
— Khodang cach tit tam ctia da giac déu dén canh clia n6 goi 1a trung doan (cfing 1a ban kinh cta

duong tron noi tiép).

2. Ban kinh ctia dudng tron ngoai tiép va dudng tron noéi tiép da giac déu

Goi R, r, n va a lan lugt 1a ban kinh dudng tron ngoai tiép, dudng tron noi tiép, so6 canh va do dai mdi

canh. 180° 180°
Xét AOHA, ta c6 AOB = — AOH = o
n '
R=0A= Af\: a18oo:>sin@:i.
sin AOH 9sin n 2R
n
AH 180°
tan AOH  9tan no2r
n

Dinh 1i 2. V§i moi da gidc déu cé cung so canh, ti s6 gitta chu vi da gidc vdi duong kinh cia dudng
tron ngoai tiép khong phu thuoc do dai cia duong kinh.

3. Cach vé cac da giac déu thong dung bang thuéc va compa

a) Dé vé AABC déu, noi tiép duong tron (O), ta thuc hién

— Vé duong kinh AA’.
— Vé duong tron (A, A’O), cat (O) 6 B va C. “\ y
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b) Dé vé hinh vuong ABC'D ndi tiép dusng tron (O), ta vé hai dudng kinh vuong

B
goc 1a AC va BD. ‘
A ‘

¢) Dé vé luc gidc déu ABCDEF nai tiép duong tron (O), ta B o

thuc hien <
— Vé duong kinh AD. /“\
— Vé duong tron (A4; AO), cat (O) 6 B va F. \'V/

— Vé duong tron (D; DO), cat (O) 6 C va E.

( PHUONG PHAP GIAI TOAN

VI DU 1. (Bai 61/trang 91 - SGK)
@ Ve duong tron tam O, ban kinh 2 cm.
@ V& hinh vuong noi tiép dudng tron (O) do.
@ Tinh ban kinh r ctia duong tron noi tiép hinh vuong & cau b) r6i vé dudng tron (O; 7).

“ LOT GIAL
@ Cich vé: Mé com-pa mot khoang bang 2 cm. Quay mot vong dé vé dudng tron (O; 2).
(2

Cach vé:
— T diem A bat ki trén dudng tron, vé duong kinh AC.
— Vé duong kinh BD vuong géc véi duong kinh AC.
— A, B, C, D la bén dinh ctia hinh vuong can dung.

@ Duong tron noi tiép hinh vuong c6 duong kinh bing canh ciia hinh vuong ABCD.
Taco OE? + EA2 = 0A?2 & 212 = 22 = r = /2.
Céch vé duong tron noi tiép hinh vuong: Ké OF 1 AB, vé duong tron (O; OF).

[
VI DU 2. (Bai 62/trang 91 - SCK)
@ Vc AABC déu canh a = 3 cm.
@® Vé duong tron (O; R) ngoai tiécp AABC. Tinh R.
@ Vé duong tron (O;r) noi tiép AABC. Tinh r.
O Ve tam giac déu IJK ngoai tiép dusng tron (O; R).
# LOI GIAL
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@ Cich ve:
— Vé BC =3 cm. J A !
— V& cac duong tron (B;3 cm) va (C'; 3 cm) cit nhau tai A. A

— AABC 1a tam giac déu c6 canh bang 3 cm.
@ Tam O ctia duong tron ngoai tiép tam gidc déu ABC tring L A

véi trong tam cla tam gidc do.

B C
Ta c6 ban kinh R ctia dudng tron ngoai tiép AABC 1a
2 ABV3 2 3V3
Y _ 2 V8 |
=3 3 5 —3 g —Vim K

¢) Béan kinh r ctia dudng tron noi tiécp AABC la

1
polag_1.ABV3 1
3 3 2 3
d) Ve cac duong tron (A; AB), (B; AB) va (C; AB).
Céc duong tron nay cit nhau tai I, J, K thi AIJK la tam gidc ngoai tiép duong tron (O; R).

O

3v3 V3
— = — CIN.
2 2

Vi DU 3. Mot dudng tron c6 ban kinh R.
@ Tinh dien tich tam gidc déu noi tiép dudng tron dé theo R.
@ Tinh dien tich hinh vuong nai tiép dudng tron dé theo R.

@ Tinh dien tich luc giac déu noi tiép dudng tron d6 theo R.

# LOI GIAL
@ Coi o la do dai canh tam giac déu, ta co
a

R = ——g = a=2Rsin60° = RV3.
2 sin

Khi do6 dién tich tam giac duge cho la

G_ V3 (RVPVE  3RAV3
4 4 4

@® Goi a 1a do dai canh hinh vuong, ta c6

R= +80 — q = 2Rsin45° = RV/2.
2 sin 1

Khi d6 dién tich hinh vuéng dugc cho la

S =a?=(RV2)? =2R%
@ Dien tich luc giac déu gdm 6 tam giac déu canh bang R 1a

R*/3  3R*/3
4 2

S=6
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Nhan xét. Nhu vay, dé tinh dién tich cia mot da gidc déu bat ki ching ta chi can zdc dinh duge do
dai ctia canh da gide déw dé va doi véi cac da gidc déu ching ta da cé dudc cong thic lién hé gitta canh

vdi ban kinh duong tron ngoai tiép va noi tiép.

O
VI DU 4. (Bai 63/trang 92 - SGK) Cho dudng tron (O; R), tinh theo R:
@ Canh clia tam giac déu noi tiép.
@ Canh ctia hinh vuong noi tiép.
@ Canh cta luc gidc déu nai tiép.
# LOI GIAL -
@ Tac6a=2R-sin = 2Rsin60° = R/3.
180°
@ Ta c6 a =2R -sin = 2Rsin45° = RvV/2.
180°
® Tacoa=2R sin =2Rsin30° = R.
l

VI DU 5. Cho luc gidc déu ABCDEF tam O.
@ Coiala do dai canh lyc gidc déu. Tinh ban kinh duong tron ngoai tiép R va ban kinh dudng
tron noi tiép r ctia luc giac.
@ Goi M 1a mot diém bat ki trong AAOB. Goi H, I, K theo thit tu 1a hinh chiéu ctia M trén
OA, OB, CF. Chitng minh rang nam diém M, H,I,O, K cung thuoc mot dudng tron.
® Ching minh ring AHIK 1a tam gidc déu.

# LOI GIAL

O Taco

a a
= —55° = 5smaos ~
2sin ——
6
a a a\/g
T = = .
180° o
9 tan - 2 tan 30 2

@ Nhan xét ring OHM = OIM = OK M = 90°.
= H, I, K thudc duong tron c6 duong kinh OM.
= H,I,K,0O, M cung thuéc mot dusng tron.

c¢) Gia st K thudc doan thing OF.
Xét duong tron di qua nam diem H, I, K, O, M, ta co HKI = HOI = 60° vi géc noi tiép cling
chdn mot cung.
Tuong tiu, ta c6 KHI = KOI = 60° vi géc noi tiép cing chan mot cung. Trong AHIK ta c6
HIK = KHI = 60° nén AHIK 13 tam giac deu.
Nhan xét. — Trong l0i gidi & cau a), ta tinh dugc R, r dua trén cong thic da biét, tuy nhién cing

6 thé st dung viéc zét tam gidc vuong dé zdc dinh R, r.
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— Nho chiing minh duoc nam diem M, H,I,0, K cung thuoc mot duong tron, cic goc HKT va EO\I
la hai géc noi tiép cia duong tron dé, do dé dp dung tinh chdat cia géc noi tiép, ta tinh duoc
HIK =60° va IKH = 60°.

]

VI DU 6. (Bai 64/trang 92 - SGK) Trén mot dudng tron ban kinh R 1an lugt dit theo ciing
mot chiéu, ké tit mot diem A, ba cung AB, BC, CD sao cho sd AB = 60°, sd BC = 90° va sd
CD = 120°.

@ T gidc ABCD la hinh gi?

@ Chimng minh rang hai duong chéo ctia ti gidc ABC'D vudng géc véi nhau.

@ Tinh do dai cac canh clia tit gidc ABC'D theo R.

# LOI GIAL

_ 1 —
@ Tac6 BDC = §sd BC = 45°.
sd AD = 360° — (60° + 90° + 120°) = 90°.
—_— ]_ —_—— —_—
= ABD = §sd AD = 45° = BDC = AB || CD (vi c¢6 cap goc so le

trong bang nhau). D 7 C
Do d6, ABCD la hinh thang va hinh thang noi tiép duong tron nén \_/

no6 la hinh thang can. /\
b) Goi M la giao diém ctia AC va BD, vi AMD la géc c¢6 dinh & bén trong duong tron nén

——  sd AD +sd BC ° 4 90°
AMD:S —;—s 0290290

=90° = AC L BD.

c¢) Ta lan lugt ¢6 cac nhan xét:
— AOAB déunén AB = OA = R.
— AOAD vudng can nén AD = 0OAV2 = RV2 = BC.
Ké OH 1 CD, ta c6 CD =2CH = 2Rsin60° = Rv/3.

Nhan xét. Trong l0i gidi ctia cau a) ching ta cé thé thyc hién don gidn hon bing cdach:

sd AD = sd BC = 90° = AD = BC = AB || CD.

[
VI DU 7. Cho dudng tron (O; R). Cho mot day cung AB bing canh hinh vuong noi tiép va mot
day cung BC bang canh tam giac déu noi tiép (C' va A nam cung phia déi véi BO). Tinh cac
canh cia AABC va duong cao AH cta n6 theo R.
# LGOI GIAL
Theo gia thiét, ta co
AB = RV?2, BC = RV3.
Trong dudng tron (O), ta c6
sd AC = sd BC —sd AB = 120° — 90° = 30° = ABC = 15°. BR_—/ ¢
A
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Trong AABH, ta c6 AH = ABsin15° ~ Rv/2 - 0,2588 ~ 0,37R.

Vi AAHC vuong can nén AC = AHV2 ~ 2R - 0,2588 ~ 0,52R. O
Nhan xét. Vi du trén thuoc dang todn tinh toan don gian. Tuy nhién, dé thuc hién duoc né cic em
hoc sinh can nhd dugc cong thic tinh do dai cia tam gidc déu va ti gidc déu noi tiép trong duong tron

(O; R).

(® BAI TAP LUYEN TAP

BAI 1. Mot da gidac déu noi tiép duong tron (O; R). Biét do dai mdi canh ciia n6 1a Rv/2. Héi da giac
d6 la hinh gi?

# LGOI GIAL

Goi a, n theo thit tu 14 s6 dinh, do dai canh cta da gidc déu do6, ta c6 a = RV/2.

180° a RV2 V2 180°
= si - 2 Ve _ VI Gin4se = —45° = =4
sin — b SR > sin - n
Vay da giac can tim la tit gidc déu (hinh vuong). O

BAI 2. Cho luc gidc déu ABCDEF canh a. Cac dudng thing AB va C'D cit nhau tai M va ching cit
dudng thing FF theo thit tu tai N va P.

@ Ching minh ring AMNP la tam giac déu.

@® Tinh ban kinh duong tron ngoai tiép AMNP.
# LGOI GIAL

R . . N 6 —2)-180°
@ Hinh luc gidc déu c6 s6 do mdi goc bang L

= 120°.
Suy ra s6 do mdi goc ngoai bang
180° — 120° = 60°.
Xét AMBC, ta c6
BMC =180° — (MBC + MCB) = 60°.

Xét ANAFN, ta co

ANF = 180° — (NAF + NFA) = 60°.
Vay AMNP c6 hai goc bang 60° nén né la tam gidc déu.

) MN 3
@ Coi R 1a ban kinh dudng tron ngoai tiép AMNP, ta ¢6 R = = W3
5 sin 180 2 sin 60°
3

BAI 3. Cho ngii gidc déu ABCDE. Hai dudng chéo AC va AD c&t BE lan luct tai M va N.
@ Tinh ti s6 giita cac ban kinh clia dudng tron noi tiép va duong tron ngoai tiép ngii gidc déu doé.
@® Chimng minh ring cac tam giac AMN va CM B la tam giac can.
@ Ching minh ring AB - BC = BM - AC.

# LOT GIAL
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A
@ Goi a, R, r theo thi tu 1a do dai mdi canh, ban kinh dudng tron
ngoai tiép va ban kinh duong tron noi tiécp ABCDE.

Khi d6, ta o6 R — —— var— —2 E B
2 sin 36° 2 tan 36°
Vay suy ra

o sin 36° - 4

R tan36° 5

b) Vi ABCDE la ngii giac déu nen AB = BC' = CD = DE = EA. Y ¢
Trong AAMN, ta ¢ AMN = %(sd EA +sd /B@) = %(sd AB +sd DT?) — ANM.
Vay tam giac AM N can tai A.
Trong ACMB, ta c6 BMC = %(sd BC +sd EA) = %(sd CD +sd DE) = MBC.
Vay tam giac CM B can tai C.
c) Tacém:%sdﬁ:%sd@:A/C’\B.
AC BC

BAI 4. Cho tam giac déu noi tiép dudng tron (O) c6 canh 3 cm.
@ Tinh ban kinh ciia dusng tron (O).
@® Tinh canh lyc gidc déu ngoai tiép dudng tron (O).
# LOT GIAL
@ B:an kinh ciia dudng tron (O) 1a R = 281[?600 = /3 (cm).
@ Canh luc giac déu ngoai tiép duong tron (O) 1a 2 - v/3tan30° = 2 (cm).

O

BAI 5. Cho AABC déu, ndi tiép dudng tron (O; R). Goi D, E, F theo thit tu la diém chinh giita cac
cung AB, BC,CA. Chitng minh ring ADBECF la luc giac deu.

# LOI GIAL
Vi AABC déu nén AOC = BOC = COA = 120°. I C
Ma D, E, F theo thtt tu la diém chinh gitta cung AB, BC, C A nén
40D ~ DOB = BOF = FOC - COF - FOA ) i
Do dé cac tam giac AOD, DOB, BOE, EOC, COF, FOA la tam
giac déu c6 canh bang R.
Vay ADBECF c¢6 6 canh bang nhau va 6 goc bang 120° nén 1a luc D B
giac deu.
O
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BA @ PO DAI PUONG TRON, CUNG TRON

@ TOM TAT LY THUYET

1. Do dai duong tron

@ Do dai dudng tron (hay “Chu vi hinh tron”) duge ki hiéu la

C.
@® Do dai C ciia mot dudng tron ban kinh R duge tinh theo
cong thic
C=2nR.
@ Néu goi d 1a duong kinh ctia duong tron (d = 2R) thi
C=nd.

Trong d6 = doc 1a “pi” va m ~ 3,14 (7 = 3,14159265. . .).

2. D6 dai cung tron

@ Duong tron ban kinh R (iing véi cung 360°) c6 do dai la 27 R.
@ Mai cung 1° ban kinh R c6 do dai 1a
2tR  wR

360 180
@ Mot cung n°, ban kinh R c¢6 do dai
mRn

= ——.
180

G cAcVviDu

VIDU 1. @ Tinh do dai cung 60° ciia mot dudng tron c6 ban kinh 2 dm.
@® Tinh chu vi ciia mot vanh xe dap c6 dusng kinh 650 mm.

# LOI GIAL

@ Do dai cung 60° ctia duong tron ¢6 ban kinh 2 dm= 20 cm 1a
] mRhn 7-20-60 207 20,9 (cm)
180 180 3 ’

@ Chu vi ctia vanh xe dap dudng kinh 650 mm la

C =md = 65071 ~ 204,2 (cm).

0
VI DU 2. Tinh do dai ciia dudng tron, biét
@ Duong tron c6 ban kinh bing 6 cm.
@® Duong tron c¢6 duong kinh 8 cm.
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@ Duong tron ngoai tiép tam gidc déu canh bing 2v/3 cm.

# 1L,OI GIAL

@ Do dai duong tron ban kinh 6 cm 13
C=2rR=2-7-6= 37,7 (cm).
@® Do dai duong tron dudsng kinh 8 cm 1a
C=nd=8r~ 25,1 (cm).
(3
Gia sit c6 O la tam duong tron ngoai ticp AABC. Qua A
A ké duong cao AH. Khi dé ta c6

R:OA:%AH:?ﬂé‘/gzz(cm).

Vay do dai duong tron ngoai tiép tam giac deu ABC' 1a 19)
C=2rR=2-7-2=4n~ 12,57 (cm).

O
VI DU 3. Cho (O;OM). V& dudng tron (O') dusng kinh OM. Mot ban kinh OA ciia (O) cit (O')
d B. Chiing minh hai cung M A va M B c¢6 do dai biang nhau.
# LGOI GIAL
Trén (0') dat MOA = o thi BO'M = 2a (gbc noi tiép va goc 8
tam cung chan cung BM).
Suy ra sdAM = a, sdM B = 2a. Do d6
T OM -«
MA T 180°
] _7-OM-2a 7-OM -«
MB - 1800-2  180°
Tt (1) va (2) suy ra I = i3
Vay hai cung MA va MB c6 do dai bang nhau.
U
VI DU 4. Cho duong tron (O) duong kinh AB. Vé day C'D vuong goc véi AB tai M. Gia st
AM =1 cm, CD = 2v/3 cm. Tinh
@ Do dai duong tron.
@® Do dai ciia CAD.
# LOI GIAL
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C
@ T2 c6 AB L CD tai M (gia thiét) nén
MC =MD =CD:2=+/3 (cm) (tinh chat dusng kinh va day
cung).
. z TN 7z ~t s X g)\f ? BN N A T B

Lai ¢6 ACB = 90° (g6c ndi tiep chan nita dudng tron). M/ O

Do d6, AACB vudng tai C' ¢6 dusng cao CM (CD L AB tai
D

Theo hé thiic lién hé gitta duong cao trong tam giac vuong AC'B

ta co

MC?=MA-MB

uer (V3)
= MB:MA: 1 =3

~ R:%AB:%(AM+MB):2 (cm).

Do dai duong tron: C = 27R =27 -2 = 47 ~ 12,57 (cm).
b) Taco6 AM =1cm, OA=2cm = MA=MO =1 cm.
Xét ti gide OCAD c¢6
MC = MD (chtng minh trén)
MA = MO (ching minh trén) = OCAD la hinh thoi.
CD 1 OA (gia thiét)
= CA=CO = OA (cung bang 2 cm) nén AOAC déu
= AOC = 60° = COD = 120°.
Do dai ctia CAD
mRn  w-2-120 4«

| — = = =— =141 .
CAD ~ 180 180 5 ~ 419 (am)

O

Nhan xét. 1. Trong ciu a), dé tinh dugc do dai duong tron ching ta can di tim ban kinh dua trén viec
tinh do dai cia duong kinh AB. Tuy nhién, ta ciing cé thé tinh dugc R bing cdch:
Trong tam gidc vuong OMC', ta coé
OC? = OM? 4+ MC? = (OA — AM)* + MC?
S R2=(R-12+ (V3) & R=2 (cm).
2. Trong cau b), vdi yéu cau “Tinh do dai ciia cung CAD”, ching ta can thuc hién theo 2 budc
Bwée 1: Tinh 56 do cia cung CAD, tic la tinh COA.
Budc 2: Su dung cong thic tinh do dai cung.

VI DU 5. Cho duong tron (O), day AB = 9 cm ¢6 khodng cach dén tam bing mot nita ban kinh
cua duong tron.

@ Tinh chu vi duong tron.

@® Tinh do dai cung nhé AB.

# LOI GIAL
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@ K¢ OH | AB. Khi d6 HA = HB (tinh chat dudng kinh va day

cung). 1 1
jHB:§AB:§.9:475<Cm). A/H\B

Trong tam giac vuong OH B, ta co

1 —~
— sinB=— =- = B =30°
- ?{% 2 - H?g 4.5
—_— B = — B = == ! — .
o8 OB =0 cosB  cos30° 3v3 (om)

Chu vi dudng tron: C = 27R = 27 - 3v/3 ~ 32,65 (cm).
@ Tacé B = 30°;

— BOH =90°— 30° = 60°
— AOB =2BOH =2-60° = 120°

= sdAB = 120°.

TRn  w3v/3-120
180 180
Nhan xét. 1. Dé tinh chu vi duong tron hodc do dai duong tron, bao gio ta cing phdi tinh ban kinh

D6 dai cung nhé AB: [ =

~ 10,88 (cm). O

ctia né. Bdn kinh nay la canh huyén OB ciia tam gidc vuong OHB. Tam gidc dé c¢é canh géc vuong
OH bang mot nia canh huyén. Hay nhd lai néu mot tam gidc vuong cé canh géc vuong bang mot
nita canh huyén thi géc doi dién vdi canh géc vuong dé bang 30°. C6 thé ching minh truc tiép diéu
nay vao bai todn:

g—g = % = B = 30°.

2. Trong loi gidi cau b), ta tinh tryc tiép do dai cung AB, dé la é chu vi cia duong tron (vi AOB =

sin B =

120°). Néu ap dung cong thic tinh do dai cung 120°, ta cé
7T-R-120  7-3v3-120

_9 .
180 180 V3 cm

Vi DU 6.

Cho ba diéem A, B, C thing hang sao cho diém B nam giita
hai diém A va C (hinh vé bén). Chitng minh ring do dai clia
nita dudng tron duong kinh AC bing tong do dai clia hai niia
duong tron duong kinh AB va BC.

# LOI GIAL
Goi Cy, Cy, C3 lan lugt 1a do dai clia cac nita duong tron duong kinh AC, AB va BC. Khi d6

1 s
—Z.1-AC = ZAC-
Cq 5 C 5 O
1
Cy =§-w-AB=gAB;
1 s

Xét Cy+ Cy = gAB + gBC - g(AB + BC) = gAc = Q).
Vay C; = Cy + C3 (diéu phai chiing minh). O
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Nhan xét. 1. Nguoi ta cé thé phdt biéu bai todn trén theo chiéu ngudc lai nhu sau: “Cho ba diém A,
B, C. Chimg minh ring do dai duong tron duong kinh AC bing tong cic do dai duong tron duong
kinh AB va BC. Chiing minh ring ba diém A, B, C thing hang va diém B nam gita A va C”.

2. Tw dé, ta c6 két qud tong qudt: Ciacy < Ciap) + C(poy-

C. BAI TAP TU LUYEN

BAI 1. Mot tam gide déu va mot hinh vuong ciing ¢6 chu vi 1a 72cm. Hoéi dudng tron ngoai tiép hinh
nao 16n hon? Lén hon bao nhiéu?
# LOI GIAL

Goi a, b 1an lugt 14 do dai canh cia tam gidc déu va hinh vuong. Suy ra

3a =72 < a=24(cm);
4b =72 < b= 18(cm).

Goi Ry, Ry lan luot 1a ban kinh duong tron ngoai tiép tam giac déu va hinh vuong. Suy ra

a 24
R = ——g07 = gamep — 53 (m)
2sin
3
b 18
o =155 = gamnaze ~ V2 ()
2sin
4
Khi d6
C, =27R; = 167v/3 ~ 87,06 (cm);
Cy = 2Ry = 187V2 ~ 79,97 (cm).
Vay C1 > Cz va Cl — CQ ~ 7,08. O

BAI 2. Cho doan thing AD = 12cm. Cac diém B, C ciing thuoc doan thdng AD sao cho AB = CD.
Vé cac duong tron c¢6 duong kinh theo thit tuy 1 AD vad BC'. Biét chu vi duong tron 16n bang ba lan
chu vi duong tron nho. Tinh chu vi cia duong tron nhé.

# LGOI GIAL

Ta c6 duong tron 16n 1la duong tron duong kinh AD nén

ban kinh R = AD :2 =6 (cm).

Do chu vi dudng tron 16n bang ba lan chu vi duong tron

nhé nén ban kinh dudng tron 16n ciing gap ba lan ban kinh

dudng tron nho. Suy ra dudng tron dudng kinh BC' ¢6 ban 4 D
kinhr=R:3=6:3=2 (cm). B 0 ¢

Vay chu vi ctia duong tron nho la

C=2mr=2r-2=4nr.

U
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BAI 3. Cho hai dudng tron (O; R) va (O’; R') tiép xtic ngoai véi nhau tai A. Mot dudng thing qua A
cat duong tron (O) tai B, cat duong tron (O') tai C. Chiing minh rang néu R’ = %R thi do dai cta
AC bang nita do dai ctia AB (chi xét cac cung AC, AB nhé hon nita dudng tron).

# LOI GIAL

Xét duong tron (0O), AAOB can tai O nén OAB = @; B

Tuong tu, trong dusng tron (O'), AO’AC can tai O' nén O'AC =

O'CA

Ma OAB = O'AC' (hai géc déi dinh).
Do d6 OBA = O'CA. \

Xét hai tam giac OAB va O'AC ¢6
— OBA=0CA (chting minh trén)
— OAB = O’AC (di dinh)

= ANOAB «~ NO'AC (gbc - goc)

_AC A0 R

AB  AO 1R . .
Vay néu R = §R thi do dai cia AC bang nita do dai clia AB. O

BAI 4. Cho AABC vuong 6 A, C = 30° va AB = 4cm. Vé duong cao AH. Goi M va N theo thi tu
la trung diém cia AB va AC.

@ Ching minh ring ti giac AMHN nai tiép duge.

@® Tinh do dai dusng tron ngoai tiép tit giac AMHN.
# LOI GIAL

@ Tam gisc vuong AHB c¢6 HM la trung tuyén néen
MH = MA;

Tam giac vuong AHC ¢6 HN la trung tuyén nén A
NH = NA %Q
Xét AMAN va AMHN c6 M

MA = MH (ching minh trén)

307

NA = NH (ching minh trén) . B i C
M N: canh chung
= AMAN = AMHN (canh - canh - canh)
= H=A=90.
Tt gidac AMHN c¢6 H + A = 90° + 90° = 180° nén noi tiép
duge duong tron tam [ duong kinh M N.
b) Ap dung ti s6 luong giac clia goc nhon trong tam gidc vuong ABC, ta c6

.~ AB
smC—B—C:>BC—Sm300 =8 (cm).

O | | o~

Lai ¢c6 M N la duong trung binh ciia AABC nén
1 1
MN:§BC:§'8:4(CH1>.

-4 =2 (cm).

N —

. 1
Suy ra duong tron ngoai tiep ti gidc AMHN c¢6 ban kinh R = §MN =
Vay do dai duong tron ngoai tiép ti giac AMHN la
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C=2rR=2r-2=4n (cm).
O
BAI 5. Cho hinh vuong ABCD ¢6 AC = 4cm. 0 phia ngoai hinh vudng vé cac nita duong tron cé
duong kinh theo thit tu 1a AB, BC, CD, DA. Bén nita duong tron dé tao thanh hinh hoa bén canh.

Tinh chu vi ctia hinh hoa ay.
# LGOI GIAL

Gia st a la do dai canh ctia hinh vuéong ABCD.
Do AC = 4cm nén theo dinh 1y Py-Ta-Go, ta ¢6 D 8.

AC? = 20? & 4% = 2a% = a = 2v/2(cm).

Chu vi ctia hinh hoa bdén canh duge tao thanh tit bén nita duong

tron bang nhau

C=4-(nd:2)=2-m-a=2 722~ 17,78(cm). A\\_/B
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DIEN TICH HINH TRON, HINH QUAT TRON

@ 1OM TAT Li THUYET
1. Dién tich hinh tron

Dién tich hinh tron ban kinh R 14 S = 7R?.

2. Dién tich hinh quat tron

Dinh nghia 1. Hinh quat tron 14 mot phan hinh tron bao gom gitta mot cung tron va hai ban kinh

qua hai dau mut ctia cung do.

Trong hinh minh hoa bén, ta ¢6 hinh quat tron AOB (mién in dam). B
Dién tich hinh quat n° ban kinh R dugc cho bdéi: A
7R’n
St = o
360

3. Dién tich hinh vién phan
Dinh nghia 2. Hinh vién phan 13 mot phan hinh tron bao gom giita mot cung tron va day truong

cung do.

Trong hinh minh hoa bén, ta c6 hinh vien phan AmB (mién in dam). A

Dién tich hinh vién phan AmB dudgc cho bdi:

Samp = Squat AOB — SAAOB. m

( PHUONG PHAP GIAI TOAN

Vi DU 1. (Bai 77/tr 98 - Sgk) Tinh dién tich hinh tron noi tiép mot hinh vuong c6 canh 1a 4 cm.

# LOI GIAL
Hinh tron noi tiép hinh vuong c6 duong kinh d bang canh hinh vuong: d = 4 cm.
rd*>  7w4?

Hinh tron noi tiép hinh vuoéng canh 4 cm la: S = -1 - 47t ~ 12,56 cm?. U
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VI DU 2. Tinh dién tich hinh tron, biét:
@ Ban kinh bing 8 cm.
® Duong kinh bing 12 cm.
@ Chu vi ctia dudng tron dé bing 187.

# LOI GIAL
@ Vi gia thiét, ta cé: R =8 cm = S = 7 - 8% = 647 cm?.
@® Vi gia thiét, taco: 2R=8cm < R=4cm = S = 7-4% = 16w cm?.
@ Vi gia thiét, ta cé6: 2rR=18m1 < R=9cm = S = 7- 9% = 817 cm?.

0
Vi DU 3. (Bai 81/tr 99 - Sgk) Dien tich hinh tron sé thay déi nhu thé nao néu:
@ Ban kinh ting gap doi?
@® B:an kinh tang gap ba?
® Ban kinh ting gap k lan (k > 1)?
# LOI GIAL
Dién tich hinh tron c6 ban kinh (kR) 1a S = n(kR)* = k*(7R).
@ Néu ban kinh tang gap doi thi dién tich hinh tron ting gap 4 lan.
@ Néu ban kinh tang gap ba thi dién tich hinh tron ting gap 9 lan.
@ Néu ban kinh ting gap k lan thi dién tich hinh tron tang gap k2 lan.
0

VI DU 4. (Bai 79/tr 98 - Sgk) Tinh dién tich hinh quat tron c¢6 ban kinh bing 6 cm va géc & tam
tuong ting la 36°.

# LOI GIAL
TR%n 76236

Ta ¢6 ngay Squat = 260~ 300~ 11,3 cm?. O

VI DU 5. Tinh dién tich hinh vien phan AmB (hinh trén), biét AOB = 60° va ban kinh duong

tron bang 8 cm.

# LOI GIAL

8260 823
Ta ¢6 ngay Samp = SquatAOB — Saa0p = d - V3

s 2, O
260 1 5,79 cm

VI DU 6. (Bai 87/ tr 100 - Sgk) Lay canh BC ciia mot tam gidc déu lam duong kinh, vé mot nita
dudng tron vé ciing mot phia véi tam giac ay doi véi duong thang BC. Cho biét canh BC = a,
hay tinh dién tich ctia hai hinh vién phan duge tao thanh.

# LOI GIAL
Ban doc tu vé hinh.

Goi O 1a trung diém ctia BC, ta c6 OB = OC = g.
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Goi D, E theo tht ti 1a giao diém ctia AB va AC véi duong tron dusng kinh BC. Dé thay OAB, OEC
la cac tam giac déu.

T do, ta c6 dién tich ctia hai hinh vién phan gach soc 1a

O

VI DU 7. Cho AABC vuéng tai A ¢c6 AB = 10 m, B = 60°. Vé nita duong tron tam O dudng
kinh BC va di qua diém A. Tinh tong dién tich hai hinh vién phan tng v6i cung AB va cung
AC.

# LOT GIAL
Tong dién tich hai hinh vién phan bang dién tich nita hinh tron trit di dién
tich tam gidc AABC.

7OB?> 7-100

Dién tich nita duong tron: g =5 = 507 m?.

Véi AABC, ta c6: AC = AB - tan 6({’ =103 m;lBO = 2AB =20 m.
Dien tich tam gidc ABC: Saapc = 5AB CAC = 510 -10v/3 = 50/3 m?.

Suy ra, tong dién tich hai hinh vien phan bang 507 — 50v/3 = 50(m — v/3) m?2. O

VI DU 8. (Bai 83/tr99 - Sgk)
@ V& lai hinh sgk (tao bdi cac cung tron) véi HI = 10 cm va HO = BI = 2 cm. Néu cach vé.
@® Tinh dién tinh hinh HOABINH (mién gach soc).
@ Ching t6 ring hinh tron duong kinh NA c¢é cuing dién tich v6i hinh HOABINH do.

# LOI GIAL
Ban doc ty vé hinh
@ Cach vé:
— Ké duong thang HI = 10 cm.
— V& cung tron HI c6 sd do bang 180°.
— LAy O thuoc doan HI sao cho HO = 2 cm. Vé cung tron HO c6 s6 do bang 180° ciia dudng
tron (Sp; bem).
— LAy B thuoc doan HI sao cho BI =2 cm. Vé cung tron BI c6 s6 do bang 180° ctia dudng
tron (Sg; lem).
— V& cung tron BO ¢6 s6 do bang 180° ctia dudng tron (S3; lem).
@® Ta 6 dien tich hinh gach soc la

HI? OB? HO? (100 n 36 4> 167(cm?)
=7|—+ — —— | = 167(cm”).
8 8 4 8 8§ 4

Ta c6 AN =3+5=28 (cm).
2

8
@ Dicn tich hinh quat tron duong kinh NA la S = WT = 167(cm?).
O
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VI DU 9. Tinh dien tich ctia phan gach soc trén hinh.

# LOI GIAL

Dién tich phai tim bang hiéu ctia dién tich hinh thang vuong A D
ABCD va hinh quat 30°.
Ké DH L BC, ta dugc: a
DH = CD -sin30° = g,HC — OD - cos 30° = %g AD —
30°

/3 5
BH=BC—-HC=a— 5 H C

1 3 2 3 2
Khi d6, ta o: Sapop = 5 <a—|—a— a2 ) gz %— a‘g VA Squat = %
Dién tich phai tim:

a2 av3 wa®  a?
= —Squat=—————=— (12— —21) ~ 0,0254°.
S = SaBcp — Squat 5 3 B o1 ( 3v/3 7T> 0,025a
O
C. BAI TAP LUYEN TAP
BAI 1. Mot hinh vuong va mot hinh tron ¢6 cung chu vi. Hoi hinh nao ¢6 dién tich 16n hon?
# LOI GIAL
Goi C' la do dai chu vi ctia hinh vuong va hinh tron.
R C?
Goi a 1a do dai canh hinh vuon, suy ra C' = 4a < a = 7 = Sp=a’ = 6
Goi R la ban kinh ctia hinh tron, suy ra:
C c? c* C?
—9 - y=mTRP=m1— =" > |
C TR R 27T:>Sh TR 7T47T2 ppm > 16

Vay dién tich hinh tron 16n hon hinh vuong. 0

BAI 2. Cho AABC déu nai tiép dudng tron (O;6cm). Tinh dién tich vien phan giéi han béi day BC
va cung nho BC.

# LOI GIAL

Hudng dan: Ta c6 ngay Spmc = Squat BOC' — Sapoc- O
BAI 3. Hinh vanh khin 13 phan hinh tron bao gom gitta hai dudng tron dong tam. Tinh dien tich hinh
vanh khan tao thanh bdi dudng tron noi tiép va duong tron ngoai tiép tam giac déu c6 canh 6 cm.

# LOI GIAL

Goi R, r theo thi tu 1a ban kinh duong tron ngoai tiép va ban kinh duong tron noi tiép tam giac déu,

ta co:
_ a 6 s ) )
= _180° ~ 2sin60° 2vV/3em = S, yoni viep = TR = m(2V/3)? = 12mem®.
2sin
3
a 6
"= 180° ~ 2tan60° V3em = 5,4 e = m° = m(v/3)? = 3rem’.
2tan
Khi dé hinh vanh khan c6 dién tich S = Sngoai tisp — Onoi tigp = 127 — 3T =97 cm?. ]
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BAI 4. (Bai 84/tr 99 - Sgk)
@ Ve lai hinh tao bédi cac cung tron xuat phat tit dinh O ciia tam gidc déu ABC canh 1 cm. Neu
cach vé.
@ Tinh dien tich mién gach soc.
« LOT GIAL
@ Cich ve:
— V& cung C'D c6 s6 do bang 120° ctia duong tron (A4; lem).
— V& cung DE c6 s6 do bang 120° ctia duong tron (B;2cm).
— V& cung E'F ¢6 s6 do bang 120° ctia duong tron (C; 3cm).
@ Dien tich mién gach soc 1a S = g + %22 + %32 ~ 14,65(cm?).
O
BAI 5. Mot duong tron c6 do dai la 72 cm. Tinh dién tich hinh vién phan tao thanh bsi mot canh cua
tam giac déu noi tiép va cung nhé bi truong.
# LOT GIAL
chuvi 72

Bén kinh ctia dudng tron 1a R = = — (cm). A
2m 7T

Dién tich hinh vién phan giéi han bdi cung nhdé AB va canh AB la

TR /3 722 \/3.722
S = Squat — S = - “R*= " _
auat ~A0B 3 4 37 472

~ 547 (cm?).
C

O

BAI 6. Cho duong tron (O;2cm), mot diém M ¢6 MO = 2v/2 cm. Qua M ké hai tiép tuyén M A, MB
v6i dudng tron (A, B 1a cac tiép diém). Tinh dién tich hinh giéi han bdi cdc doan thing M A, M B va
cung nhé AB.

# LOI GIAL

Céc tam giac OBM,OAM la cac tam giac vuong can. Do
do, ti giac OBM A la hinh vuong. Goi S la dién tich cua
hinh gi6éi han b6i M A, M B va cung nho AB. Ta c6

S = SOBMA - SquatOAB
2-
_0A.pM - THT-90
360
m-4

—92.9__ =
4 B

=4 — 7~ 0,858(cm?).

l

BAI 7. Cho dudng tron (O) duong kinh AB = 2R, C' 1a diém chinh gitta ctia cung AB. Vé cung AB c¢6
tam C ban kinh C'A. Tinh dién tich hinh trang gi6i han béi cung AB ciia duong tron (C') va cung AB
khong chita C' ctia dudng tron (O).

# LOI GIAL
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GOl Sipang 12 dién tich can tim. Ta c6

AnB — Svién phénAva

Stréng = Svién phan

1
Trong do6: Syiey phanAnB = §7TR2 ;

Svién phanAmB = SquatCAB — SACAB
90
— 9 2 p2
60 OW(R\/' P —R

1
= §7TR2 — R*~0,57R?.

N 1
Suy ra, dién tich can tim 1a S, ., = -7R* — 0,57TR* = R®.

2
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ON TAP CHUONG III

BAI

BAI 1. Cho dudng tron tam O, dudng kinh AB = 2R. Liy M € (O) v6i AM < BM. Trén canh MB
lay diem C sao cho MC = MA. Goi OD la ban kinh vuong géc véi AB (M va D & hai bén dudng
thang AB)

@ Ching minh AMB — 90°. Tinh theo R do dai cac canh cia AABD.

@® Chimg t6 M D la phan giac AMB va MD 1 AC.

® Ching minh ring D la tam cta duong tron (ABC).

@ Duong tron (ABC) cit M D tai I. Chitng minh 7 13 tam duong tron noi tiép AMAB.
# LGOI GIAL

D

@ Vi M thubc duong tron dusng kinh AB nén AMB = 90° (goéc nai tiép chan nita duong tron).
Tuong tu ta co ADB = 90°, va OD 1 AB nén D nam chinh gita cung AB, suy ra DA = DB.
Theo dinh 1y Pythagore, AB?> = DA% + DB? < (2R)? = 2DA? & DA = DB = RY?2.

® Vi OD L AB nén D ndm chinh giita cung AB, hay sdDA = Sd@,
suy ra AMD = DMB (go6c noi tiép cuing chan hai cung bang nhau).

Vay MD 1a phan giac AMB.
Mat khac MA = MC nén AMAC can tai M nén M D 1L AC (trong tam gidc can dudng phan
giac con la dudng cao).

@ Theo cau b), ta c6 M D la dudsng trung triuc AC nén DA = DC = DB, khi d6 D la tam cua
duong tron (ABC).

O Vi D 1a tam cia dlfdng tron (ABC) va M D 1 AC nén sdTA = sdIC’
suy ra ABI = IBC (goc noi tiép cling chan hai cung bang nhau).
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Khi d6, BI la tia phan giac goc ABI.
Vay I 13 tam dudng tron noi tiép AMAB.
O
BAI 2. Cho dudng tron (O; R) va diém A nim ngoai dudng tron (O). Vé hai tiép tuyén AB, AC cia
duong tron (O) (B, C 1a hai tiép diém). Vé cat tuyén ADE ctia duong tron (O) (D, E thuoc dusng tron
(O); D nam giita A va E, tia AD nam gitta hai tia AB, AO).
@ Chimg minh ring A, B, O, C ciing thudc mot dudng tron va xac dinh tam ctia duong tron nay.
@® Ching minh ring AB?> = AD - AE.
® Goi H la giao diém ciia OA va BC. Chitng minh rang AAHD «~ AAEO v ti gidc DEOH noi

tiép.
) . N . FH
@ Duong thang AO cat dudng tron (O) tai M, N (M nam gitta A va O). Chitng minh réng AN =
MH
~ AD ")
# LOI GIAL
B
E
D 1
A M H| O N
C

O Ta co: AB, AC 1a hai tiép tuyén ctia (O) nén AB L OB, AC L OC,

suy ra O/B\A = 0/071 = 90°.

Vay tit giac OBAC noi tiép dudng tron dudng tron dudsng kinh OA c¢6 tam K la trung diém OA.
@ Xét hai tam giac AABD va ANAEB, c6

BAE chung
ABD = BEA( gbc noi tiép va goc tiép tuyén cung chian cung BD).
AB AD
én NABD «~ AEB (g- —_— =
nén (g-g), suy ra iE = AB

Vay AB? = AD - AE.

® Trong tam giac vuong ABO, ta c6 AB? = AH - AO, do d6 AH - AO = AD - AE(= AB?).
AH A0 | —
Suy ra, D = A ™ DAH: chung

nén AAHD «— AAEO (c-g-c) = AHD = AEO.
Do d6 tit giac DEOH noi tiép (t1t gidce c6 goc trong bang goc doi ngoai).

— DOM —— — —— DEH —— ———
© Ta 6 DEM = =~ DOM = DEH =DEM = =_~=DEM = MET.
P EH " MH
Suy ra EM la duong phan gidc cia AFAH = AE = AN (1).
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o AE  AM
Miat khdc AAEM «~ AAND (g-g) = AN = AD (2).

EH AE _MH AM

Tu(l),(2)cho.AE-AN—AM-AD.
_FH MH

V& IN T AD

U

BAI 3. Cho ntta dudng tron tam O, dudng kinh AB = 2R. Trén tia ddi cta tia AB lay diém E. Hai
tiép tuyén EM va Bz cia (O) cat nhau tai D (M thuoc (O)).

@ Ching minh ring 4 diem O, M, D, B ciing thuoc mot dudng tron.

@® Ching minh AEMA «~ AEBM, suy ra EM? = EO? — R%.

@ Tréen doan ME lay diém C sao cho hai goc m, EDO bang nhau.

Chiing minh rang OC' || M B.

O Cia st M la trung diém doan ED. Tinh EM theo R.

# LOI GIAL

©® Vi EM va BD la tiép tuyén véi duong tron (O) nén DMO = DBO = 9(°.
Vay tit gidc DM OB noi tiép, suy ra 4 diem O, M, D, B ciing thuoc mot dudng tron.
@ Xét hai tam gisc AEMA va AEBM, ta c6

CEA chung
EMA = MBA (goéc noi tiép va goc tiép tuyén cuing chan cung M A).

Vay AEMA ~ AEBM.
EM  EA

Khi 6 — = = & EM? = EA- EB = (EO + R)(EO — R) = EO* — R".
Suy ra EM? = EO* — R%.
® Taco m = ﬁ)
Ma CMA = MBA (goc noi tiép va goc tiép tuyén cling chan cung M A)
MDO = MBA (goéc noi tiép ciing chin cung M A trong ti giac noi tiecp DMOB).
Suy ra CAM = CMA, nén ACAM can tai C, do d6 CM = CA.
Mat khac OA = OM = R, suy ra OC' la duong trung truc cuia M A, do d6 OC' L. M A.
Ma MB 1 MA (Géc noi tiép chan nita dudng tron).
Vay OC || M B.
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O Goi I 1a giao diém ctia CO va AM; J la giao diém ctia DO va BM.
Vi CO L AM; DO L BM neén tt gide MIOJ 1a hinh chit nhat vi M =1 = J.
Suy ra MA || OD, ma M la trung diém ctia ED nén A la trung diém cta EO.
Vay EM? = EO? — R? = (2R)? — R? = 3R*> = EM = RV/3.
O

BAI 4. Cho tam gidc ABC noi tiép dudng tron (O; R). Goi dudng tron (I;r) dudng tron noi tiép tam
giac ABC, H la tiép diém ctia AB v6i dudng tron (I), D la giao diém ctia Al véi dusng tron (O), DK
la duong kinh cia duong tron (O). Goi d 1a do dai ctia OI. Chiing minh réng

a) AAHT «~ AKCD. b) DI = DB = DC.
c) IA-ID = R* — d°. d) d* = R* — 2Rr (dinh 1i Euler).

# LOI GIAL

K
A
O
BM/C
D

@ Xét hai tam gidc AAHT va AKCD.
AHT = 90° (H 1a tiép diém ctia duong tron noi tiép véi canh tam giac),
KCD = 90° (G6c noi tiép chan nita dudng tron).
Suy ra AHI = KCD (1).
Vi AT la tia phan gidc nén BAD = DAC.
Ma DKC = DAC (g6c noi tiép cuing chdn cung b??)
Do d6 DKC = BAD  (2).
Tir (1) va (2), AAHI ~ AKCD.
@ Vi Al 1 tia phan gidc nen BAD = DAC, do d6 DC = DB (tinh chit goc noi tiép).
Suy ra DB = DC (3).
Mat khac BID = IAB + IBA (gbc ngoai tam giac).
IBD = IBC + CBD.
ma IBC = IBD va IBA = TAC = CBD.
Nén BID = [/B\D, do d6 tam giac DBI can tai D, suy ra DI = DB (4).
Tit (3) va (4), DI = DB = DC.
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®
Goi M, N la giao diém ctia 10O v6i dusng tron (O).
Xét hai tam giac AMAI va ADNI. A
MAI =IND (goc noi tiép cling chan cung J\/ﬁ))
MIA = DIN (déi dinh).
A IM N

S AMAI ~ ADNI, do d6 — = —.
uy ra ydodo = =7 - 0

Khi d6 JA-ID =IM -IN = (OM — OI)(ON + OI) = (R — d)(R + d) = R? — d®.

O Theo cau a), ta c6 AAHI ~ AKCD,

Al IH
suyraﬁ:C—D:AI-C’Dz]H-KDzZRr@AI-IDzQRT (do DI = DC).
ma [A-ID = R? — d*

Vay d*> = R* — 2Rr (dinh 1i Euler).

[l

BAI 5. Cho diém C' thugc nita dudng tron dudng kinh AB. Ké tiép tuyén Az cta nita dudng tron doé
(Az n3m trén ciing mot nita mit phang c¢6 bo 1a duong thang AB chiia nita duong tron). Tia phan giac
clia goc C'Ax cit nira duong tron tai D. Kéo dai AD va BC' céat nhau tai E. Ké EH vuong goc v6i Ax
tai H.

@ Chiing minh ti gidc AHEC noi tiép dusng tron.

@® Ching minh ABD = BDC.

@ Ching minh tam gidc ABFE can.

O Tia BD cit AC va Az lan lugt tai F' va K. Chiing minh AK EF 1a hinh thoi.
# LOI GIAL

@)

@ Tac6 ACB = 90° (gbc noi tiép chin nita dudng tron).
Suy ra ACE = 90° (ké bu).
Xét tit giac AHEC ta c¢6 ACE = AHE = 90°, suy ra tit giac AHEC nai tiép duong tron dudng
kinh AE (tong hai géc déi dien bang 180°).
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@ Ta c6 ABCD nai tiép néen BDC = DAC (1) (cung nhin canh DC).
Lai ¢6 ABD = %@ (goc noi tiép); DAz = %/TE (goc tao bdi tiép tuyén va day cung).
Suy ra ABD = DAz
Ma DAz = DAC (do la phan giac).
Suy ra ABD = DAC (2).
Tit (1) va (2) suy ra ABD = BDC.
® Xét ADAB va ADEB c6

ADB = EDB = 90° (gbc noi tiép chin nita dudng tron — ké bir).
BD chung.
ABD = BDC (cmt).

Suy ra ADAB = ADEB (g-c-g).
= BA = BE(tuong ung).
Vay tam giac ABFE can tai B.
@ Theo cau ¢), ta c6 ADAB = ADEB = DA = DE = D la trung diém AE (3).
Xét ADAF va ADAK ¢6

ADF = ADK = 90° (géc noi tiép chan nita dudng tron — ké bu).
AD chung.
DAF = DAK (do AD la phan giac).

Suy ra ADAF = ADAK (g-c-g).
= DK = DF(tuong tng).
= D la trung diem KF  (4).
Tit (3) va (4) ta c6 AKEF 1a hinh binh hanh (t gidc ¢6 cac dudng chéo cat nhau tai trung diém
mo6i duong). Ma AE | KF =, suy ra AKEF 1a hinh thoi.
U

BAI 6. Cho duong tron tam O, dudng kinh AB ¢6 dinh. H 1a diém cb dinh thuoc doan OA (H khong
tring O va A). Qua H vé dudng thang vuong goc véi AB cat dudng tron tam O tai C va D. Goi K 1a
diém tity ¥ thuoc cung 16n CD (K khéng tring cac diem C; D va B). Goi I la giao diém ctia AK va
CD.

@ Ching minh tit giac HIK B noi tiép duong tron.

@® Ching minh Al - AK = AH - AB.

@ Ching minh khi diém K thay doéi trén cung l6n C'D ctia duong tron tam O thi tam duong tron

ngoai tiép tam giac KCT luon thuoc mot duong thing cb dinh.

# LOI GIAL
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@ T gisc HIKB ¢6 THB = 90° (theo gia thiét).

Mat khac IKB = AKB = 90° (goéc noi tiép chan nita duong tron) suy ra ti giac HIK B noi tiép
dudng tron (tong hai goc déi dien bang 180°)(dpem).

@® Xét AAIB v AAHK c6 goe A chung, c6 IKH = IBH (ctiing chan cung HI cta dudng tron
ngoai tiép ttt giac HI K B). Suy ra AAI B dong dang v6i AAHK . Suy raj—]—; = j—i = Al-AK =
AH - AB(dpcm).

® Duong kinh AB vuong goc véi day C'D tai H (gt), suy ra HC = HD = AC = AD.

Suy ra sdAC = sdAD.
Suy ra ACD = AKC (cing chén hai cung bang nhau).
Mait khéac tia C A va diém K nam trén hai nita mit phang déi nhau bs 1a duong thing C1.
Suy ra C'A la tiép tuyén ctia duong tron ngoai tiép tam giac KCT tai tiép diem C.
(C6 thé chiing minh AC? = Al - AK dé suy ra C'A 1a tiép tuyén).
Goi Q la tam dudng tron ngoai tiép tam giac KCI, suy ra Q nim trén dudng thing vuong géc
voi C'A tai C.
Mit khac CB L C'A (goc noi tiép chan niia duong tron).
Vay Q thuoc dudng thang CB ¢ dinh (dpem).
O

BAI 7. Cho duong tron (O) ban kinh R vh mot day cung BC ¢6 dinh. Goi A la diém chinh gitta cung
nhé BC. Ly diém M bét ki tren cung nhé AC, ké tia Bx vuong goc véi tia MA & I va cét tia CM
tai D.
@ Ching minh AMD = ABC va MA 1a tia phan giac cia goc BMD.
@® Ching minh A la tam dudng tron ngoai tiép tam giac BC'D va goc BCD ¢6 do 16n khong phu
thuodc vao vi tri diém M.
® Tia DA cit BC tai E va cit dudng tron (O) tai diém thit hai 1a F, Chitng minh AB 1a tiép tuyén
cia dudng tron ngoai tiép tam gidc BEFE.
# LOI GIAL
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O Taco m+m: %sd]\//.lz'—f— %sdm = %sd@ — ABC.
Mat khac AMD = MAC + MCA (gbc ngoai ctua tam giac ACM) = ABC = AMD.
Ta 6 AMB = ACM = AMB = AMD =MA 1a tia phan giac ctia goc BMD.
® Do MI 1 BD = tam giac MBD can tai M.
Suy ra M1 la dudng trung trirc cuia BD = AB = AD,
mi AB = AC = AB = AC = AD = A la tam dudng tron ngoai tiép tam giac BCD.
@ Trong tam giac vuong MID ta cé IDM + IMD =90° = IDM = 90° — IDM.
Vi IMD = ABC (khong d6i) nén IDM khong déi hay BDM khong déi.
Xét duong tron noi tiép tam gidac BEF ta c6 BFE la gbc noi tiép chan cung BE.
Ma ABC = ACB = AFB
nén AB 1a tiép tuyén clia duong tron ngoai tiép tam giac BEF .
0

BAI 8. Cho tam giac ABC vuong tai A. Duong tron tam O dudng kinh AB cit cac doan BC va OC
lan lugt tai D va I. Goi H 1a hinh chiéu vuong goéc ctia A len OC; AH cat BC tai M.
@ Chimg minh ti gisc ACDH 1a noi tiép va CHD = ABC.
@® Ching minh hai tam giac OHB va OBC dong dang v6i nhau va HM la tia phan giac ctia goc
BHD.
® Coi K la trung diém ctia BD chiing minh MD - BC = MB-CD va MB-MD = MK - MC.
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@O Goi E 1a giao diém ctia AM va OK; J la giao diém ctia IM va (O) (J khac I). Chitng minh hai
duong thang OC va EJ cat nhau tai mot diém trén (O).
# LGOI GIAL

@ Taco AHC =90° (AH L OC).
ADB = 90° (goc noi tiép chin nita dudng tron duong kinh AB).
Vay AHDC noi tiép duong tron dusng kinh AC.
= DAC = CHD (1) (gbc noi tiép cung chan cung C'D).
Mzt khac DAC = ABC = %sd@ (2). (goc noi tiép va goc tao béi tiép tuyén va day cung).
Tit (1),(2) = CHD = ABC.
@® Xét hai tam giac AAHO va ACAO c6

CHO = CAO = 90°.
}T@:@(Cﬁng phu goc C@)
AO  HO
Do d6, AAHO «~ ACAO (g-g) = o2 = 257
o do, @) C O(gg):CO 10

Ma OA = OB vi AB duong kinh dusng tron tam (O).
OB HO

CO OB’

Xét AOHB va AOBC ¢6

Vay

HOB = B/O\C’(chung géc@)

OB HO
CO OB’
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Vay AOHB «~ AOBC (c-g-c).

Ta 6 CDA = CHD (hai géc noi tiép cuing chan cung C'D cia dudng tron ngoai tiép ti giac
ACDH).

DBA = DAC (goc noi tiép va goc tao bdi tiép tuyén va day cung ciia dudng tron tam O).

Mat khiac AOHB «~ AOBC = OHB = CBO = DBA.

Vay OHB = DHC wa OHB+BHM = DHC+DHM = 90° (AH 1 OC). = BHM = DHM =
HM la duong phan giac ctia goc BHD.

—— HB MB
@ Xét tam giac BHD, vi HM la phan giac cia BHD = D = 3D (%).
Mat khac HM | HC = HC(C' la duong phan giac ngoai tam giac BHD.
N HB (B (+0)
HD CD OB ‘ VB
Th R —_— = B-MD=CD-MB.
U (%) va (**):>CD MD:>C C

Goi Q 1a giao diém ciia AM véi (O)
vi AH 1 OC = CQ la tiép tuyén cia cia (O) = C@ = 90°.
Vay nam diem C; O; A; K; Q noi tiép mot duong tron dudng kinh CO.
Bén diem B; A; D; Q cung thuoc (O) = MB-MD = MA - MQ (3).
Nam diem C;O; A; K; Q cing thuoc mot dusng tron (O) = MC - MK = MA - MQ (4).
Tit (3) va (4) = MB - MD = MC - MK.
@ Goi N 1a giao diém ctia CO va (0) = IJN = 90° (5).
Ma MI-MJ=MD-MB=MK -MC (ching minh trén).
Vay AMCI v AMK.J
— MCI = MJK = MEO = MK JE noi tiép.
= EJM = 90°(6) Tit (5) va (6) = E; J; N thing hang.

BAI 9. Cho dudng tron (O) ngoai tiép tam gidc nhon ABC. Goi M va N lan luot la diém chinh gitta
ctia cung nhé AB va cung nhé BC. Hai day AN va CM. cit nhau tai diém I. Day M Ncat cac canh
AB va BC lan lugt tai cac diem H va K.

@ Ching minh bén diém C, N, K, I cing thuoc mot dudng tron.

@® Chimg minh NB?> = NK - NM.

@ Chimg minh tt giac BHIK la hinh thoi.

O Coi P,Q lan lugt 1a tam clia cac dudng tron ngoai tiép tam giac M BK, tam giac MCK va E 1a
trung diém ctia doan PQ. Vé dudng kinh N D ctia dusng tron (O) . Chitng minh ba diém D, E, K
thang hang.

# LOI GIAL
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@ Chimg minh bén diém C, N, K, I cing thuoc mot dudng tron.
Vi M la diém chinh gitta cung nhé AB ctia (O) (gia thiét) nén
sdAM = sdMB = ANM = BCM (hai gbc noi tiép chan hai cung béng nhau).
Xét ti gidc CNKI ta co
INK = ICK(vi ANM = BCM)

= CNKI la tit giac noi tiép (ti gide c¢6 2 dinh ké nhau cling nhin mot canh dudi hai géc bang

nhau).
Vay C', N, K, I cuing thudéc mot duong tron.
@® Ching minh NB?> = NK - NM.
Vi N la diém chinh gitta cung nhé BC' ctia (O) (gia thiét)
= sdBN = sdNC
— BMN = NBC (hai goc noi tiép chan hai cung bang nhau).
Xét ABMN va AKBN ta c6
BNM 1a gbc chung.
BMN = NBK (vi BMN = NBC)

= ABMN « AKBN (g-g)
NB NM

= W = ﬁ
Vay NB?> = NK -NM.
@ Ching minh ti gidac BHIK 1a hinh thoi.
e Ching minh BHIK la hinh binh hanh.
Goi J la giao diém ctia AN va BC.
Ta ¢6 sdAM = sdM B (cmt).
— ACM = BCM (hai géc noi tiép chan hai cung bang nhau)
= C'M la phan giac cua ACB = CI 1a phan giac trong ctia ACAJ.
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= _c4 (1).
J  cJ - -

Ta c6 sdAM = sdMB (cmt) = ANM = BNM (hai géc noi tiép chin hai cung bang nhau)

= NM la phan giac cia ANB.

= N H la phan giac trong cia ANAB =

Ta c6 sdBN = sdNC

— BAN = CAN (hai g6c noi tiép chan hai cung bang nhau).
Xét ACAJ va ANAB ta c6

ACT = ANB (hai gbc noi tiép ciing chan @)

BAN = CAJ (cmt)

= ACAJ ~ ANAB (g-g).
CA CJ CA NA

“NA-NB Ci_wNB.
Tit (1), (2), (3) suy ra 77 = Z[—g = HI|| BJ (dinh I Thales ddo) hay HI | BK  (4).
Ching minh tuong tu cac y 6 trén, ta dugc KI | BH (5).

Tu (4) va (5) suy ra BHIK la hinh binh hanh.

e Chiing minh BH = BK.

Ta c6 AKBN «~ ABMN (cmt)

HA NA
s -~ &

BK BN BM.BN
- = BK = ———— .
~ BM MN MN (6)
Ching minh tuong tu cau b) ta c¢6
BH BM BM - BN

T (6) va (7) suy ra BH = BK.
Ma BHIK la hinh binh hanh nén BHIK la hinh thoi.

O Coi P, Q lan lugt 1 tam clia cac dudng tron ngoai tiép tam giac M BK, tam giac MCK va FE la
trung diém ctia doan PQ. Vé dudng kinh N D ctia dudng tron (O). Chiing minh ba diéem D, E, K
thing hang.

Ta c6 NBK = BMK (cmt) = BN la tiép tuyén tai B ctia (P) = BN L BP.
Ma BN 1 BD (vi DBN = 90° géc noi tiép chin nita duong tron tam (0)

nén B, P, D thing hang.

Ta c6 APBK can tai P (PB = PK) = BPK =180° —2- PBK  (8).

Ta co - g
NB = NC (s@NB — s@Nc)
OB = OC

= ON la dudng trung truc cia doan BC' = DB = DC' (D thudc duong thing ON)

= ADBC can tai D = BDC = 180° —2- DBC'  (9).

Tit (8) va (9) suy ra BPK = BDC.

Ma hai goc nay & vi tri dong vi nén PK || DC= PK || DQ (10).

Chiing minh tuong tit ta c6 C, Q, D thang hang va QK || DP (11).

Tu (10) va (11) suy ra DPKQ la hinh binh hanh.

Ma F la trung diém ctia duong chéo PQ nén F ciing la trung diém ciia duong chéo DK .
Vay D, E, K thang hang.
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l

BAI 10. Cho tt gidac ABCD noi tiép duong tron (O) duong kinh AC = 2R. Goi K va M lan lugt
la chan duong cao ha tit A va C xubng BD, E la giao diéem ctia AC va BD, biét K thuoc doan
BE(K # B,K # E). Dudng thing qua K song song v6i BC' cat AC tai P.

@ Ching minh tit gisc AKPD noi tiép.

@® Ching minh KP 1 PM.

@ Biét ABD = 60° va AK = x. Tinh BD theo R va z.
« LOT GIAL

@ Ching minh tit gidsc AKPD noi tiép.
Xét tiit gise AKPD ¢6 APK = ACB (2 goc & vi tri dong vi)
Mit khic: ACB = ADK (goc noi tie6 cung chan cung AB)
= ADK = APK
= ADPK la t1 giac noi tiép.
@® Ching minh KP 1 PM.
Theo cau a), tii giac AKPD noi tiép nén APD = AKD = 90° va DKP = DAP
Xét tiit gise DMPC ¢6 DMC = DPC = 90°
= DM PC nai tiép
= PMK = DCA
ma DCA + DAC = 90° va PMK + PKM = 90°
= KP 1 PM (dpcm)
® Biét ABD = 60° va AK = z. Tinh BD theo R va x .
Xét tam giac ADC vudng tai D co ACD = ABD = 60° nén

AD =2R.sin60 = RvV3 va CD = 2R. cos 60 = R.
AK B 2V/3x
sin60 3

P . . . . 4?
Xét tam giac ABC vuong tai C' ¢6 BC' = {\/4R? — 5
Ap dung dinh 1y Ptolemy cho ti gidc noi tiép ABC'D, ta co:

AC.BD = AD.BC + AB.CD

Xét tam giac vuong AKB ¢6 AB =

422 24/3
& 2R.BD = RV3\[4R? - — + \é_x.R
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T
& BD =V3R? — 224+ —
V3

BAI 11.

O

Cho tam giac ABC' ¢6 ba géc nhon, noi tiép duong tron (C') tam O ban kinh R. Hai dudng cao AE
va BK ciia tam gidc ABC' ¢t nhau tai H (véi E thuoc BC, K thuoc AC).

@ Ching minh tit gidsc ABEK noi tiép duge trong mot dusng tron.

@® Ching minh CE.CB = CK.CA.
@ Ching minh OCA = BAE.

@ Cho B,C cb dinh va A di dong trén (C) nhung van thoéa man diéu kien tam gidac ABC nhon, khi
d6 H thuoc mot duong tron (T') ¢6 dinh. Xac dinh tam I va tinh ban kinh r cta duong tron (T),

biét R = 3 cm.
# LOI GIAL

S

AEB = 90° (AE L BC)
@ T giac ABEK c6: {
AKB =90° (BK L AC)
= T gidc ABEK noi tiép mot duong tron.

@ ACEAva ACKB c6:

ACB chung
- = ACEA -~ ACKB (g.g)
CEA=CKB =90°

CFE CcA

@ V& duong kinh AD ctia (O).
Tam giac ABE vuong tai E nén ;1\1 + ABC = 90°.
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Ma ABC = D, (Hai goc noi tiép ciing chén cung AC ciia (0)) = A, + Dy = 90°
AACD ¢6 ACD = 90° (Goce noi tiép chan nita dudng tron) = ;1\2 + l/)\l = 90°.
Mat khéc ;1\2 = 6'\1 (AOAC can tai O) = 6'\1 + 1/7\1 = 90°
T do suy ra: 1/4\1 = 6’\1
O Coi I 1 diém déi xing véi O qua BC, OI cit BC tai N
= N li trung diém ctia OI, BC va cac diéem I, N ¢6 dinh.
Ta c6 BH || CD (cung L AC)
Tuong tu: CH || BD
= T giac BHCD la hinh binh hanh
= N li trung diém ctia BC thi N ciing la trung diém ctia HD.
AAHD c6 ON la duong trung binh= AH = 20N = AH = O (= 20N)
Lai ¢6: AH || OI (cung L BC) = Tt gidc AHIO la hinh binh hanh
= IH = 0OA = R=3 (cm) = H thuoc duong tron (I;3 cm) c¢6 dinh
0

BAI 12. Cho tam gidc nhon ABC ¢6 AB < AC va dudng cao AK. Vé dudng tron tam O dudng kinh
BC. Tit A ké cac tiép tuyén AM, AN v6i duong tron (O) (M, N 1a cac tiép diém; M va B nam trén nita
mat phang c6 bo 1a dudng thang AO). Goi H la giao diém ctia hai dudsng thang M N va AK. Chiing
minh rang:

@ T gisc AMKO noi tiép dudng tron.

@® K A la tia phan giac cia MKN.

® AN’ = AK - AH.

O [ 1 tryc tam cla tam gidc ABC.
# LOI GIAL

K O

@ Ching minh tit gidsc AMKO noi tiép dudng tron.
AM, AN 1a tiép tuyén ctia duong tron (O) nén AMO = ANO = 90°.
AK la duong cao cua tam giac ABC nén AKO = AKC = 90°.
Ba diém diém M, K, N cting nhin doan AO dudi mot goc vuong nén nam diém diém M, K, N, A, O
thuoc duong tron duong kinh AO.
Vay ttt giac AM KO nai tiép duong tron.
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—

@® Ching minh KA la tia phan giac cia MKN.
AM, AN la tiép tuyén ctia duong tron (O) nén AM = AN. (1)
Theo chiing minh & cau a), nam diém M, K, N, O, A cing thuoc mot dudng tron nén ta co tit giac
AMKN noi tiép. (2)
Tu (1) va (2) suy ra AKM = AKN (cac goc noi tiép ciing chin cdc cung bang nhau thi bang
nhau). Vay K A la tia phan giac cta MEKN.
® Ching minh AN? = AH AK
ANH = AKM (& giac AMKN noi tiép)
AKM = AKN (ching minh y b)
AAHN vi AANK c6 AKN = ANH, HAN = KAN nén AAHN «~ AANK (g.g). Suy ra
j—g _ ﬁ—ﬁ, hay AN? — AH.AK. (3)
@ Ching minh H i trie tam ciia tam giac ABC.
Goi D la giao diém ctia AC va dudng tron (O).
AAND va AACN c6 NAD = Jm, AND = ACN (g6c tao bdi tiép tuyén va day cung va goc

— AKN = ANH.

) ) . AN  AD
noi tiép cung chan mot cung thi bang nhau) nen AAND «~ AACN (g.g). Suy ra A0 = AN
hay AN? = AD.AC. (4)

. . AH AD
Tu (3) va (4) suy ra AH.ﬁK\— AZﬁC, hay aC = AR
HAD = KAC
AAHD va AACK c6 ¢ A Ap nen AAHD «~ AACK (c.g.c).
 Uae=arx
Suy ra ADH = AKC = 90°. Dan dén HDC = 90°. (5)
Diém D thudc dusng tron dusng kinh BC nén BDC = 90°. (6)

Tit (5) va (6) suy ra B, H, D thang hang. Nghia 1a BH 1 AC. Lai ¢c6 AH 1 BC nén H la tryc

tam cua tam giac ABC.

BAI 13. Tit diém M nim ngoai dudng tron (O) ké hai tiép tuyén MA, M B véi duong tron (A, B la
hai tiép diém). Lay diém C trén cung nhé AB (C khong tring véi A, B). Tit diém C ké C'D vuong goc
v6i AB, C'E vuodng géc v6i M A, CF vuodng goc v6i MB (D € AB,E € MA,F € MB). Goi I la giao
diém ctia AC va DE, K 1a giao diém ctia BC va DF. Chitng minh ring

@ T giac ADCE noi tiép duong tron.

@® Hai tam giac CDE va CFD dong dang.

@ Tia ddi clia tia C'D 1a tia phan giac ctia goc ECF
@ Duong thing 1K song song v6i dudng thing AB.

# LOI GIAL
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@ T gisc ADCE ¢6 ADC = AEC = 90° nén ADCE la tit gidc noi tiép.
@® T giac ADCE nai tiép nén EAC = EDC.
Tuong ty, ti giac BDCF nai tiép, suy ra CFD = CBD.
Mat khéc, theo tinh chat ctia goc tao bdi tiép tuyén va day cung thi EAC = CBD.
Do d6 EDC' = CFD.
Chtng minh tuong ty thi CED = CDF.
Vay hai tam gidc ACDE va ACFD dong dang v6i nhau.
@ Coi Oz la tia dbi ciia tia C'D. Tam gidc ACDE dong dang v6i ACFD suy ra DCE = DCF. Do
d6 ECz = FCu. Vay Cz la tia phan giac ctia goc ECF.
@ T:c6ICK+IDK = ICK+1DC+KDC = ACB+ABC + BAC = 180°. Suy ra ti gigc [CKD
noi tiép, do do CIK = KDC = CBF = CAB. Vay IK || AB.

O

BAI 14. Cho dudng tron (O) ngoai tiép tam gidc nhon ABC. Goi M va N lan lugt 1a diém chinh gitta
cua cung nho AB va cung nho BC. Hai day AN va CM cat nhau tai diém I. Day M N cét cac canh
AB va BC lan lugt tai cac diém H va K.

@ Chiing minh cac diem C, N, K, I cing thuoc mot duong tron.

@® Ching minh NB?> = NK.MN.

@ Ching minh tit gisac BHIK 1a hinh thoi.

O Coi PQ lan luot 1a tam clia cac dudng tron ngoai tiép tam giac M BK | tam giac MCK va E 1a
trung diém ctia doan PQ. Vé dudng kinh N D ctia duong tron (O). Chitng minh ba diém D, E, K
thang hang.

# LOT GIAL
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@ Ching minh bén diém C, N, K, I cing thuoc mot duong tron. Ta c6 M 1a diém chinh gita cung
AB = AM = BM = MNA = MCB = KNI = ICK. Ti giac CNKT ¢6 C va N 1a hai dinh
ké nhau cting nhin canh KT dudi hai goc bang nhau nén CN KT ngi tiép ( dau hiéu nhan biét tit
gidc noi tiép).

Do d6 bén diem C, N, I, K cung thuoc mot duong tron.

@® Chiing minh NB? = NK.MN.

Ta c6 N la diém chinh gitta cung BC = BN = CN = BMN = CMN (g6c noi tiép chan hai
cung bang nhau)

Ma CBN = CMN (g6c noi tiép cing chan cung 6’7\0

— CBN = BMN (cting bang goc m) — KBN = BMN

N chung
Xét AKBN va ABMN ¢6: ¢
KBN = BMN

KN BN

= AKBN ~ ABMN = BN - UN " NB? = NK.NM (diéu phai chiing minh).
@ Ching minh tit giac BHIK 1a hinh thoi.
Ta c6 ABC = ANC (goc noi tiép cling chan cung AC )
Ma AMC = AHI (goéc nai tiép cling chan cung IC )
= ABC = IKC ma hai géc nay & vi trf ddng vi nen H B | IK (1).
Chitng minh tuong ty phan 1 ta co ti giac AM HI noi tiép
— ANC = IKC (g6c noi tiép cling chén cung Al)
Ta ¢6 ABC = AMC (goc noi tiép cling chan cung @)
= ABC = AHI ma hai gbc nay & vi trf déng vi nen BK | HI (2)
T (1) va (2) suy ra tii giac BHIK 1a hinh binh hanh.
Mat khac AN, CM lan lugt 1a cic tia phan gidc ctia cac goc A va C trong tam giac ABC nén [
1a giao diém ba dudng ph56.90463an giac, do d6 BI la tia phan giac clia goc B.
Vay tit gidc BHIK 1a hinh thoi ( dau hi¢u nhan biét hinh thoi).
@ Chimg minh ba diém D, F, K thing hang.
Vi N la diém chinh gitta cung nho NC nén DN la trung truc cia BC' = DN la phan giac BDC.
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Ta co I?Q\C — 9K MC (go6c noi tiép bang nita goc § tam cia dudng tron (Q))
Lai ¢6 NDC = KMC (g6c noi tiép ciing chan cung Z?E’)
Ma BDC = 2NDC = KQC = BDC
Xét tam giac ABDC va AKQC la cac tam giac can tai D va ) c6 hai goc BCOD = B/\C’Q do vay
D,Q,C thing hang nén KQ || PK
Chiing minh tuong tit ta c6 ta c6 D, P, B thang hang va DQ || PK
Do dé tt giac PDQK la hinh binh hanh nén F 13 trung diém cia PQ ciing la trung diém ctia
DK . Vay D, E, K thang hang (diéu phai chitng minh).
0

BAI 15. Cho dudng tron tam O va diém A nim ngoai dudng tron. Tit A ké hai tiép tuyén AB va AC
(B, C la céc tiép diém).

@ Chimg minh tt giac ABOC la t giac noi tiép.

@® Coi H la tryc tam tam giac ABC. Chitng minh t¢ giAc BOCH 1a hinh thoi.

® Goi I 1a giao diém ctia doan OA v6i duong tron (O). Chiing minh 7 13 tam dudng tron noi tiép

tam giac ABC.

O Cho OB =3 cm, OA =5 cm. Tinh dién tich tam giac ABC.

# LOI GIAL

.

C

O Vi AB, AC 1a cac tiép tuyén ctia (O) (tai B, C) nén ABO = ACO = 90°
= ABOC la ti giac noi tiép duong tron duong kinh AO.

CH 1 AB
T (1) va (2) ta ¢c6 BOCH la hinh binh hanh. Ma OB = OC nén BOCH la hinh thoi.
® Vi AB, AC la cac tiép tuyén ctia (O) nén AO la tia phan giac BAC. Vi I la giao diém ctia doan
AO v6i (O) nén I la diém chinh giita clia cung (nho) BC = IBC = %sd@ (3) (tinh chat goc
noi tiép).
Vi I la didm chinh giita cung BC va AB la tiép tuyén ctia (O) nén ABI = %sd@ (4).

OB 1 AB
O Wi = OB || CH (1). Tuong tu OC || BH (2).

T (3) va (4) ta suy ra BI la tia phan giac fTB\C, do vay I 1a tam duong tron noi tiép tam giac
ABC.
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O Goi K 1a giao diém ctia OA vi BC = K la trung diém ctia BC va BK L AO.
Ap dung dinh 1y Pitago cho tam gidac AOB vuong tai B: AB = vAO? — OB? = 4 cm.

Ap dung he thic lugng cho tam gidc AOB vuong tai B:
1 1 1 25 12

_ _® Bk -—_ Ak - AR _BRz=
BK2 AR OB 144 5 109 5 e

1
Dién tich tam giac ABC' la S(AABC) = 3 AK - BC = 55 cm?.

O

BAI 16. Cho hinh chit nhat ABC'D nai tiép dudng tron tam O. Tiép tuyén clia dudng tron tam O tai
diém C cét cac duong thing AB va AD theo tht tu tai M, N. Dung AH vuong géc v6i BD tai diem
H:; K la giao diém ctia hai duong thing M N va BD.

@ Ching minh tit gidsc AHCK 1a tit gidc noi tiép.

@® Ching minh ring: AD - AN = AB - AM.

® Coi £ la trung diém ctia M N. Chitng minh ba diém A, H, E thang hang.

@ Cho AB =6 cm va AD = 8 cm. Tinh do dai doan M N.
# LGOI GIAL

M

@ Xct tit gidc AHCOK ta co AHK = 90°,
CK 1a tiép tuyén ciia dudng tron O va AC 1a dudng kinh nen AC' | OK = ACK = 90°.
Vay H va C cung nhin AK dudi mot goc vudng nén tit giac AHCK noi tiép mot dudng tron.
@ Ta c6 ABCD 1a hinh chi nhat = ADB = ACB,
dong thoi AMN = ACD (cting phu véi E{E’) = ADB = AMN.
Xét hai tam giac AAMN vi AADB ¢6 DAB = MAN = 90° va ADB = AMN,
AM AN

Nén hai tam giac AAMN va AADB dong dang = — 1D~ 4B < AD - AN = AB - AM.

@ Gia st AE cit BD tai I, ta ching minh H tring véi I. That vay
Ta c6 AAMN vuong tai A c6 E la trung diém ctia canh MN = AAEN can tai £ = m =
ENA.
Theo chiing minh trén ta co ADB = AMN.
Do d6 EAN + ADB = AMN + ENA = 90° hay AID = 90°.
Suy ra AI 1 BD tai I, do d6 H va I tring nhau hay A, H, E thang hang.

O Dit AN =2 >0va AM =y >0, ta c6 AC =+/AB? + BC? = 10.

25
(AD.AN = AB - AM 4o = 3y B
Tacoq 1 1 U L R TS 0
AN? T AME T ACT 2y 100 )
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1
Mat khac AM - AN = AC- MN = MN = ?(cm).

0

BAI 17. Cho tam giac ABC (AB < AC) noi tiép trong dudng tron tam (O), M la mot diém nim trén
cung BC khong chita diém A. Goi D, E, F lan lugt la hinh chiéu vuong goc ctia M trén cac duong
thing BC,CA, AB. Ching minh ring:
a) Bon diem M, D, B, F thuoc mot dudng tron va bon diem M, D, E, C thuoc mot dudng tron;

b) Ba diém D, E, F thang hang;
BC CA AB

) 3D~ ME T MF
# LOT GIAL

@ T2 c6: D va F lan lugt 1a hinh chiéu ciia M len BC va A

AB.

= BDM + BFM = 90° + 90° = 180°

= DMF B noi tiép duong tron.

= M, D, B, F thuoc mot duong tron.

Ta c¢6: D va E lan lugt 1a hinh chiéu ctia M lén BC va

AC.

= MDC = 90° = MEC B C
= MDEC noi tiép duong tron. a

Th.s Nguyén Chin Em

= M, D, E,C thuoc mot duong tron. M
b) Ta c6: FMB = FDB (do MDBF ndi tiép). (i)
CME = CDE (do DECM ndi tiép). (ii)
Mat khéc, ti gisac ACM B noi tiép (O) nen FBM = ACM. (1)
. , FBM + FMB = 90°
Xét hai tam gidc vuong FBM va ECM, tac6: ¢ (2)
CME + ECM = 90°
Tit (1) va (2) suy ra FMB = CME. (i)
Tu (i), (ii) va (iii) suy ra FDB = CDE.
= E, F, D thang hang (dpcm).
c) Ta co:
AC  AB _AE-EC AF+FB
ME MF  ME MF
_AE _EC AF | FB
" ME ME MF MF
=tan AME —tanCMFE + tan AMF + tan FM B
—tan AME + tan AMF (cmt cau b)
— tan BMD + tan M DC (do tit gidc ABMC nai tiép)
_BD  CD
~MD  MD
BC
U
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BAI 18. Cho tam gidc ABC c6 ba goc nhon (AB < AC'), dung AH vuong goc véi BC tai diém H. Goi
M, N theo thit tir 1a hinh chiéu vuong géc ctia diem H trén AB va AC. Duong thing M N cit dudng
thang BC tai diém D. Trén ntta mit phang bd C'D chita diém A vé nita dudng tron dudng kinh C'D.
Qua B ké duong théng vuong goc véi C'D cit nita duong tron trén tai diém E.

@ Ching minh ring t& giac AMHN la ti gidc noi tiép.

@® Chitng minh EBM = DNH.

® Ching minh ring DM.DN = DB.DC.

O Coi O la tam duong tron ngoai tiép tam giac M NE. Chitng minh ring OF | DE.
# LOI GIAL

A
E
M
-
D B H C

@ Xét tit giac AMHN c6
AMH = 90°  (gt)
ANH =90° (gt)
suy ra m + m = 180°.
Ma hai gbc 6 vi tri d6i nhau néen AMHN la t gidc noi tiép.

EB 1 DC —
® Taco = EB || AH, suy ra EBA = BAH (1) (so le trong).

AH L CD
Tt gidc AMHN noi tiép nén ta co6 MAH = MNH (2)(hai goc noi tiép ciing chan mot cung).
Tu (1)va (2) suy ra EBM = DNH.
® Taco
DMB = AMN (déi dinh)

—

AMN = AHN (do t giac AMHNni tiép) p suy ra DMB = NCH.
AHN = NCH (do cung phu véi goc ]VH\C)

Xét tam giac DM B va DCN ¢6 DMB = NCD va chung goc ]VD\C’, suy ra ADM B dong dang

DM DB
v6i ADCN theo truong hop goc-géc. T do suy ra D0~ DN = DM.DN = DB.DC.
O T2 c6 ADEC vuong tai E, EB la duong cao nén DE? = DB.DC mat khac DM.DN = DB.DC
M DE
DE?*=DM.DN = —— = ——.
suy ra = DE DN
N 2 X P DM DE R B =
Twu do suy ra ADEM dong dang v6i ADNFE do —— = —— va chung géc NDFE.
DE DN
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Suy ra DEM = ENM suy ra DE 13 tiép tuyén duong tron ngoai tiép tam gidac MNE tai E hay
DE 1 OF.
O

BAI 19. Tam gidc AMB can tai M noi tiép trong duong tron (O; R). Ké MH vuong géc AB (H €
AB), M H cat duong tron tai N. Biét MA =10 cm, AB = 12 cm.

@ Tinh MH va ban kinh R clia dudng tron.

@® Trén tia doi tia BA lay diem C. Tia MC cit dudsng tron tai D, ND cit AB tai E. Chiing minh

tit giac MDEH noi tiép va chitng minh cac hé thic sau: NB?2 = NE.ND va AC.BE = BC.AE.

@ Ching minh N B tiép xic véi dudng tron ngoai tiép tam giac BDE.

« LOI GIAL
M

@ Theo tinh chat dudng kinh va day cung suy ra H 1a trung diem AB va AH = 6 cm.
AAMH vuong tai H = MH = AM? — AH? = /102 — 62 = 8 cm.

AH? 36
AAMN vuong tai A, duong cao AH, do d6AH? = HM.HN = HN = V-8 4,5 cm.
MN MH+ HN 4
Ban kinh R = ~— = ; —8+2’5—6,25cm.
() MDN = 90° (géc noi tiép chan nita dudng tron), MHE = 90° (MH 1L AB). Tu d6 suy ra

—_—

MDE + MHE = 180°, do d6 tt gidc M DEH nai tiép.
Xét cac tam giac ANBE va ANDB c¢6 goc N chung, NBE = NDB (ciing chén hai cung biang
nhau la cung NA, NB).
Suy ra ANBE ~ ANDB, dodé%:%:NBZ:NE.ND. -
Ta c6 cung N A bang cung N B (tinh chat duong kinh va day cung), suy ra ADE = EDB = DFE
la phan giac trong cia AABD.
Vi ED 1 DC = DC la phan giac ngoai cia AABD.
gg _ gg - gg ~ AC.BE = BC.AL.
@© K¢ EI|AM (I € BM) = AAMB « AEIB = AEIB can tai [ = [E = IB.
Goi (O') 1a duong tron tam I ngoai tiép AEBD'. Ta ¢c6 NB L BM (gbc noi tiép chan nita dudng
tron tam O), tit d6 suy ra BN L BI = BN la tiép tuyén duong tron (O') = EBN = ED'B
(cung chan cung BE).
Mat khac trén duong tron (O), EBN = EDB (cung chén hai cung bang nhau NA, NB) = D

T do suy ra:
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nam trén dudng tron (0’).
Vay N B tiép xtic v6i duong tron ngoai tiép tam giac BDE.
U

BAI 20. Cho ba diém ¢ dinh A, B, C' thdng hang (B nim giita A va C). Goi (O) la mot duong tron
thay do6i luon di qua B va C (tam O khong thuoc dudng thang BC). Tit A ké cac tiép tuyén AD, AE
dén duong tron (O) (D, E la cac tiép diém va D, O nim cling trén nita mat phang c6 bs la dudng
thing BC). Goi K, H lan lugt 1a trung diém ctia BC va DE.
@ Ching minh AE? = AB - AC.
@® Trén DE lay diém M sao cho BM song song v6i AD. Chitng minh t giac BM K E noi tiép duong
tron va M K song song véi DC'.
@ Chimng minh ring khi dudng tron (O) thay doi thi tam dudng tron ngoai tiép tam gidc OHK
thuoc mot duong thang c6 dinh.
# LOT GIAL

D
O
H
M
A | 1
B F K C

E

AB AFE

O Tac6 AABE ~ AAEC (g.g), suy rta —— = —. Vay AE? = AB - AC.

AE  ACT
@® Dé thiy, nam diem O, A, D, E, K nam trén duong tron duong kinh OA. Suy ra DEK = DAK,
ma DAK = MBK (do AD | BM), nen MBK = MEK. Vay ttt gidc BM K E 1a t giac noi tiép.
@ Coi F la giao diém clia DE va AC. Khi dé tit giac OH FK noi tiép duong tron dusng kinh OF.
Suy ra

AF - AK = AH - AO = AE* = AB - AC,

AB - AC

hay AF = ——
w AK /
(cing chinh la tam duong tron ngoai tiép ti gidc OH FK) chay trén duong trung truc ctia doan

thang FK.

, do d6 F la diém c6 dinh. Vay tam dudng tron ngoai tiép tam gidc OHK

O
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CHUONG

4

HINH CAU, HINH TRU, HINH NON

oA 0 HINH TRY. DIEN TICH XUNG QUANH VA THE TICH HINH
TRU

@ TOM TAT Li THUYET

1 Hinh tru
Khi quay hinh chit nhat ABC'D mot vong quay canh C'D c6 dinh, ta dugc
mot hinh tru (h.73). Khi do:
- Hai day 1a hai hinh tron (C) va (D) bang nhau va nam trén hai mat
phang song song.
- Duong thing CD la truc ctia hinh tru.
- AB la mot duong sinh. Duong sinh vuong géc v6i hai mat phing day.

Do dai duong sinh 13 chiéu cao hinh try.

Hinh 73

2 Dién tich xung quanh ctia hinh tru
Sxq = 27 Rh.
Stp = 2rRh + 21 R.
3 Thé tich hinh tru
V = Sh = mR*h (R 1a ban kinh day, h la chiéu cao, S 1a dién tich ddy).

G cAcvibu

VI DU 1. Mot hinh tru ¢6 ban kinh dudng tron day 1a 2 cm, chiéu cao 1a 6 cm. Hay tinh:
@ Dien tich xung quanh ctia hinh truy.
@ Dien tich toan phan ctia hinh try.
@ Thé tich hinh tru.

# LOT GIAL
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@ Dien tich xung quanh ctia hinh tru la @ A

Sxq=27Rh=2-7-26=24r ~ 243,14 = 75,36 (cm?)
@ Dien tich toan phan ctia hinh tru la

Stp = 2mRh+27R?
= 2. 7-2:64+2-7-22 LT T

Ow------ A
— 247 + 87 = 327 ~ 323,14 = 100,48 (cm?). ~—

@ Thé tich hinh tru la:
V=nR*h=m7-2%-6=241 ~24-3.14 = 75,36 (cm?)

Vi DU 2. Mot hinh tru c6 dién tich xung quanh la 207 cm? va dién tich toan phan 1a 287 cm? .
Tinh thé tich ctia hinh tru dé.

# 1L,OI GIAL

Stp —Sxq 281 — 20
. p q Y v
TacoSq=—5— =—5 =4 () @ A
Ma S3 =7R? & 7R*> = 41 < R =2 (cm).
. 20m 10
Ta c6 qu—27TRh:>h—ﬁ—?—5 (Cm)

Thé tich ctia hinh tru do 1a
V =nR’h=m-2%-5=201 = 62,8 (cm?).

VI DU 3. Mot hinh tru c6 chiéu cao bing 5 cm. Biét dién tich toan phan gip doi dién tich xung
quanh. Tinh thé tich hinh tru.

# LOI GIAL

Vi dien tich toan phan bang hai lan dién tich xung quanh nén G e
2nRh + 27 R? = 4rRh < 27 R? = 2nRh < R = h.
Vay ban kinh day 1a 5 cm.

Thé tich ctia hinh tru 14 V = 7R*h = 7 - 52 - 5 = 1257 (cm?). A

VI DU 4. Mot thiing phuy hinh tru c6 s6 do dién tich xung quanh (tinh bing mét vuong) ding
bing s6 do thé tich (tinh bing mét khéi). Tinh ban kinh day ctia hinh truy.

# LOI GIAL
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Goi ban kinh day va chiéu cao hinh tru lan lugt 1a R va h. @ W
Ta ¢6 Sxq = 2rRh (m?); V = nR*h (m?). I

Theo dé bai hai s6 do trén bang nhau nén ta c6 2mrRh = mR?h

suy ra R =2 (m). E

VI DU 5. Mot lo hinh tru duge “dat khit” trong mot hop gidy hinh hop chit nhat. Biét thé tich
ctia lo hinh try 1a 270 cm?®, tinh thé tich ctia hop gidy.

« LOT GIAL

Goi ban kinh va chiéu cao ctia hinh tru lan lugt 1a R va h.

Khi dé6 hinh hop chit nhat c¢6 canh day 14 2R va chiéu cao 1a h.
Goi V4 va V5 lan luot 1a thé tich ctia hinh tru va hinh hop.

7r .
Vay thé tich hinh hop 1a 344 (cm?). ’ - L

VI DU 6. Cho hinh chit nhat ABCD véi AB = 2a, BC' = a. Khi quay hinh chit nhat ABC'D
quanh canh AB mot vong thi duge hinh tru c¢é thé tich V4 va khi quay hinh ch@ nhat ABCD

) 7z V
quanh canh BC mot vong thi duge hinh tru cé the tich V5. Tinh ti so 71
2

# LOI GIAL
Khi quay hinh chit nhat ABC'D quanh canh AB mot vong thi duge D ¢
hinh tru c6 chiéu cao h = AB = 2a, ban kinh diy R = BC = a

nén c6 thé tich a

2a

Vi = 7R*h = ma* - 2a = 27wa®(dvtt)

Khi quay hinh ch nhat ABC'D quanh canh BC' mot vong thi dugc
hinh tru c6 chiéu cao i’ = BC = a, ban kinh day R = CD = 2a

nén c6 thé tich

Vo = mR?h = 7(2a)* - a = 47a®(dvtt)

Vs Vi 2ma® 1
. Vay — = = —.
i Vo  dmwa® 2

U

VI DU 7. Mot hop sita hinh tru ¢6 chiéu cao hon dudng kinh 1a 3 cm. Biét dién tich v hop ( ké
cd nap) 1a 292, 5rem?. Tinh thé tich clia hop sita do.

# LOT GIAL
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Goi R 1a ban kinh day ctia hop sita, h 1a chiéu cao ciia no. @ W
Ta c6 h = 2R + 3. '

Vi dién tich toan phan ctia hop sita 1a 292, 5rcm? nén

2nR(h + R) = 292, 5w
2tR(2R + 3 + R) = 292,57 \Oy A
R(R+1) =48,75

R*+ R—48,75=0

27R(h + R) = 292, 57 |

(I

Giéi ra duge Ry = 6,5 (chon); Ry = —7,5 (loai). Vay béan kinh day hop sta
la 6,5 cm.

Chiéu cao hop sita 1 16 cm. Thé tich hop sita la

V =7R*h =7-(6,5)°- 16 = 6767 (cm?)

(® LUYEN TAP

BAI 1. Mot hinh tru c¢6 ban kinh dudng tron day 1a 6 cm, chiéu cao 1a 9 cm. Hay tinh
@ Dien tich xung quanh ctia hinh tru.
@ Thé tich ctia hinh tru.

# LOI GIAL

@ Dicn tich xung quanh ctia hinh tru 14 2- 7 -6 -9 = 1087 (cm?).
@ Thé tich ctia hinh tru la 7 62 - 9 = 3247 (cm?).

BAI 2. Mot hinh chi nhat c¢6 chiéu dai va chiéu rong 1an lugt 14 8 cm, 5 cm. Quay hinh chit nhat d6
mot vong quanh chiéu dai hay chiéu rong thi thé tich 16n hon.
# LOT GIAL

Khi quay quanh chiéu dai thi R =5, h =8 (cm). D c
Vi=m-5%-8=2007 (cm?).

Khi quay quanh chiéu rong thi R =8, h =5 (cm). 5
Vo =785 =320 (cm?). s

Vi V4 > V4 neén khi quay quanh chiéu rong thi thé tich sé 16n hon khi A B

quay quanh chiéu dai.

O
BAI 3. Ngudi ta c&t hinh tru bing mot mit phéng chia truc. Biét thiét dien la mot hinh vudng ¢
dién tich bang 36 cm?. Tinh dién tich xung quanh va thé tich ctia hinh tru.
# LOI GIAL
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Do dai mdi canh ciia thiét dien 1a a = /35 = 6 (cm). B
Vay chiéu cao ctia hinh tru la A = 6 (cm),
bang duong kinh cia day hinh try. Ta ¢6 2R =6 do d6 R = 3 (cm).

|
[}
:
I
— Dién tich xung quanh ctia hinh tru la E
:
I
-

Sxq=2mRh=2-m-3-6~113,4 (cm?).

— Thé tich ctia hinh tru la P T e R -
D¥ - D A

V =nR’h=m-3%-6= 169,56 (cm?).
U

BAJ 4. Mot hinh tru c¢6 chu vi day 1a 247 cm va dién tich toan phan la 768mcm?. Tinh thé tich cta
hinh tru.

# LOI GIAL

Ta c6 C' = 27 R, suy ra @ A
R= 2£ = 224—7T =12 (cm). Vi dén tich toan phan ctia hinh tru 1a 7687 cm? |

nén 27T7TR(h +7TR) = 7687, hay 27 - 12(h + 12) = 7687 = h + 12 = 32

= h =20 (cm).

Vay thé tich ctia hinh tru la -

V = nR2h =7 - 122 - 20 = 28807 (cm®). QoA

0

< L < 3 .
BAI 5. Ti so gitta dién tich xung quanh va dién tich toan phan ctia mot hinh tru la £ Biét ban kinh
day 14 6 cm, tinh chiéu cao ctia hinh try.
# LOT GIAL

Goi ban kinh day va chiéu cao ctia hinh tru lan lugt 1a R va h. ta c6 @ A
Sxq = 2mRh = 27 - 6h = 127h. !
. S 3 |
Sty = 27 R(h + R) = 27 - 6(h + 6). Theo d& bai ta c6 —1 = 2. : h
P qu 5 !
127h 3 e

Suy ra 2r(h 1 6) = Giéi ra ta duge h = 9 (cm). w A
U

BAI 6. Mot hinh tru c¢6 thé tich 14 300 cm? va dien tich xung quanh 1& 120 cm?. Tinh dién tich toan
phan ctia hinh tru dé.

# LOI GIAL

Goi ban kinh day va chiéu cao ctia hinh tru lan lugt 14 R va h.
Ta c6 V = wR*h = 300 (cm?).

Sxq = 2mRh =120 (cm?).

_ wR?h 300
Do dé 5 h —1—20:>R—5 (cm). T -

Stp = 2mRh + 2 R? = 120 + 157 = 277 (cm?). 97 >4

.A/

@

q-—————==

4

BAI 7. Mot hinh tru ¢6 dien tich xung quanh 1a 247 cm? va dien tich toan phan la 427 cm?. Tinh thé

tich ctua hinh tru dé.

# LOT GIAL
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Goi ban kinh day va chiéu cao ctia hinh tru lan lugt 14 R va h.

@

.A/
Ta c6
Sq = 5 5 = 97 (cm?).
Sq=9r e 1R =91 < R =3 (cm).

S
Ta 6 Sxq = 2rRh = h = —& — 4 (cm).

2R
Do d6 thé tich ctia hinh tru 1A V = 7R?h = 7 - 32 - 4 = 367 (cm?).

Stp — Sxq 427 — 247

q4--=-=-==--

Q
-
S

O

BAI 8. Mot hinh tru ¢6 ban kinh day bang chiéu cao, thiét dien di qua truc c6 dién tich bang 72 cm?.

Tinh dién tich xung quanh, dién tich toan phan va thé tich ctia hinh truy.

# LOI GIAL

Goi ban kinh day 1a R, chiéu cao la h. o (3’ B
Theo dé baitaco R=hva2Rh=T2< R>=36< R, =6 :
(théa méan), Ry = —6 (loai). Do d6 R =h =6 cm. i
— Dién tich xung quanh biang _j__
27Rh = 21 - Rh =21 -6 - 6 = 727 (cm?). Dl R
— Dién tich toan phan bing Q
2rRh + 27 R* =27 -6 - 6 + 27 - 6% = 1447 (cm?).
— Thé tich ctia hinh tru bang 7R?h = 7 - 62 - 6 = 2167 (cm?).
]

BAI 9. Mot hinh tru ¢6 chiéu cao la 18 cm va dién tich toan phan 13 176 cm?. Ching minh ring dién
tich xung quanh hinh try bang 9 1an dién tich day.

# LOI GIAL

Goi ban kinh d4y va chiéu cao ctia hinh tru lan lugt 13 R va h. A

@

Vi dién tich toan phan bang 176 cm? nén ta c6

2nR(h+ R) = 1767
& 2rR(18 + R) = 1767
< R2+18R—88=0

Giéi ra duge Ry = 4 (chon); Ry = —22 (loai). O
Vﬁy dlén tich déy hinh tI‘l_l 1a Sd = 7TR2 =167 (Cm2)_

Dién tich xung quanh hinh tru la

Sxq 144
Sxq = 27Rh = 27 - 418 = 1447 (em?). Do d6 —d = —

=T _ 9 (lan).
5 1o 0 ()

O

BAI 10. Cho hinh chi nhat ABCD ¢6 AB > BC. Biét dién tich hinh chit nhat 1a 48 cm?, chu vi la
28 cm. Cho hinh cht nhat quay quanh canh AB mot vong ta duge mot hinh tru. Tinh dén tich xung

quanh, dién tich toan phan va thé tich ctia hinh tru nay.

# LOI GIAL
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AB+ BC = 14
AB - BC = 48. B

Tu dé bai ta ¢ {

Suy ra AB, BC la nghiém ctia phuong trinh: 22 — 14x + 48 = 0. :
Giai phuong trinh ta ducc x1 = 6, x9 = 8. E
Do AB > BC nén AB = 8: BC = 6. |
@ Dien tich xung quanh ctia hinh tru la B E ————— -
Sxq=2-m-BC-AB =2m-6-8 =967 (cm?). ’\A:ij
@ Dicn tich toan phan ctia hinh try la
Stp = Sxq +25q = 967 + 2 R? = 967 + 27 - 6% = 1687 (cm?).
@ Thé tich ctia hinh tru la
V=m-BC? AB =768 = 2887 (cm?).
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oAl @ HINH NON - HINH NON CUT - DIEN TiCH XUNG QUANH
VA THE TICH CUA HINH NON, HINH NON CUT

O TOM TAT Li THUYET
— Mo ta hinh nén

+) Déy ctia hinh nén 1a hinh tron (O);
+) SA la mot duong sinh;
+) S 1a dinh, SO la duong cao.

— Dién tich xung quanh va dién tich toan phan ctia hinh nén

Sxq = mrl

Stp = 7rl + mr?

(r, 1 1an lugt 1a ban kinh day va do dai dudng sinh ctia hinh nén).
— Thé tich hinh nén
1 N
V = —7r?h (h la chiéu cao).

3

— Hinh nén cut
Khi cét hinh nén béi mot mit phing song song véi day thi
phan mit phang bi giéi han béi hinh nén la mot hinh tron.
Phan hinh tron nim giita mat phang néi trén va day la mot

hinh nén cut.

— Dién tich xung quanh, dién tich toan phan ctia hinh nén cut

Sxq = mR+T1)l
Styp = m(R+7)+ TR? 4+ 7r?
R, 7 lan lugt 1a ban kinh hai day, [ 1& do dai dudng sinh ctia hinh nén cut).
— Thé tich hinh nén cut:
V = Sh(R +1* + Rr)

(h la dudng cao ctia hinh nén cut).

A Hinh khai trién mdt zung quanh cia mot hinh non la mot hinh quat.

YAN Mot hinh non duge xdc dinh khi biét 2 trong 3 yéu to: ban kinh day, chiéu cao, duong sinh.
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G CAcViDu

VI DU 1. Mot hinh nén c¢6 ban kinh day bing r, dién tich xung quanh gp doi dien tich day.
Tinh theo r

@ Dien tich xung quanh ctia hinh nén;

@ Thé tich ctia hinh non.

# LOI GIAL

@ Dien tich xung quanh gap doi dien tich day nen 7rl = 2772 suy ra
l=2r.
Vay 7rl = mr - 2r = 27r2. Dién tich xung quanh bang 2772

@ Xét tam gidc SOA vuong tai O, ta c6 h? =12 —r? = (2r)2 — r? = 3r?
nén h = rv/3.
Thé tich hinh nén bing V = %m“Qh = %m’z /3 = WrB\/g, _____

P (Q

3 A B
U

VI DU 2. Mot hinh nén c¢6 ban kinh day bing r, dudng sinh bing [. Khai trién mit xung quanh

hinh nén ta duge mot hinh quat. Tinh s6 do cung ctia hinh quat theo r va [.
# LOI GIAL
Khi citmit xung quanh ctia mot hinh nén theo mot duong
sinh va trai phang ra thanh mot hinh quat. Khi d6 ban kinh 8
hinh quat tron SBC bing do dai duong sinh SB = [ va do dai | C
BC bing chu vi déy. Do dai BC cia hinh quat bing chu vi ! f
day ctia hinh nén bang 27r. 1
Do dai duong tron (S; SA) bang 27l. !

2 -1%-n 2 -1%-n 2 Ny ST
Ta 6 Sy = o —jopp = 2 on O
alco quat 360 T 360 T
= ﬁg =r. Do d6, s6 do cung AB ctia hinh quat 1a
27r r
° = 360°- 21— 360° - .
" 27l z
0
VI DU 3. Mot hinh nén cut c6 cac ban kinh day bing a va 2a, chidu cao bing a.
@ Tinh dien tich xung quanh ciia hinh nén cut;
@ Tinh thé tich ctia hinh nén cut.

# LOI GIAL
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@ Trong mit phang OABO', ké AH 1 O'B. Ta c6 O'H =
OA =anén HB = a. Tam giac AH B vuong can nén AB =
HBV?2 = aV/2.

Ta ¢6 Syq = 7(r1 +12)l = 7(a + 2a) - aV/2 = 37a®V/2.

@ Tinh thé tich ctia hinh nén cut:

1 7
V= §7TCL[CL2 +(2a)* +a - 2a] = gwa?’.

VI DU 4. Mot hinh nén c¢6 ban kinh day bing 20 cm, s6 do thé tich (tinh bing cm?) bing bén

lan s6 do dién tich xung quanh (tinh bang cm?). Tinh chiéu cao ctia hinh nén.

# LOI GIAL

Goi h 1 chiéu cao ctia hinh nén. Thé tich ctia hinh nén bang S

1 400 E

V:§7T202h:?7rh i

Duong sinh SA bang vh?2 + 202. E

Dién tich xung quanh ctia hinh nén bang |

Sxq = - 20v/h? + 400. !
Do V = 4544 nén o

400 N a2 A B

& 5h=3Vh?+400 < 25h = 9(h* + 400)
& h?*=2254 h=15.

Vay chiéu cao ctia hinh nén bang 15 cm

VI DU 5. Cho tam gidgc ABC vuong tai A, BC' = 10 cm, dudng cao AH = 4 cm. Quay tam giac
ABC mot vong quanh canh BC'. Tinh thé tich hinh tao thanh.

# LOI GIAL
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Khi quay tam giac ABC' mot vong quanh canh BC, hinh tao thanh
gom hai hinh nén c¢6 duong cao theo thit tu la HB va HC.
Theé tich ctia hinh tao thanh bang

1 1 1
§7r-AH2-BH+§7T-AH2-OH = gw-AH2(BH+OH)

1
= 37 AH?* - BC
1 160
= 3™ 4210 = ?W(cmS).

VI DU 6. Cho tam giac ABC vuong can, A= 90°, BC' = 3v/2 cm. Quay tam giac ABC mot
vong quanh canh goc vuong AB c¢b dinh. Tinh dién tich xung quanh va thé tich hinh tao thanh.

# LOI GIAL

Sy

Quay tam giac vuong can ABC mot vong quanh canh goéc vuong

AB c6 dinh, ta dugc hinh nén dinh B, duong sinh BC, ban kinh
duong tron day la AC.

Tam giac ABC vuong can tai A, theo dinh 1y Pitago ta c6 AB? +

AC? = BC? hay 2AC? = (3v/2)? = 18, suy ra AC? = 9, do d6

AC = 3 (cm).

Dién tich xung quanh ctia nén la Syq = 7- AC-BC =7m-3- 3v2 =
9v/27 ~ 39,85 (cm?).

Thé tich hinh nén la V = %AC?-AB = %.ACB = %33 =9 (ecm?). €

|
|
|
|
|
|
|
I
|
|
|
|
|
|
|
I
l
|
T
|
4

N

(® LUYEN TAP

BAI 1. Cho tam gidgc ABC vuong tai A, B =60° va BC = 2a (don vi do dai). Quay xung quanh tam
giac mot vong quanh canh huyén BC. Tim dién tich xung quanh va thé tich hinh tao thanh.

# LOT GIAL
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c

Khi quay tam giac vuong ABC mot vong xung quanh canh huyén
BC', ta dudc hai hinh nén c6 cac day tp vao nhau, ban kinh ducng
tron day bang duong cao AH ké tit A dén canh huyén BC. Ta c6

AH = %ﬁ (don vi do dai).

Dién tich xung quanh hinh tao thanh la S = 7 - AH(AB + AC) =
ma*(3 +/3)

——— = (don vi dién tich).
3

2
7 1 :
Thé tich hinh tao thanh ] V = o7- AH?-BC = % (don vi thé tich).

BAI 2. Mot hinh nén ¢6 ban kinh day bing 7 cm, chiéu cao bing 24 cm.

@ Tinh s6 do cung hinh quat khi khai trién mat xung quanh ctia hinh nén;
@ Tinh dién tich toan phan ctia hinh nén;
@ Tinh thé tich ctia hinh nén.

# LOI GIAL

@ Duong sinh bang [ = 25 cm. S6 do cung ciia hinh quat 1a
r 7
°=360°- - =360°- — = 100, 8°.
" 1 s ’
@ Dien tich toan phan ctia hinh nén
Sip = mrl + mr? = mr(l+r) = 2247,

. 1 1
@ Tinh thé tich ctia hinh nén V = gm"?h =g T 72 .27 = 392.

BAI 3. Mot hinh nén c¢6 ban kinh day bing 6 cm, dudng sinh bing 10 cm.

@ Tinh dien tich xung quanh ciia hinh nén;
@ Tinh thé tich ctia hinh nén;
@ Mot mat phang di qua trung diém ctia dudng cao va song song véi day hinh nén chia hinh nén

thanh mot hinh nén nhé va mot hinh nén cut. Tinh thé tich hinh nén cut.

# LOI GIAL
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@ Dien tich xung quanh ctia hinh nén
Syxq = mrl = 607 (cm?).

@ Ap dung dinh ly Pytago trong tam giac vuong SAO, ta
c6 SO =+/SA2 — AO? = 8. Thé tich ciia hinh nén
V =-nr?h = %7‘( - 6%-8 =967 (cm?).

3
® Trong ASOA, ta c6 SI = 10, IB || OA nén IB =

1 . ,1s
§OA = 3 cm. The tich hinh nén nhé bang

1 1
gﬁ-r'Q-h’ = 57‘(‘-32'4: 127 (cm?).

BAI 4. Mot hinh nén cut ¢6 ban kinh déy 16n bing 8 c¢m, chiéu cao bing 12 cm va dudng sinh bing
13 cm.

@ Tinh ban kinh day nho ctia hinh nén cut;
@® Tinh dien tich xung quanh ctia hinh nén cut;
@ Tinh thé tich cia hinh nén cut.

# LOI GIAL

@ Vi AH 1 OB ta dusc OH = O'A =r,
HB =+AB? — AH? = /13?2 — 122 =5 (cm),
suy rar =8 — 5 =3 (cm).

@® Tinh dien tich xung quanh ciia hinh nén cut
Syq = mrl = 14371 (cm?).
. 1
® Tinh thé tich ctia hinh nén cut V = §7T’l”2h = 3887 (cm?).

BAI 5. Mt xung quanh ctia mot hinh nén khai trién thanh mot hinh quat 100°48’, ban kinh 25 cm.

@ Tinh dién tich toan phan ctia hinh nén;
@ Tinh thé tich ctia hinh nén.

# LOT GIAL
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@ Do dai cung AB ctia hinh quat 1a

m-25-100,8
180

= 147 (cm).

Chu vi ctia hinh tron day la 147 (cm).

14
Bin kinh ciia hinh tron day la R = -~ T
T

7 (cm).
Chiéu cao ciia hinh nén 1a
h=S80=+/SB?— OB% = /257 — 72 = 24 (cm).
Dién tich toan phan ctia hinh nén la
Stp =Rl +7R?* =7-7-25+ 7 7% = 2247 (cm?).
@ Tinh fhé tich cua hinh noén la

1
V = gﬂRQh: 571'-72-27: 3927

(cm?).

BAI 6. Cho tam giac ABC vuong tai A. Goi Vi, Vs, V3 theo thi tu

/7100048’

O

13 thé tich ctia cac hinh sinh ra

khi quay tam gidac ABC mot vong xung quanh cac canh BC, AB, AC. Chiing minh ring

L_1
ViV

1

# LOI GIAL

Goi do dai cac canh cia tam giac la AC = b, BC = a, AB = ¢ va
AH = h la chiéu cao dung tit dinh A xudéng canh huyén BC. Ta cé
h = @ Theo gia thiét ta co:

a

1 1 1 b2c2
Vi gm AP HC + sm- AH? - HB = mAH? - BC = "2 suy ra
1 B 9a?
‘/12 T om2phcd

1 9 o1 9 1 1
Tu’dngtutacov—22 = mvav—32 = dodov_22+v_32 =
9 9 9(b? + 2) B 9a?

w242 w22ct T mwRiet mRbAet
Vay — = — + —.
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B 9 HINH CAU - DIEN TICH MAT CAU VA THE TICH HINH CAU

O TOM TAT Li THUYET
1. Hinh cau

Dinh nghia 1. Khi quay nita hinh tron (0; R) mot vong quanh dudng kinh
AB ¢b dinh, ta dugc mot hinh cau.
— Nitta hinh tron khi quay quét nén méat cau.

— Diém O goi la tam, R 1a ban kinh ctia hinh cau hay mat cau.

Khi cit hinh cau bdi mot mat phang thi mit cat 13 mot hinh tron.

2. Dién tich mit cau va thé tich hinh cau

- Dién tich mit cau: S = 47 R? hay S = 7d?, v6i R 1a ban kinh; d 1a duong kinh.
- Thé tich hinh cau V = %WR?).

O CcAcVvibpu

VI DU 1. Mot phao co hinh cau tu dong déng nude chay vio bé khi bé day. Biét dien tich bé

mit clia phao 1a 804 cm?, tinh ban kinh ctia phao.

# 1L,OI GIAL

S
T cong thic S = 47R? = R = o
T
f 804
Ban kinh cta phao la R = e ~ 8 cm. U
s

VI DU 2. Phan trén ctia mot chiée cde chan cao c6 dang nita hinh cau. Biét cde nay c6 thé chira

duge 56,5 ml nude. Tinh dudng kinh ctia miéng coc.

# LOT GIAL
Vi dung dich ctia cbc 1a 56,5 ml nén thé tich ctia cbe 1a 56,5 cm?.

4 . . < 2 )
Ta c6 V = = R3 do dé c6 thé tich ciia niia hinh cau la =7 R3.

N 2 3-56-5
Theo dé bai, ta cé §7TR3 =56, = R3 = ~ 27 cm?, suy ra R = 3 cm.
7
Vay dudng kinh ctia miéng cdc 14 3-2 = 6 cm. O
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VI DU 3. Mot trai dua c6 dang hinh cAu. B8 doi trai dua nay ra thi mit cit c6 dien tich 1a 314

cm?2. Tinh thé tich cta trai dua do.

# LOI GIAL
Khi bé doi trai dua thi mat cit 14 mot hinh tron.

S 314
T /: = 2 = — ) —:1 .
aco: S=7mR°= R \/W 1/3,14 0 cm

Vay ban kinh ctia trai dua la 10 cm.
Thé tich ctia trai dua la:

4 4
V =-7mR*= —7-10° ~ 4187 cm®.
3 3
O
VI DU 4. Trai dat ¢6 ban kinh 6400 km. Dién tich bién va dai duong chiem 1 be mit trai dat.
Hay tinh dién tich bién va dai duong ctia trai dat (lam tron dén trieu km?).
# LOI GIAL
Dién tich bé mit trai dat la S =4rR?2 =4 -1 -?()34002 ~ 514457600 km?.
Dién tich céc bién va dai duong la 514457600 - 2 ~ 386000000 km?. O
VI DU 5. o
Hinh bén minh hoa bo phan loc clia mot binh nuée. Bo phan / ;
nay gom mot hinh tru va mot nita hinh cau véi kich thude ghi P .
trén hinh. Hay tinh [ 5cm\ N
@ Thé tich ctia bo phan do; U
@® Dien tich mat ngoai ciia bo phan nay. E E E
# LOT GIAL
@ Thé tich phan hinh tru ld Vi = 7R?h =7 - 5% -6 = 1507 cm®.
Thé tich nita hinh cau:
1 4 2 250
‘/2:§'§7TR3:§7T’53:T7TCH13.
Thé tich bo phan loc la:
250 700
V=Vi+Vy= 1507T+?7r: ?Wcm3%733cm3.
@® Dien tich xung quanh ctia hinh tru la:
S; =27Rh =27 -5 -6 = 607 cm?.
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Dién tich day hinh tru la:
Sy =m-R*=1-5% =251 cm®.

Dién tich nita mat cau la:

1
Ss = 5'47TR2 =27 - 5% = 507 cm®.

Dién tich m#t ngoai ciia bd phan loc:

S =5; + Sy 4 S5 =607 + 257 + 507 = 1357 em? &~ 424 cm?.

O
(@ LUYEN TAP
. . 2
BAI 1. Cho hinh ciu c6 ban kinh R = 5“2\/_.
@ Tinh dien tich mat cau.
@ Tinh thé tich clia khdi cau tuong ng.
# LOI GIAL )
5av/2
@ Toc6S=dr ( af) — 50ma? dvdt.
3
4 (5av2 125a3v/2
@V—§7T< 5 ) = 5 dvtt.
O

BAI 2. Cho duong tron (O) duong kinh AB, day CD L AB tai H. Cho biét CD =12 cm va AH =4
cm. Quay dudng tron nay mot vong quanh AB. Tinh dién tich mat cau va thé tich hinh cau duge tao
thanh.

# LGOI GIAL

Vé cac doan thang C'A, CB ta dudc: A/@ = 90°.

ViAB L CD nén HD = HC' = 6 cm. ¢
Ap dung he thic lugng trong tam gidc vuong, ta c6
CH?>=HA- HB.
. A - 5 B
CH 6
Suy ra: HB = A —Z—Qcm.
Do d6, ban kinh ctia dudng tron 1a (4 +9) : 2 = 6,5 cm, ban kinh
hinh cau 14 6,5 cm. b)

Dién tich mat cau la S =47 R?* =4 -7+ (6,5)% ~ 531 cm?.
R 4 4
Dién tich hinh cau la V = §7TR3 = 3T (6,5)% &~ 1150 cm?.

t

BAI 3. Cho dudng tron (O; R) ngoai tiép tam gidc déu ABC. Quay dudng tron nay mot vong quanh
duong kinh AOD ta duge mot hinh cau ngoai tiép mot hinh nén. Tinh thé tich phan bén trong hinh
cau va bén ngoai hinh nén.

# LOT GIAL

™= Suu tam & bién soan Trang 263,/280 K1 GeoGebraPro
Th.s Nguyén Chin Em


https://www.facebook.com/groups/GeoGebraPro/

Tw hoc Toan 9 Hoc ky 2, nam hoc 2019-2020

Do dai canh ciia tam giac déu la AB = RV/3. A
RV3
R
Chiéu cao ctia hinh nén 1a h = M = ?
. . 4
Thé tich hinh ciu 1a V; = g”RS- 0

Thé tich hinh nén la

Ban kinh day hinh tron la r =

Thé tich phan can tim la

B 4 s 3 s 23 g
V=W ‘/2—37TR 87TR—247TR.

O

BAI 4. Ban An lay thudc day do vong theo dudng xich dao ctia qua dia cau trong thu vien duge do dai
94,2 cm. Hay tinh

@ Dien tich mit ngoai ciia qua dia cau.
@ Thé tich ctia qua dia cau.

# LOI GIAL

Ta c6 chu vi cia dudng tron xich dao la 94,2 cm nén

Do do
@ Dien tich mit ngoai ctia qua dia cau la S = 47R? = 9007 cm?.
) . 4
@ Thé tich ctia qua dia cau V = §7TR3 = 4500 cm?®.
]

BAI 5. Qua bong ban ¢6 s6 do dién tich bé mat (tinh bing cm?) gép 1,5 1an s6 do thé tich ctia né (tinh
bang cm?). Tinh ban kinh, dién tich v& thé tich ctia qua bong ban.

« LOI GIAL

Theo dé bai, ta c6 4rR* = 1,5 - %WR?’ = R =2 cm.

Do do, dién tich qua bong la 34: 47 R? 3:216# C3In2.

Thé tich clia qua béng 1a V = §7TR3 =37 cm®. O

BAI 6. Mot hinh cau dat vira khit trong mot hinh tru ¢6 chiéu cao 1a 18 ecm. Tinh thé tich phan khong

gian nam trong hinh tru nhung ndm bén ngoai hinh cau.

# LOI GIAL
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Vi hinh cau dat vita khit trong hinh tru nén chiéu cao ctia hinh tru m

bang duong kinh day va bang duong kinh ciia hinh cau. ——

Ban kinh d4y ctia hinh cau 13 9 cm. ) {
Khi d6, thé tich hinh tru la V; = nR?h = m- 9% - 18 = 1458 cm®. '
Thé tich hinh cau la V, = %WRE‘ = 9727 cm?®. \ /
Vay thé tich can tinh 1a V = V] — V, = 4867 ~ 1526 cm®. N

U

BAI 7. Mot trai budi hinh cau ¢6 dudng kinh 18 cm. Lép v6 day 1 cm. Tinh thé tich ctia 16p vo budi.
# LOI GIAL
Bén kinh trai budi 1a R = 9 cm. Ban kinh trai budi sau khi got hét vé 1a r = 9 — 1 = 8 cm. Khi d6, thé
tich 16p vo budi 1a
V= %W (R*—1°) = %W (9° — 8%) ~ 909 cm®.
O

BAI 8. Mot hinh cau c6 s6 do dien tich mit cau (tinh bing cm?) ding bing s6 do thé tich ctia né (tinh
bang cm?). Tinh ban kinh ctia hinh cau do.

# LOI GIAL

Theo dé bai, ta c6 4TR? = %WRS = R =3 cm. O

BAI 9. Mot hinh cau c6 dien tich bé mat 1a 1007 m2. Tinh thé tich ctia hinh ciu do6.

# LOI GIAL . 00
Theo dé bai, ta c6 47R? = 100w = R = 5 m. Vay thé tich hinh ciu la V = o7 5% = Tﬂ
BAI 10. Cho tam giac déu ABC canh a, dudng cao AH. Ta quay nita dudng tron noi tiép va nita duong

m3. O

tron ngoai tiép tam gidc déu nay mot vong quanh AH. Tinh

@ Ti s6 dien tich hai mit cau noi tiép, ngoai tiép hinh non.

@ Ti s6 thé tich ciia hai hinh cau néi tren.

@ Tinh thé tich phan khong gian gii han bdi hinh nén va hinh cau ngoai tiép hinh noén.
# LOI GIAL
Goi R va r lan lugt 1a céc ban kinh dudng tron ngoai tiép va dudng tron noi tiép tam gidc déu. Ta co
R =2r.

ay/3 V3

VlBC—anenHC'—— Va AH_T OA_ag

@ Ti s6 dien tich hal mit cau noi tiép va ngoai tiép hinh nén 1a

S, Amrr? r?

1
Sy AmR? T (2r)2 4

@ Ti s6 thé tich hai hinh cau noi tiép v ngoai tiép hinh nén la

4 s
Vi 3™ o1
A T
3
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@ Thé tich hinh cau ngoai tiép la

3 3 dvdt.

Thé tich hinh nén la

2
4 4 4 3

V—ln@y W3 _ Ve ¢
5 9 2 24 '

3
) B C
Thé tich phan khong gian giéi han béi hinh nén va hinh cau ngoai !/
tiép 1a

2 3
V—W—%—i%%izuwfﬁm
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BAI @ ON TAP CHUONG IV

@ cAc vibpu

VI DU 1. Cho hinh tron (7,1 cm) néi tiép hinh vuong ABCD.
@ Tinh thé tich va dién tich cia hinh cau tao thanh khi quay hinh tron (Z,1cm) quanh mot
duong kinh ctia no.
@ Tinh thé tich va dién tich toan phan ciia hinh tru tao thanh khi quay hinh vuéng ABC D
quanh OO’, véi O, O’ lan luct la trung diém BC va AD.

# LOT GIAL

@ Hinh cau tao thanh khi quay hinh tron (I,1cm) quanh mot dusng kinh ctia né ciing ¢6 tam 1a [
va ban kinh R = 1 cm. Do d6, thé tich ctia khoi can 1a V = §7TR3 = ?ﬂ cm?® va dién tich mat cau
1a S = 47 R? = 47 cm?.

@ Hinh try tao thanh khi quay hinh vuong ABC'D quanh OO’ c6 hai day la hai hinh tron (O, OB)
va (O, 0'A).

Vi hinh vuong ABC'D ngoai tiép duong tron (1,1 ¢cm) nén AB = BC = 2 cm.

Do d6 OB =1 cm.

Suy ra, thé tich hinh tru 1a V = 7 - OB? - AB = 21 cm?®. Dién tich toan phan ctia hinh tru la
Stp:27T~OB'AB+27T'OB2:67TCII12.

O
VI DU 2. Cho AABC déu canh a, dudng cao AH, noi tiép dudng tron tam O.
@ Tinh thé tich hinh nén va hinh cau tao thanh khi quay AABC va dudng tron (O) quanh
truc AH, biét a = 2 cm.
@ Tinh ti s6 dieén tich xung quanh hinh nén va dién tich mit cau tao thanh khi quay AABC
va duong tron (O) quanh truc AH.
# LOI GIAL
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@ Hinh non tao thanh khi quay AABC quanh truc AH tao thanh hinh nén c¢6 day 1a hinh tron tam
O ban kinh H B, chiéu cao AH.
Hinh cau tao thanh khi quay hinh tron tam O ngoai tiép AABC quanh truc AH 1a hinh cau tam
O ban kinh OA.
a\/_

B
Lai c6 a =2 cm, AH = ABsin60° = ¢_qa

\/gcm HB = — 5 —2:1cm.D0AABC’déu
2V/3

) N 2
nén O la tam dudng tron ngoai tiep dong thai la trong tam AABC, suy ra OA = §AH =3
cm.
Khi d6 thé tich hinh noén la

1
V,n—§~AH~7r-HBQ—%§cm3.

no

Thé tich hinh cau

4 327V 3
Vcéu = §7T : OA3 = 72]-;/_ Cmg.

@ Duong sinh ctia hinh nén 1a AB = a. Dién tich xung quanh hinh nén la

CL27T

Dién tich mat cau la
4a’m

2

Do d6 ti s6 dién tich xung quanh hinh nén va dién tich mat cau I

52:47T‘OA2:

VI DU 3. Cho tam gidc ABC vuong tai A, dudng cao AH. Biét AB = /3 cm, B = 60°.
@ Tinh AC, BC va AH.
@ Tinh thé tich khéi tao thanh khi quay AABC quanh truc AC.
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@ Tinh thé tich khoi tao thanh khi quay AABC quanh truc BC.

# LOI GIAL
(1]

Ta c6 AABC vudng nén C
AC = AB -tan B = V3 - tan60° = 3 cm.
Theo dinh Ii Pi-ta-go lai c6

BC = VAB? + AC? = 2v/3 cm.

Mat khac AAH B vudng tai H nén

AH:AB-sinB:%cm.

Khi quay AABC quanh truc AC tao thanh khoi nén dinh C' diy 1a hinh
tron tam A ban kinh AB. Thé tich khéi nén 13

1
V. :§-AC-7T-A32:37TCH13.

non

Khi quay AABC quanh truc BC tao thanh hai khéi nén dinh B va

dinh C' chung day 1a hinh tron tam H, ban kinh HA (hinh vé).
3v3 V3

LaicéAC’QzOH-BCéCH:Tcm:>BH:7cm.
Khi d6 thé tich khdi nén dinh C, day hinh tron (H, HA) la
Vi —%.Oﬁ.w-AHZ— %f em?,

Thé tich khdi non dinh B, day hinh tron (H, HA) 1

1 37/3
\@:5-BH-7T-AH2:7TT\[cm3.

37r\/§

Vay thé tich khéi can tinh 3 V =V, +V, = 5 cm?.
U
VI DU 4. Cho hinh tru (7)) ¢6 hai day 1a hinh tron (O; R) va (O’, R) va hinh nén (N) ¢6 dinh la
O’, déy 1a hinh tron (O, R).
@ Tt miéng x6p hinh tru (7)), ngudi ta got b dé tao thanh khéi xop hinh nén (N). Tinh thé
tich phan bi got bo di. Biét R = 3 cm va OO’ = 4 cm.
@ Néu tang gap doi ban kinh R thi thé tich hinh tru (7) va hinh nén (N) thay déi nhu nao?
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# 1LOI GIAL

@ Thé tich khéi x6p hinh tru 1a Vi, = OO0’ - 7 - R? = 367 cm®.
2 2z 2z 1
The tich khoi xop hinh nén la V= 3 OO0 -7+ R* = 12 cm?.

Vay thé tich phan x6p bi got b6 18 V = Vi, — Vi, = 247 cm®.
@ Thé tich hinh tru véi ban kinh R 14 Vi = 00’ - 7 - R2.
Thé tich hinh tru véi ban kinh R = 2R 14V, = 00" -7 - (2R)> =4-00' - 7 - R%.
Vi o1
Khi d6 ta 6 7} =7
Vay khi tang gap doi ban kinh R thi thé tich hinh tru tang lén 4 lan.

, 1
The tich hinh nén véi ban kinh R 1a V, = 3 00 -7 - R?.

) 1 4
The tich inh nén véi ban kinh R’ = 2R 1a V, = 3 OO0 -7-(2R)* = 3 OO0 -7 - R2
Vo 1
Khi d6 ta co 72 =7
Vay khi ting gap doi ban kinh R thi thé tich hinh nén tang lén 4 lan.
O

VI DU 5. Cho mot céi phéu chita nude hinh nén nguge. Miéng phéu la duong tron duong kinh 6
dm. Khoang cach tit day phéu dén mot diém bat ki trén miéng phéu bang 5 dm.

@ Tinh lugng nude dé do day phéu (gia thiét raing thanh phéu c6 do day khong dang ke).

@® Ngusi ta dé day nuée vao phéu 1di rit ra sao cho chiéu cao ciia Iugng nuée con lai chi bang

mot nita lugng nuée ban dau. Tinh thé tich lugng nude con lai trong phéu.

# LGOI GIAL
[ 1
Goi O la tam duong tron day ctia cai phéu va A la mot A _— 0
diém tren duong tron ay, khi d6 SA =5 dm, OA = 3 dm
va SO 1L OA.

Suy ra, chiéu cao ciia cai phéu la

SO =+vVSA? —0A% =4 dm.

Theé tich ctia cai phéu la

1
V:§-SO-7T-OA2:127rdm3.

Luong nudc do day phéu ciing chinh 1a thé tich ctia cai
phéu, tic 1a 127 dm?.
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Goi I la trung diém SO, K la trung diém SA thi phan A _— 0

~ £ ) LT
nudc con lai trong phéu ciing 14 mot khoi nén dinh S
day la hinh tron tam [ ban kinh 7K.
Ta c¢6 [ K la duong trung binh ASOA nén
% m
IK = o4 = 3 dm.
2 2
Do d6 thé tich phan nuéc con lai trong phéu la
S
1 3
V:§-Sl-n-IK2:§dm.

( LUYEN TAP

BAI 1. Cho hinh chit nhat ABCD ¢6 AB =1 cm va AD = 2 cm. Goi M, N lan lugt 1 trung diém AB
va CD.

@ Khi quay hinh chit nhat ABC'D quanh truc M N thi duge khéi gi? Tinh thé tich ctia khéi do.
@® Khi quay ANAB quanh truc M N thi duge khéi gi? Tinh dién tich xung quanh ctia khéi dé.
# LOT GIAL

@ Khi quay hinh chit nhat ABCD quanh truc M N thi duge khéi tru c6 day D

13 hinh tron tam M béan kinh MA = ATB — % va hinh tron tam N béan kinh

ND ¢6 thé tich 1a ’

V:AD-WMAQ:gcm?’.
@® Khi quay ANAB quanh truc M N thi duge khéi nén dinh N day 1a hinh /

VIT Co
tron (M, AM), do dai duong sinh 1a AN = 5 va ¢6 dién tich xung quanh L

la

m
4

2

S=xm-AM - AN = 17cm.

O
BAI 2. Cho hinh tron (O, R) ¢6 dién tich bing 47. Quay hinh tron quanh mot dudng kinh ta duge hinh
cau tam O ban kinh R.
@ Tinh thé tich hinh cau.

@ Néu dien tich hinh tron gidm mot ntta thi dién tich ctia mat cau sé thay déi nhu nao?

# LOI GIAL
(1]
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Dién tich hinh tron la B
T -R*=41 & R=2.

Do d6 thé tich hinh cau la

4
Vzg.W.Ri%:

321
@ Dien tich mat cau la
S =47 - R? = 16m.

Néu dien tich hinh tron gidm mot nita thi duge tron ban kinh R’ va
7 R?=2r< R = V2.
Khi d6 dién tich ctia mat cau méi la
S =dr - R? = 8n.

S , N s . )
Suy ra T = 2. Vay dién tich mat cau ciing giam di mot nira.
O

BAI 3. Cho mot khéi x6p hinh nén c6 dudng kinh day bing 18 cm va do dai tit dinh dén mot diém
trén duong tron day bang 15 cm.
@ Tinh chiéu cao va thé tich ctia hinh nén dé.
@ Cit chéom ciia khéi x6p sao cho phan con lai 1 hinh nén cut c6 chiéu cao bang mot nita chic¢u cao
ctia hinh nén ban dau. Tinh thé tich ctia phan bi cit bé di.
@ Tiép tuc cit khdi nén cut trén dé tao thanh hinh tru cé day la day nho ctia hinh nén cut. Tinh
thé tich ctia hinh tru méi tao thanh.
# LOI GIAL

@ Gia st hinh nén ¢6 dinh 1a diém S day 1a duong tron tam O, A 1a mot diém tren duong tron day.

Khi d6 ban kinh day hinh nén 14 OA = — = 9 cm va chiéu cao clia hinh nén 1

SO =+vVSA2 —0A2 = V152 — 92 = 12 cm.
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Thé tich ctia hinh nén 1a .
V:§-SO-7T-OA2:324 cem?®.

@® Goi I 1a trung diém SO, B la trung diéem SA. Phan bi cit bd di ciing 1a khéi nén c¢6 dinh S day

1& hinh tron (I, IB).
OA 9

IB 1a duong trung binh ciia ASOA nén IB = - =3 Thé tich khéi non bi cét la
1 81
S.SI-w IB? =" cm?,
3 2

® Khdi tru c6 day 1a hinh tron (I, IB) chidu cao IO nén c6 thé tich la

2437,
cme.
2

V=10 -7-1B* =

g

BAI 4. Mot cai hop hinh tru chita vita khit 4 qué ten-nit. Biét dién tich toan phan ctia hop 1a 597cm?.

Tinh duong kinh va thé tich ctia méi qua ten-nit.

# LOI GIAL
9000

Goi R 1a ban kinh clia méi qua ten-nit thi ban kinh diy hop 1a R, chiéu cao ciia tru 1a 8R.
Ta c6 Sastp = 2 - Sdéy + Sxq = 2rR?> +27R -8R = 187 R?.
Ta lai ¢6 dién tich xung quanh dé bai cho 1a 597cm? = R ~ 3, 25cm.

4 4
Vay V = gwR T (3,25)3 ~ 144cm®. O
BAI 5.
Cho hinh vé bén. Tinh tong thé tich ciia cac khdi tao thanh khi quay hinh bén A 3 B
quanh truc BD. -
F C
3
E D
5

# LOT GIAL

Tam giac ABC quay quanh truc BD sé tao thanh hinh nén vé6i ban kinh day bang canh AB va duong
cao la BC.

Thé tich hinh nén nay la

1
Vi = §7T'AB2'BC

1
= 37 AB?.\/AC? — BC?

1
= §7T'32"/52_32
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= 127 (dvtt).

Hinh chit nhat CDEF quay quanh truc BD sé tao thanh hinh tru v6i ban kinh day bang canh DE va
duong cao la C'D.
Thé tich hinh tru nay la

Vo = w-DE*-CD
= 7-.52.3
= 757 (dvtt).

Thé tinh khéi tao thanh khi quay hinh trén quanh truc BD la
V =V, 4+ Vo = 87r (dvtt).

O

BAI 6. Mot hinh nén ¢6 dinh la tam mot hinh cau v ¢6 day la hinh tron tao bdi mot mat phing cit
hinh cau. Biét dien tich dy hinh nén la 1447cm? va dién tich xung quanh ctia né 1a 1807rcem?. Tinh thé
tich phan khong gian bén trong hinh cau va bén ngoai hinh non.
# LOT GIAL

Tinh ban kinh d&y hinh noén 1a

T IM? - 1447 < r = IM = 12cm.
Tinh duong sinh hinh nén la
Sxq =180r & m-r-1=1801 & | = OM = 15cm.

Chiéu cao hinh nén 1a

h=0I =vVOM? —IM? =+/12 — 72 = 9cm.

Tinh hiéu thé tich giita hinh cau va hinh nén duge

4 1
V= Viu = Voen = 37 OM? — 37 IM? - h = 4068mcm®.

O

BAI 7. Tam gi4c déu ABC c¢6 do dai canh 1 a, ngoai tiép mot dudng tron. Cho hinh quay mot vong
xung quanh dudng cao AH ciia tam giac do, ta duge mot hinh nén ngoai tiép hinh cau. Tinh thé tich
phan hinh nén nam ngoai hinh cau.

# LOI GIAL
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Goi I 1a tam ctia tam gidc ABC. Ban kinh hinh cau la ban kinh A
duong tron noi tiép tam gidc déu ABC, nghia 1a TH.

2
TacéAHQ:OAZ—CHQ:?)%:AH:a;/g.

a 3_a\/§
=
a’\/3

1

3 2
Do d6 thé tich hinh cau la V, = %WR?) ==
Thé tich hinh nén 1a

(dvtt).

B C
1 1 aVv3 saN?  a*V3 H

V,— -n-AH-HB? = - —(—) - .

37 3Ty 5 3 (dvtt)

a’v3  adV3 _ 23a3v/3
8 54 216
BAI 8. Mot hinh nén cut ¢6 ban kinh day 16n 1a 9 cm va ban kinh day bé 1a 6 cm, chiéu cao bing 4

Vay phan thé tich hinh nén nim ngoai hinh cau la V' = (dvtt). O

cm.
@ Tinh dien tich xung quanh hinh nén cut.
@ Tinh thé tich ctia hinh nén sinh ra hinh nén cut do.
# LOI GIAL
[ 1
Ké CH 1L AB (tai H). Khi d6 CH = O0' =4 (cm).
Mit khac, HA = OA - OH = OA - O'C =3 (cm).
Vay | = CA=+/CH?>+ HA? =5 (cm).

Dién tich xung quanh hinh nén cut la

Sxq = m(r1 + 12)l = TH.

@® Coi giao diém ciia OO0’ va CA1a S.

. SO" SO
Theo hé qua ctua dinh 1y Ta-1ét, ta?cc’) cO =~ A0
Goi SO’ =z (cm) (z > 0) thi tit dang thiic trén ta co
r  x+4
6 9

Giai phuong trinh nay ta c¢6 nghiém x = 8 (nhan).
Vay chiéu cao ctia hinh nén sinh ra hinh nén cut d6 1a h = SO = SO’ + OO0’ = 12 (cm).

, N 1 1
The tich can tim la V = §7r7"2h =g 92 .12 = 3247 (dvtt).

BAI 9. Cho hinh ch nhat ABCD (AB > AD) c6 chu vi la dién tich 1an lugt 1a 6 cm va 2 cm?.
@ Tinh thé tich va dién tich hinh tru duge sinh ra khi quay hinh chit nhat quanh canh AB.
@ Hinh tru nay c6 thé chita vita khit mot khoi cau ban kinh R. Tinh R va phan thé tich gitta hinh
tru va khoi cau.
« LOT GIAL
0
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Ta co

{2(AB+AD) =6 {AB+AD:3 {AB:2(cm)
& =
AD =1 (cm).

AB-AD =2 AB-AD =2
Thé tich ctia hinh tru
V = AB - 1AD? = 2 (cm?).

Dién tich ctia hinh tru

S =AB-271AD +2-1AD? = 47 + 27 = 67 (cm?).

@ Ta c6 ban kinh khéi cau
AB
R = - = 1 (cm).

Thé tich khoi cau

4 4
Vi= §7TR3 = % (cm?).
Phan thé tich giita khéi tru va khéi cau bing
14

V-W= 37 (cm?®).

[l

BAI 10. Cho ba diém A, O, B théng hang theo thi tu d6 va OA = a, OB = b. Vé hai tia Az, By
vuong goc véi AB. Qua O vé hai tia vuoéng géc véi nhau tai O va lan lugt cat Az, By tai C, D. Cho

COA = 30°.

@ Tinh ti s6 the tich ctia cac hinh do tam giac AOC va BOD tao thanh khi quay hinh nay quanh

truc AB.

@® Cia st BDC = 60°. Tinh thé tich hinh non cut duge tao thanh khi quay hinh vé quanh truc AB.

# LOI GIAL
(1)

Quay AAOC quanh truc AB ta duge hinh nén c6
+ Chiéu cao h = OA = a.
+ Ban kinh day r = AC = OA - tan 30° = @.

3
Khi d6 thé tich ctia hinh nén nay la
1 wad
Vi=gmth=g

Quay ABOD quanh truc AB ta dugc hinh nén ¢6
+ Chiéu cao h = OB = b.
+ Ban kinh day r = BD = OB - tan 60° = b\/3.

Khi d6 thé tich ctia hinh nén nay la

1
Vo = §7r7"2h = 7b?.

:50

o 1
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) . Vi a’
Vay thé tich can tim la — = —.
Ay i n tim TR

@ Quay hinh vé quanh truc AB ta dugc hinh nén cut c6
+ Ban kinh day 1én R = BD = b\/3.

+ Ban kinh day nho r = AC' = %g.
+ Chiéucao h=AB=0A+ OB =a+0b.

Suy ra thé tich ctia hinh nén cut can tim I3
1 2 .2 1 2 Lo
V:§7rh(R +7r —i—rR):gW(a—i-b) 3b —l—ga +ab ).

g

BAI 11. Cho hinh thang vuong ABCD c6 A=D= 90°, BC'=4 cm, CD = 2 cm, B = 60°. Khi quay
hinh thang vuong ABC'D quanh truc AD tao thanh mdt hinh nén cut.
@ Tinh thé tich ctia hinh nén cut.
@ C:it hinh non cut trén béi mot mat phang qua truc AD thi mat cit tao thanh la hinh gi? Tinh
dién tich cta hinh doé.
# LOI GIAL

@ Tac6r=CD=2(cm), R=AB, h=AD.

h:AD:sinGOO-BC:§-4:2\/§(cm).

1
RIAB:DC+COSGOO-BC:2+§~4:3(Cm).

1 1 38TV 3
VayV:gwh(TZ—i-Rz—i-rR):§~7r-2\/§~(22+32+2-3): 7;\/_ (cm?) .

@ Cit hinh nén cut trén bsi mot mit phing qua truc AD thi mat cit tao thanh 1a hinh thang can

c6 do dai 2 day lan lugt 1a 27 va 2R va chiéu cao 13 h.
Dién tich ctia hinh thang nay 1a

h(2r 4+ 2R)

5 = h(r+ R) =2V3- (243) = 10V3 (cm?).

S:

O
BAJI 12. Cho tam gidc ABC vuong tai A. Goi Vi, Vs, Vs theo thit tu 1a thé tich ctia nhing hinh sinh ra
khi quay tam gidac ABC mot vong xung quanh cac canh BC, AB, AC. Chitng minh rang

L_1 1
veovg v
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# LOI GIAL

Goi H la chan duong cao xuat phat tit A. Khi quay AABC quanh canh
BC, ta thu dugc hai hinh nén c¢6 ban kinh day chung 1a H A, chiéu cao
lan lugt 14 HB va HC.

Thé tich ctia hinh sinh ra 1a tong thé tich hai hinh nén nay.

Vay V| = %F(CH -AH? + BH - AH?) = %WBC - AH?.

Khi quay AABC quanh canh AB, ta thu dugc B
hinh nén c6 ban kinh day AC, chiéu cao AB. Vay

Vo = %wAB - AC?.

T m e ———

Khi quay AABC' quanh canh AC', ta thu dugc hinh nén c¢6 ban kinh
. 1

day AB, chieu cao AC'. Vay V5 = §7TAC' - AB%

Do d6

L1 9 1 ( . )
Vi VE o w2 AB2.AC? \AB?  AC?

9 1 1
T w2 AB?-AC? AHP
9 AB?+AC? 1 1

72 AB2.AC?  AH? AB?+ AC?

9 ( L] ) 11
~ 7w \AB* ' AC?) AH? BC?
9 1 1 1 9 1 1 1 1

7 AH? AH? BC? w2 AH' AH? BC? V&

BAI 13. Cho nita dudng tron (O; R), dudng kinh AB.

@ Trén AB lay diém H sao cho Zl_g = % Tinh HA, HB theo R.

@® Qua H ké duong thiang vuong goc véi AB cit nita duong tron (O; R) tai M; tiép tuyén tai M voi
nita dudng tron cit cac tiép tuyén tai A, B lan lugt tai A, B’. Chiing minh rang tam giac A’OB’
vuong va AA' - BB' = R?.

® Dit AA' = z; BB’ = y. Tinh z,y theo R.

@ Cho nita hinh tron (O; R) quay mot vong quanh canh AB duge mot hinh c¢6 thé tich 1a V;; cho

) P Zz V
hinh thang vuong ABB’A’ quay quanh AB ta dugc mot hinh c¢6 thé tich 1a V5. Tinh ti s0 71
2

# LOT GIAL
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B/
cTacoZ—gzg M
HA:HB:HA+HB:AB:2R A
2 34 5 5 5)
HA:gR
=
HB=-R ] s
A H O R B

b) Hai tam giac OAA’ va B'BO c¢6
A=B=90°
AOA' = BB'O (cap goéc ¢6 canh tuong Gng vuong géc)'
Suy ra OAA" ~ AB'BO.
Do d6 AA'O = B'OB.
Ma AA'O + AOA = 90°.
Suy ra B/’O\B + AOA = 90°.
Vay AOB' = 90° hay tam gidac A’'OB’ la tam giac vuong.

AA A
Mt khac, do AOAA" «~ AB'BO nén 50 = B?B’ & AA'-BB' = 0OA-0OB = R?.
Cach khac: B’
Goi N la giao diém ctia AM va OA’. M

—_— — A/
Ta c6 MAB = %sdAM.

Ma BOB — %BO/\M _ %sdm

Suy ra MAB = BOB. \
Tam giac vudong AON ¢6 A H O R B
NAO + NOA = 90° hay MAB + A/OA = 90°.

Do d6 B'OB + A/OA = 90°.

Suy ra AOB' = 180° — (B'OB + A0A) = 90°.

Vay tam giac A’OB’ la tam gidc vuong.

Mat khac, ap dung hé thic lugng trong tam giac vuong
OA'B’, ta c6 OM? = A'M - B'M.
AA' =AM

Ma theo tinh chat ctia tiép tuyén thi .
BB' = B'M
Suy ra AA"- BB' = OM? = R

c) Tacé OH = 0OA— AH = R——R_g

= MH =+OM?» - OH? = || R?

4 2v1
= AM = VMH? + AH? = \/ + (5}%) = QR.
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iAN:ATM:@R.
2
= ON = /OA2A — AN? = \/RQ— (@) zgR.

Ap dung hé thic lugng trong tam gisc vuong OAA', ta c6

0A? R? v 15
2 / /
OA* =0ON.OA = OA = N_V?EJ = BR'

V6

2
= AA =2 = VOA? — OA? = \/(@R) - R =R

Mait khac, ta da ching minh dugce
R? R V6
AA-BB =R*= BB =y=—— = =
= YT AN T ViR T 2
6 6
Vayx:\/?_RVéyzgR.

Nita hinh tron (O; R) quay mot vong quanh canh AB duge hinh cau ban kinh R c6 thé tich 1a

4
‘/1 = §7TR3.

Hinh thang vuong ABB’'A’ quay quanh AB dugc hinh nén cut véi hai ban kinh day lan lugt bang

AA', BB' va chiéu cao bing AB c6 thé tich la

Vy = %7? -AB - (AA” + BB” + AA' - BB')
= %W-ZR- (?R)z + <§R>2+R2
= %WRS.
Vay % = %
0
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